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Abstract9

We study the computational complexity of the optimal transport problem that evaluates the Wasser-10

stein distance between the distributions of two 𝐾-dimensional discrete random vectors. The best known11

algorithms for this problem run in polynomial time in the maximum of the number of atoms of the12

two distributions. However, if the components of either random vector are independent, then this num-13

ber can be exponential in 𝐾 even though the size of the problem description scales linearly with 𝐾.14

We prove that the described optimal transport problem is #P-hard even if all components of the first15

random vector are independent uniform Bernoulli random variables, while the second random vector16

has merely two atoms, and even if only approximate solutions are sought. We also develop a dynamic17

programming-type algorithm that approximates the Wasserstein distance in pseudo-polynomial time18

when the components of the first random vector follow arbitrary independent discrete distributions, and19

we identify special problem instances that can be solved exactly in strongly polynomial time.20

1. Introduction21

Optimal transport theory is closely intertwined with probability theory and statistics [Boucheron et al.,22

2013, Villani, 2008] as well as with economics and finance [Galichon, 2016], and it has spurred fundamental23

research on partial differential equations [Benamou and Brenier, 2000, Brenier, 1991]. In addition, optimal24

transport problems naturally emerge in numerous application areas spanning machine learning [Arjovsky25

et al., 2017, Carriere et al., 2017, Rolet et al., 2016], signal processing [Ferradans et al., 2014, Kolouri26

and Rohde, 2015, Papadakis and Rabin, 2017, Tartavel et al., 2016], computer vision [Rubner et al., 2000,27

Solomon et al., 2014, 2015] and distributionally robust optimization [Blanchet and Murthy, 2019, Gao and28

Kleywegt, 2016, Mohajerin Esfahani and Kuhn, 2018]. For a comprehensive survey of modern applications29

of optimal transport theory we refer to [Kolouri et al., 2017, Peyré and Cuturi, 2019]. Historically, the30

first optimal transport problem was formulated by Gaspard Monge as early as in 1781 [Monge, 1781].31

Monge’s formulation aims at finding a measure-preserving map that minimizes some notion of transporta-32

tion cost between two probability distributions, where all probability mass at a given origin location must33

be transported to the same target location. Due to this restriction, an optimal transportation map is not34

guaranteed to exist in general, and Monge’s problem could be infeasible. In 1942, Leonid Kantorovich35
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formulated a convex relaxation of Monge’s problem by introducing the notion of a transportation plan36

that allows for mass splitting [Kantorovich, 1942]. Interestingly, an optimal transportation plan always37

exists. This paradigm shift has served as a catalyst for significant progress in the field.38

In this paper we study Kantrovich’s optimal transport problem between two discrete distributions39

𝜇 =
∑︁
𝑖∈ℐ

𝜇𝑖𝛿𝑥𝑖 and 𝜈 =
∑︁
𝑗∈𝒥

𝜈𝑗𝛿𝑦𝑗 ,

on R𝐾 , where 𝜇 ∈ R𝐼 and 𝜈 ∈ R𝐽 denote the probability vectors, whereas 𝑥𝑖 ∈ R𝐾 for 𝑖 ∈ ℐ = {1, . . . , 𝐼}40

and 𝑦𝑗 ∈ R𝐾 for 𝑗 ∈ 𝒥 = {1, . . . , 𝐽} represent the discrete support points of 𝜇 and 𝜈, respectively.41

Throughout the paper we assume that 𝜇 and 𝜈 denote the probability distributions of two 𝐾-dimensional42

discrete random vectors 𝑥 and 𝑦, respectively. Given a transportation cost function 𝑐 : R𝐾×R𝐾 → [0,+∞],43

we define the optimal transport distance between the discrete distributions 𝜇 and 𝜈 as44

𝑊𝑐(𝜇, 𝜈) = min
𝜋∈Π(𝜇,𝜈)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝑐(𝑥𝑖,𝑦𝑗)𝜋𝑖𝑗 , (1)

where Π(𝜇,𝜈) = {𝜋 ∈ R𝐼×𝐽
+ : 𝜋1 = 𝜇, 𝜋⊤1 = 𝜈} denotes the polytope of probability matrices 𝜋 with45

marginal probability vectors 𝜇 and 𝜈. Thus, every 𝜋 ∈ Π(𝜇,𝜈) defines a discrete probability distribution46

𝜋 =
∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝜋𝑖𝑗𝛿(𝑥𝑖,𝑦𝑗)

of (𝑥,𝑦) under which 𝑥 and 𝑦 have marginal distributions 𝜇 and 𝜈, respectively. Distributions with these
properties are referred to as transportation plans. If there exists 𝑝 ≥ 1 such that 𝑐(𝑥,𝑦) = ‖𝑥 − 𝑦‖𝑝 for
all 𝑥,𝑦 ∈ R𝐾 , then 𝑊𝑐(𝜇, 𝜈)1/𝑝 is termed the 𝑝-th Wasserstein distance between 𝜇 and 𝜈. The optimal
transport problem (1) constitutes a linear program that admits a strong dual linear program of the form

max 𝜇⊤𝜓 + 𝜈⊤𝜑

s.t. 𝜓 ∈ R𝐼 , 𝜑 ∈ R𝐽

𝜓𝑖 + 𝜑𝑗 ≤ 𝑐(𝑥𝑖,𝑦𝑗) ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 .

Strong duality holds because 𝜋 = 𝜇𝜈⊤ is feasible in (1) and the optimal value is finite. Both the primal47

and the dual formulations of the optimal transport problem can be solved exactly using the simplex al-48

gorithm [Dantzig, 1951], the more specialized network simplex algorithm [Orlin, 1997] or the Hungarian49

algorithm [Kuhn, 1955]. Both problems can also be addressed with dual ascent methods [Bertsimas and50

Tsitsiklis, 1997], customized auction algorithms [Bertsekas, 1981, 1992] or interior point methods [Kar-51

markar, 1984, Lee and Sidford, 2014, Nesterov and Nemirovskii, 1994]. More recently, the emergence of52

high-dimensional optimal transport problems in machine learning has spurred the development of efficient53

approximation algorithms. Many popular approaches for approximating the optimal transport distance54

between two discrete distributions rely on solving a regularized variant of problem (1). For instance,55

when augmented with an entropic regularizer, problem (1) becomes amenable to greedy methods such56

as the Sinkhorn algorithm [Sinkhorn, 1967, Cuturi, 2013] or the related Greenkhorn algorithm [Abid and57

Gower, 2018, Altschuler et al., 2017, Chakrabarty and Khanna, 2020], which run orders of magnitude faster58

than the exact methods. Other promising regularizers that have attracted significant interest include the59

Tikhonov [Blondel et al., 2018, Dessein et al., 2018, Essid and Solomon, 2018, Seguy et al., 2018], Lasso [Li60

et al., 2016], Tsallis entropy [Muzellec et al., 2017] and group Lasso regularizers [Courty et al., 2016]. In61
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addition, Newton-type methods [Blanchet et al., 2018, Quanrud, 2019], quasi-Newton methods [Blondel62

et al., 2018], primal-dual gradient methods [Dvurechensky et al., 2018, Guo et al., 2020, Jambulapati et al.,63

2019, Lin et al., 2019b,a], iterative Bregman projections [Benamou et al., 2015] and stochastic average gra-64

dient descent algorithms [Genevay et al., 2016] are also used to find approximate solutions for discrete65

optimal transport problems.66

The existing literature mainly addresses optimal transport problems between discrete distributions67

that are specified by enumerating the locations and the probabilities of the underlying atoms. In this case,68

the worst-case time-complexity of solving the linear program (1) with an interior point algorithm, say,69

grows polynomially with the problem’s input description. In contrast, we focus here on optimal transport70

problems between discrete distributions supported on a number of points that grows exponentially with71

the dimension 𝐾 of the sample space even though these problems admit an input description that scales72

only polynomially with 𝐾. In this case, the worst-case time-complexity of solving the linear program (1)73

directly with an interior point algorithm grows exponentially with the problem’s input description. More74

precisely, we henceforth assume that 𝜇 is the distribution of a random vector 𝑥 ∈ R𝐾 with independent75

components. Hence, 𝜇 is uniquely determined by the specification of its 𝐾 marginals, which can be encoded76

using 𝒪(𝐾) bits. Yet, even if each marginal has only two atoms, 𝜇 accommodates already 2𝐾 atoms.77

Optimal transport problems involving such distributions are studied by Çelik et al. [2021] with the aim78

to find a discrete distribution with independent marginals that minimizes the Wasserstein distance from a79

prescribed discrete distribution. While Çelik et al. [2021] focus on solving small instances of this nonconvex80

problem, our results surprisingly imply that even evaluating this problem’s objective function is hard. In81

summary, we are interested in scenarios where the discrete optimal transport problem (1) constitutes a82

linear program with exponentially many variables and constraints. We emphasize that such linear programs83

are not necessarily hard to solve [Grötschel et al., 2012], and therefore a rigorous complexity analysis is84

needed. We briefly review some useful computational complexity concepts next.85

Recall that the complexity class P comprises all decision problems (i.e., problems with a Yes/No answer)86

that can be solved in polynomial time. In contrast, the complexity class NP comprises all decision problems87

with the property that each ‘Yes’ instance admits a certificate that can be verified in polynomial time. A88

problem is NP-hard if every problem in NP is polynomial-time reducible to it, and an NP-hard problem89

is NP-complete if it belongs to NP. In this paper we will mainly focus on the complexity class #P, which90

encompasses all counting problems associated with decision problems in NP [Valiant, 1979a,b]. Loosely91

speaking, an instance of a #P problem thus counts the number of distinct polynomial-time verifiable92

certificates of the corresponding NP instance. Consequently, a #P problem is at least as hard as its93

NP counterpart, and #P problems cannot be solved in polynomial time unless #P coincides with the94

class FP of polynomial-time solvable function problems. A Turing reduction from a function problem 𝐴95

to a function problem 𝐵 is an algorithm for solving problem 𝐴 that has access to a fictitious oracle for96

solving problem 𝐵 in one unit of time. Note that the oracle plays the role of a subroutine and may be97

called several times. A polynomial-time Turing reduction from 𝐴 to 𝐵 runs in time polynomial in the98

input size of 𝐴. We emphasize that, even though each oracle call requires only one unit of time, the time99

needed for computing all oracle inputs and reading all oracle outputs is attributed to the runtime of the100

Turing reduction. A problem is #P-hard if every problem in #P is polynomial-time Turing reducible to101

it, and a #P-hard problem is #P-complete if it belongs to #P [Valiant, 1979b, Jerrum, 2003].102

Several hardness results for variants and generalizations of the optimal transport problem have recently103
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been discovered. For example, multi-marginal optimal transport and Wasserstein barycenter problems were104

shown to be NP-hard [Altschuler and Boix-Adsera, 2020, 2021], whereas the problem of computing the105

Wasserstein distance between a continuous and a discrete distribution was shown to be #P-hard even in106

the simplest conceivable scenarios [Taskesen et al., 2021]. In this paper, we focus on optimal transport107

problems between two discrete distributions 𝜇 and 𝜈. We formally prove that such problems are also #P-108

hard when 𝜇 and/or 𝜈 may have independent marginals. Specifically, we establish a fundamental limitation109

of all numerical algorithms for solving optimal transport problems between discrete distributions 𝜇 and 𝜈,110

where 𝜇 has independent marginals. We show that, unless FP = #P, it is not possible to design an111

algorithm that approximates 𝑊𝑐(𝜇, 𝜈) in time polynomial in the bit length of the input size (which scales112

only polynomially with the dimension 𝐾) and the bit length log2(1/𝜀) of the desired accuracy 𝜀 > 0.113

This result prompts us to look for algorithms that output 𝜀-approximations in pseudo-polynomial time,114

that is, in time polynomial in the input size, the magnitude of the largest number in the input and the115

inverse accuracy 1/𝜀. It also prompts us to look for special instances of the optimal transport problem116

with independent marginals that can be solved in weakly or strongly polynomial time. An algorithm runs117

in weakly polynomial time if it computes 𝑊𝑐(𝜇, 𝜈) in time polynomial in the bit length of the input.118

Similarly, an algorithm runs in strongly polynomial time if it computes 𝑊𝑐(𝜇, 𝜈) in time polynomial in the119

bit length of the input and if, in addition, it requires a number of arithmetic operations that grows at most120

polynomially with the dimension of the input (i.e., the number of input numbers).121

The key contributions of this paper can be summarized as follows.122

• We prove that the discrete optimal transport problem with independent marginals is #P-hard even123

if 𝜇 represents the uniform distribution on the vertices of the 𝐾-dimensional hypercube and 𝜈 has only124

two support points, and even if only approximate solutions of polynomial bit length are sought (see125

Theorem 3.3).126

• We demonstrate that the discrete optimal transport problem with independent marginals can be solved127

in strongly polynomial time by a dynamic programming-type algorithm whenever both 𝜇 and 𝜈 are128

supported on a fixed bounded subset of a scaled integer lattice with a fixed scaling factor—even if 𝜇129

represents an arbitrary distribution with independent marginals (see Theorem 4.1). The design of this130

algorithm reveals an intimate connection between optimal transport and the conditional value-at-risk131

arising in risk measurement.132

• Using a rounding scheme to approximate 𝜇 and 𝜈 by distributions �̃� and 𝜈 supported on a scaled integer133

lattice with a sufficiently small grid spacing constant, we show that 𝜀-accurate approximations of the134

optimal transport distance between 𝜇 and 𝜈 can always be computed in pseudo-polynomial time via135

dynamic programming (see Theorem 4.9). This result implies that the optimal transport problem with136

independent marginals is in fact #P-hard in the weak sense [Garey and Johnson, 1979, § 4].137

Our complexity analysis complements existing hardness results for two-stage stochastic programming138

problems. Indeed, Dyer and Stougie [2006, 2015], Hanasusanto et al. [2016] and Dhara et al. [2021] show139

that computing optimal first-stage decisions of linear two-stage stochastic programs and evaluating the140

corresponding expected costs is hard if the uncertain problem parameters follow independent (discrete or141

continuous) distributions. This paper establishes similar hardness results for discrete optimal transport142

problems. Our paper also complements the work of Genevay et al. [2016], who describe a stochastic gradient143

descent method for computing 𝜀-optimal transportation plans in 𝒪(1/𝜀2) iterations. Their method can144
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in principle be applied to the discrete optimal transport problems with independent marginals studied145

here. However, unlike our pseudo-polynomial time dynamic programming-based algorithm, their method146

is non-deterministic and does not output an approximation of the optimal transport distance 𝑊𝑐(𝜇, 𝜈).147

The remainder of this paper is structured as follows. In Section 2 we review a useful #P-hardness result148

for a counting version of the knapsack problem. By reducing this problem to the optimal transport problem149

with independent marginals, we prove in Section 3 that the latter problem is also #P-hard even if only150

approximate solutions are sought. In Section 4 we develop a dynamic programming-type algorithm that151

computes approximations of the optimal transport distance in pseudo-polynomial time, and we identify152

special problem instances that can be solved exactly in strongly polynomial time.153

Notation. We use boldface letters to denote vectors and matrices. The vectors of all zeros and ones are154

denoted by 0 and 1, respectively, and their dimensions are always clear from the context. The calligraphic155

letters ℐ,𝒥 ,𝒦 and ℒ are reserved for finite index sets with cardinalities 𝐼, 𝐽,𝐾 and 𝐿, that is, ℐ = {1, . . . , 𝐼}156

etc. We denote by ‖ · ‖ the 2-norm, and for any 𝑥 ∈ R𝐾 we use 𝛿𝑥 to denote the Dirac distribution at 𝑥.157

2. A Counting Version of the Knapsack Problem158

Counting the number of feasible solutions of a 0/1 knapsack problem is a seemingly simple but surprisingly159

challenging task. Formally, the problem of interest is stated as follows.160

#Knapsack

Instance. A list of items with weights 𝑤𝑘 ∈ Z+, 𝑘 ∈ 𝒦, and a capacity 𝑏 ∈ Z+.

Goal. Count the number of subsets of the items whose total weight is at most 𝑏.

161

The #Knapsack problem is known to be #P-complete [Dyer et al., 1993], and thus it admits no162

polynomial-time algorithm unless FP = #P. Dyer et al. [1993] discovered a randomized sub-exponential163

time algorithm that provides almost correct solutions with high probability by sampling feasible solutions164

using a random walk. By relying on a rapidly mixing Markov chain, Morris and Sinclair [2004] then165

developed the first fully polynomial randomized approximation scheme. Later, Dyer [2003] interweaved166

dynamic programming and rejection sampling approaches to obtain a considerably simpler fully polynomial167

randomized approximation scheme. However, randomization remains essential in this approach. Determin-168

istic dynamic programming-based algorithms were developed more recently by Gopalan et al. [2011], and169

Štefankovič et al. [2012]. In the next section we will demonstrate that a certain class of discrete optimal170

transport problems with independent marginals is at least as hard as the #Knapsack problem.171

3. Optimal Transport with Independent Marginals172

Consider now a variant of the optimal transport problem (1), where the discrete multivariate distribution173

𝜇 = ⊗𝑘∈𝒦𝜇𝑘 is a product of 𝐾 independent univariate marginal distributions 𝜇𝑘 = ∑︀
𝑙∈ℒ 𝜇

𝑙
𝑘𝛿𝑥𝑙

𝑘
with support174

points 𝑥𝑙
𝑘 ∈ R and corresponding probabilities 𝜇𝑙

𝑘 for every 𝑙 ∈ ℒ. This implies that 𝜇 accommodates a175

total of 𝐼 = 𝐿𝐾 support points. The assumption that each 𝜇𝑘, 𝑘 ∈ 𝒦, accommodates the same number 𝐿 of176

support points simplifies notation but can be imposed without loss of generality. Indeed, the probability of177

any unneeded support point can be set to zero. The other discrete multivariate distribution 𝜈 = ∑︀
𝑗∈𝒥 𝜈𝑗𝛿𝑦𝑗178
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has no special structure. Assume for the moment that all components of the support points as well as all179

probabilities of 𝜇𝑘, 𝑘 ∈ 𝒦, and 𝜈 are rational numbers and thus representable as ratios of two integers,180

and denote by 𝑈 the maximum absolute numerical value among all these integers, which can be encoded181

using 𝒪(log2 𝑈) bits. Thus, the total number of bits needed to represent the discrete distributions 𝜇182

and 𝜈 is bounded above by 𝒪(max{𝐾𝐿, 𝐽} log2 𝑈). Note that this encoding does not require an explicit183

enumeration of the locations and probabilities of the 𝐼 = 𝐿𝐾 atoms of the distribution 𝜇. It is well184

known that the linear program (1) can be solved in polynomial time by the ellipsoid method, for instance,185

if 𝜇 is encoded by such an inefficient exhaustive enumeration, which requires up to 𝒪(max{𝐼, 𝐽} log2 𝑈)186

input bits. Thus, the runtime of the ellipsoid method scales at most polynomially with 𝐼, 𝐽 and log2 𝑈 .187

As 𝐼 = 𝐿𝐾 grows exponentially with 𝐾, however, this does not imply tractability of the optimal transport188

problem at hand, which admits an efficient encoding that scales only linearly with 𝐾. In the remainder of189

this paper we will prove that the optimal transport problem with independent maringals is #P-hard, and190

we will identify special problem instances that can be solved efficiently.191

In order to prove #P-hardness, we focus on the following subclass of optimal transport problems with192

independent marginals, where 𝜇 is the uniform distribution on {0, 1}𝐾 , and 𝜈 has only two support points.193

#Optimal Transport

Instance. Two support points 𝑦1,𝑦2 ∈ R𝐾 , 𝑦1 ̸= 𝑦2, and a probability 𝑡 ∈ [0, 1].

Goal. For 𝜇 denoting the uniform distribution on {0, 1}𝐾 and 𝜈 = 𝑡𝛿𝑦1 + (1 − 𝑡)𝛿𝑦2 , compute an
approximation ̃︁𝑊𝑐(𝜇, 𝜈) of 𝑊𝑐(𝜇, 𝜈) for 𝑐(𝑥,𝑦) = ‖𝑥− 𝑦‖𝑝 such that the following hold.

(i) The bit length of ̃︁𝑊𝑐(𝜇, 𝜈) is polynomially bounded in the bit length of the input (𝑦1,𝑦2, 𝑡).

(ii) We have |̃︁𝑊𝑐(𝜇, 𝜈)−𝑊𝑐(𝜇, 𝜈)| ≤ 𝜀, where

𝜀 = 1
4𝐼 min

{︁
|‖𝑥𝑖 − 𝑦1‖𝑝 − ‖𝑥𝑖 − 𝑦2‖𝑝| : 𝑖 ∈ ℐ, ‖𝑥𝑖 − 𝑦1‖𝑝 − ‖𝑥𝑖 − 𝑦2‖𝑝 ̸= 0

}︁
with 𝐼 = 2𝐾 and 𝑥𝑖, 𝑖 ∈ ℐ, representing the different binary vectors in {0, 1}𝐾 .

194

We first need to show that the #Optimal Transport problem is well-posed, that is, we need to ascertain195

the existence of a sufficiently accurate approximation that can be encoded in a polynomial number of bits.196

To this end, we first prove that the maximal tolerable approximation error 𝜀 is not too small.197

Lemma 3.1. There exists 𝜀 ∈ (0, 𝜀] whose bit length is polynomially bounded in the bit length of (𝑦1,𝑦2, 𝑡).198

Proof. Note first that encoding an instance of the #Optimal Transport problem requires at least 𝐾199

bits because the 𝐾 coordinates of 𝑦1 and 𝑦2 need to be enumerated. Note also that, by the definition of 𝜀,200

there exists an index 𝑖⋆ ∈ ℐ with 𝜀 = 1
4𝐼 |‖𝑥𝑖⋆ − 𝑦1‖𝑝 − ‖𝑥𝑖⋆ − 𝑦2‖𝑝|. We prove the claim first under the201

assumption that 𝑝 is even, that is 𝑝 = 2𝑞 for some 𝑞 ∈ N. In this case, we have202

𝜀 = 1
4𝐼
⃒⃒⃒(︁

(𝑥𝑖⋆ − 𝑦1)⊤(𝑥𝑖⋆ − 𝑦1)
)︁𝑞
−
(︁
(𝑥𝑖⋆ − 𝑦1)⊤(𝑥𝑖⋆ − 𝑦2)

)︁𝑞 ⃒⃒⃒
.

Recalling that 𝑝 is not an input of the #Optimal Transport problem and that 𝑞 must therefore be treated203

as a constant, the absolute value in the last expression can be computed in polynomial time because it204

involves only 𝒪(𝐾) additions and multiplications. Similarly, the evaluation of the denominator 4𝐼 = 2𝐾+2205

requires 𝒪(𝐾) multiplications. Overall, 𝜀 can therefore be computed in polynomial time, which trivially206

implies that the bit length of 𝜀 is polynomially bounded. We may thus set 𝜀 = 𝜀.207
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Assume now that 𝑝 is odd, that is, 𝑝 = 2𝑞− 1 for some 𝑞 ∈ N. In this case ‖𝑥𝑖⋆ − 𝑦1‖𝑝 and ‖𝑥𝑖⋆ − 𝑦2‖𝑝208

may be irrational numbers that cannot be encoded with any finite number of bits even if the vectors 𝑦1209

and 𝑦2 have only rational entries. Thus, 𝜀 may also be irrational, in which case we need to construct 𝜀 < 𝜀.210

To simplify notation, we henceforth use the shorthands 𝑎 = ‖𝑥𝑖⋆ − 𝑦1‖2 and 𝑏 = ‖𝑥𝑖⋆ − 𝑦2‖2, which can211

be computed in polynomial time using 𝒪(𝐾) additions and multiplications. If 𝑎, 𝑏 ≥ 1, then we have212

𝜀 = 1
2𝐾+2

⃒⃒⃒
𝑎𝑝/2 − 𝑏𝑝/2

⃒⃒⃒
= 1

2𝐾+2

⃒⃒⃒⃒
𝑎𝑝 − 𝑏𝑝

𝑎𝑝/2 + 𝑏𝑝/2

⃒⃒⃒⃒
>

1
2𝐾+2

⃒⃒⃒⃒
𝑎𝑝 − 𝑏𝑝

𝑎𝑞 + 𝑏𝑞

⃒⃒⃒⃒
, 𝜀 > 0,

where the first inequality holds because 𝑝/2 < 𝑞. The tolerance 𝜀 constructed in this way can be computed213

via 𝒪(𝐾) additions and multiplications, and therefore its bitlengh is polynomially bounded. If 𝑎 ≥ 1 ≥ 𝑏,214

𝑎 ≤ 1 ≤ 𝑏 or 𝑎, 𝑏 ≤ 1, then 𝜀 can be constructed in a similar manner. Details are omitted for brevity.215

Lemma 3.1 readily implies that for any instance of the #Optimal Transport problem there exists216

an approximate optimal transport distance ̃︁𝑊𝑐(𝜇, 𝜈) that satisfies both conditions (i) as well as (ii). For217

example, we could construct ̃︁𝑊𝑐(𝜇, 𝜈) by rounding the exact optimal transport distance 𝑊𝑐(𝜇, 𝜈) to the218

nearest multiple of 𝜀. By construction, this approximation differs from 𝑊𝑐(𝜇, 𝜈) at most by 𝜀, which is219

itself not larger than 𝜀. In addition, this approximation trivially inherits the polynomial bit length from 𝜀.220

We emphasize that, in general, ̃︁𝑊𝑐(𝜇, 𝜈) cannot be set to the exact optimal transport distance 𝑊𝑐(𝜇, 𝜈),221

because 𝑊𝑐(𝜇, 𝜈) may be irrational and thus have infinite bit length. However, Corollary 3.5 below implies222

that if 𝑝 is even, then ̃︁𝑊𝑐(𝜇, 𝜈) = 𝑊𝑐(𝜇, 𝜈) satisfies both conditions (i) as well as (ii).223

Note that the #Optimal Transport problem is parametrized by 𝑝. The following example shows224

that if 𝑝 was treated as an input parameter, then the problem would have exponential time complexity.225

Example 3.2. Consider an instance of the #Optimal Transport problem with 𝐾 = 1, 𝑦1 = 1, 𝑦2 = 2226

and 𝑡 = 0. In this case we have 𝜇 = 1
2𝛿0 + 1

2𝛿1, 𝜈 = 𝛿2 and 𝜀 = 1
8 . An elementary analytical calculation227

reveals that 𝑊𝑐(𝜇, 𝜈) = 1
2(1 + 2𝑝). The bit length of any 𝜀-approximation ̃︁𝑊𝑐(𝜇, 𝜈) of 𝑊𝑐(𝜇, 𝜈) is therefore228

bounded below by log2(1
2(1 + 2𝑝)− 1

8) ≥ 𝑝− 1, which grows exponentially with the bit length log2(𝑝) of 𝑝.229

Note that the time needed for computing ̃︁𝑊𝑐(𝜇, 𝜈) is at least as large as its own bit length irrespective230

of the algorithm that is used. If 𝑝 was an input parameter of the #Optimal Transport problem, the231

problem’s worst-case time complexity would therefore grow at least exponentially with its input size.232

The following main theorem shows that the #Optimal Transport problem is hard even if 𝑝 = 2.233

Theorem 3.3 (Hardness of #Optimal Transport). #Optimal Transport is #P-hard even if 𝑝 = 2.234

We prove Theorem 3.3 by reducing the #Knapsack problem to the #Optimal Transport problem
via a polynomial-time Turing reduction. To this end, we fix an instance of the #Knapsack problem with
input 𝑤 ∈ Z𝐾

+ and 𝑏 ∈ Z+, and we denote by 𝜈𝑡 = 𝑡𝛿𝑦1 + (1− 𝑡)𝛿𝑦2 the two-point distribution with support
points 𝑦1 = 0 and 𝑦2 = 2𝑏𝑤/‖𝑤‖2, whose probabilities are parameterized by 𝑡 ∈ [0, 1]. Recall also that 𝜇
is the uniform distribution on {0, 1}𝐾 , that is, 𝜇 = 1

𝐼

∑︀
𝑖∈ℐ 𝛿𝑥𝑖 , where 𝐼 = 2𝐾 and {𝑥𝑖 : 𝑖 ∈ ℐ} = {0, 1}𝐾 .

Without loss of generality, we may assume that the support points of 𝜇 are ordered so as to satisfy

‖𝑥1 − 𝑦1‖𝑝 − ‖𝑥1 − 𝑦2‖𝑝 ≤ ‖𝑥2 − 𝑦1‖𝑝 − ‖𝑥2 − 𝑦2‖𝑝 ≤ · · · ≤ ‖𝑥𝐼 − 𝑦1‖𝑝 − ‖𝑥𝐼 − 𝑦2‖𝑝.

Below we will demonstrate that computing 𝑊𝑐(𝜇, 𝜈𝑡) approximately is at least as hard as solving the235

#Knapsack problem, which amounts to evaluating the cardinality of ℐ(𝑤, 𝑏) = {𝑥 ∈ {0, 1}𝐾 : 𝑤⊤𝑥 ≤ 𝑏}.236
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Lemma 3.4. If 𝑐(𝑥,𝑦) = ‖𝑥 − 𝑦‖𝑝 for some 𝑝 ≥ 1, then the optimal transport distance 𝑊𝑐(𝜇, 𝜈𝑡) is
continuous, piecewise affine and convex in 𝑡 ∈ [0, 1]. Moreover, it admits the closed-form formula

𝑊𝑐(𝜇, 𝜈𝑡) = 1
𝐼

⌊𝑡𝐼⌋∑︁
𝑖=1
‖𝑥𝑖 − 𝑦1‖𝑝 + 1

𝐼

𝐼∑︁
𝑖=⌊𝑡𝐼⌋+1

‖𝑥𝑖 − 𝑦2‖𝑝

+(𝑡𝐼 − ⌊𝑡𝐼⌋)
𝐼

(︁
‖𝑥⌊𝑡𝐼⌋+1 − 𝑦1‖𝑝 − ‖𝑥⌊𝑡𝐼⌋+1 − 𝑦2‖𝑝

)︁
.

(2)

Proof. For any fixed 𝑡 ∈ [0, 1], the discrete optimal transport problem (1) satisfies

𝑊𝑐(𝜇, 𝜈𝑡) = min
𝜋∈Π(𝜇,𝜈𝑡)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥
‖𝑥𝑖 − 𝑦𝑗‖𝑝𝜋𝑖𝑗

=

⎧⎪⎪⎨⎪⎪⎩
min

𝑞1,𝑞2∈R𝐼
+

𝑡
∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦1‖𝑝𝑞1,𝑖 + (1− 𝑡)

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦2‖𝑝𝑞2,𝑖

s.t. 𝑡𝑞1 + (1− 𝑡)𝑞2 = 1/𝐼, 1⊤𝑞1 = 1, 1⊤𝑞2 = 1.

The second equality holds because the transportation plan can be expressed as237

𝜋 =
∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝜋𝑖𝑗𝛿(𝑥𝑖,𝑦𝑗) = 𝑡 · 𝑞1 ⊗ 𝛿𝑦1 + (1− 𝑡) · 𝑞2 ⊗ 𝛿𝑦2 ,

with 𝑞𝑗 = ∑︀
𝑖∈ℐ 𝑞𝑗,𝑖𝛿𝑥𝑖 representing the conditional distribution of 𝑥 given 𝑦 = 𝑦𝑗 under 𝜋 for every 𝑗 = 1, 2.

This is a direct consequence of the law of total probability. By applying the variable transformations
𝑞1 ← 𝑡𝐼𝑞1 and 𝑞2 ← (1− 𝑡)𝐼𝑞2 to eliminate all bilinear terms, we then find

𝑊𝑐(𝜇, 𝜈𝑡) =

⎧⎪⎪⎨⎪⎪⎩
min

𝑞1,𝑞2∈R𝐼
+

1
𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦1‖𝑝𝑞1,𝑖 + 1

𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦2‖𝑝 𝑞2,𝑖

s.t. 1⊤𝑞1 = 𝑡𝐼, 1⊤𝑞2 = (1− 𝑡)𝐼, 𝑞1 + 𝑞2 = 1.
(3)

Observe that (3) can be viewed as a parametric linear program. By [Dantzig and Thapa, 2003, Theo-
rem 6.6], its optimal value 𝑊𝑐(𝜇, 𝜈𝑡) thus constitutes a continuous, piecewise affine and convex function
of 𝑡. It remains to be shown that 𝑊𝑐(𝜇, 𝜈𝑡) admits the analytical expression (2). To this end, note that
the decision variable 𝑞2 and the constraint 𝑞1 + 𝑞2 = 1 in problem (3) can be eliminated by applying the
substitution 𝑞2 ← 1− 𝑞1. Renaming 𝑞1 as 𝑞 to reduce clutter, problem (3) then simplifies to

min
𝑞∈R𝐼

1
𝐼

∑︁
𝑖∈ℐ

(‖𝑥𝑖 − 𝑦1‖𝑝 − ‖𝑥𝑖 − 𝑦2‖𝑝) 𝑞𝑖 + 1
𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦2‖𝑝

s.t. 1⊤𝑞 = 𝑡𝐼, 0 ≤ 𝑞 ≤ 1.
(4)

Recalling that the atoms of 𝜇 are ordered such that ‖𝑥1−𝑦1‖𝑝−‖𝑥1−𝑦2‖𝑝 ≤ · · · ≤ ‖𝑥𝐼−𝑦1‖𝑝−‖𝑥𝐼−𝑦2‖𝑝,
one readily verifies that problem (4) is solved analytically by

𝑞⋆
𝑖 =

⎧⎪⎪⎨⎪⎪⎩
1 if 𝑖 ≤ ⌊𝑡𝐼⌋
𝑡𝐼 − ⌊𝑡𝐼⌋ if 𝑖 = ⌊𝑡𝐼⌋+ 1
0 if 𝑖 > ⌊𝑡𝐼⌋+ 1.

Substituting 𝑞⋆ into (4) yields (2), and thus the claim follows.238

Lemma 3.4 immediately implies that the bit length of 𝑊𝑐(𝜇, 𝜈𝑡) is polynomially bounded.239
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Corollary 3.5. If 𝑐(𝑥,𝑦) = ‖𝑥 − 𝑦‖𝑝 and 𝑝 is even, then the bit length of the optimal transport dis-240

tance 𝑊𝑐(𝜇, 𝜈𝑡) grows at most polynomially with the bit length of (𝑦1,𝑦2, 𝑡).241

Proof. The bit length of (𝑦1,𝑦2, 𝑡) is finite if and only if all of its components are rational and thus242

representable as ratios of two integers. We denote by 𝑈 ∈ N the maximum absolute value of these integers.243

For ease of exposition, we assume first that 𝑝 = 2 and 𝑡 = 1. In addition, we use 𝐷 ∈ N to denote the244

least common multiple of the denominators of the 𝐾 components of 𝑦1. It is easy to see that 𝐷 ≤ 𝑈𝐾 .245

By Lemma 3.4, the optimal transport distance 𝑊𝑐(𝜇, 𝜈𝑡) can thus be expressed as the average of the 𝐼246

quadratic terms ‖𝑥𝑖 − 𝑦1‖2 = 𝑥⊤
𝑖 𝑥𝑖 + 2𝑥⊤

𝑖 𝑦1 + 𝑦⊤
1 𝑦1 for 𝑖 ∈ ℐ. Each such term is equivalent to a rational247

number with denominator 𝐷2 and a numerator that is bounded above by 𝐾(1 + 2𝑈 + 𝑈2)𝐷2. Indeed,248

each component of 𝑥𝑖 is binary, whereas each component of 𝑦1 can be expressed as a rational number249

with denominator 𝐷 and a numerator with absolute value at most 𝑈𝐷. By Lemma 3.4, 𝑊𝑐(𝜇, 𝜈𝑡) is250

thus representable as a rational number with denominator 𝐼𝐷2 and a numerator with absolute value at251

most 𝐼𝐾(1 + 𝑈)2𝐷2. Therefore, the number of bits needed to encode 𝑊𝑐(𝜇, 𝜈𝑡) is at most of the order252

𝒪
(︁
log2(𝐼𝐾𝑈2𝐷2))

)︁
≤ 𝒪

(︁
log2(2𝐾𝐾𝑈2𝑈2𝐾)

)︁
= 𝒪 (𝐾 log2(𝑈)) ,

where the inequality holds because 𝐼 = 2𝐾 and 𝐷 ≤ 𝑈𝐾 . As both 𝐾 and log2(𝑈) represent lower bounds253

on the bit length of (𝑦1,𝑦2, 𝑡), we have thus shown that the bit length of 𝑊𝑐(𝜇, 𝜈𝑡) is indeed polynomially254

bounded in the bit length of (𝑦1,𝑦2, 𝑡). If 𝑝 is any even number and 𝑡 any rational probability, then the255

claim can be proved using similar—yet more tedious—arguments. Details are omitted for brevity.256

Corollary 3.5 implies that the optimal transport distance 𝑊𝑐(𝜇, 𝜈𝑡) is rational whenever 𝑝 is an even
integer and 𝑡 is rational. Otherwise, 𝑊𝑐(𝜇, 𝜈𝑡) is generically irrational because the Euclidean norm of a
vector 𝑣 = (𝑣1, . . . , 𝑣𝐾) is irrational unless (𝑣1, . . . , 𝑣𝐾 , ‖𝑣‖) is proportional to a Pythagorean (𝐾+1)-tuple,
where the inverse proportionality factor is itself equal to the square of an integer. We will now show that
the cardinality of the set ℐ(𝑤, 𝑏) can be computed by solving the univariate minimization problem

min
𝑡∈[0,1]

𝑊𝑐(𝜇, 𝜈𝑡). (5)

This insight is formalized in the next lemma.257

Lemma 3.6. If 𝑐(𝑥,𝑦) = ‖𝑥 − 𝑦‖𝑝 for some 𝑝 ≥ 1, then 𝑡⋆ = |ℐ(𝑤, 𝑏)|/𝐼 is an optimal solution of258

problem (5). If in addition each component of 𝑤 is even and 𝑏 is odd, then 𝑡⋆ is unique.259

Proof. From the proof of Lemma 3.4 we know that the optimal transport distance 𝑊𝑐(𝜇, 𝜈𝑡) coincides with260

the optimal value of (3). Thus, problem (5) can be reformulated as261

min
𝑡∈[0,1]

𝑞1,𝑞2∈R𝐼
+

1
𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦1‖𝑝𝑞1,𝑖 + 1

𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦2‖𝑝 𝑞2,𝑖

s.t. 1⊤𝑞1 = 𝑡𝐼, 1⊤𝑞2 = (1− 𝑡)𝐼, 𝑞1 + 𝑞2 = 1.

(6)

Note that the decision variable 𝑡 as well as the two normalization constraints for 𝑞1 and 𝑞2 are redundant
and can thus be removed without affecting the optimal value of (6). In other words, there always exists
𝑡 ∈ [0, 1] such that 1⊤𝑞1 = 𝑡𝐼 and 1⊤𝑞2 = (1− 𝑡)𝐼. Hence, (6) simplifies to

min
𝑞1,𝑞2∈R𝐼

+

1
𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦1‖𝑝𝑞1,𝑖 + 1

𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − 𝑦2‖𝑝 𝑞2,𝑖

s.t. 𝑞1 + 𝑞2 = 1.
(7)
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Next, introduce the disjoint index sets

ℐ0 = {𝑖 ∈ ℐ : ‖𝑥𝑖 − 𝑦1‖ = ‖𝑥𝑖 − 𝑦2‖}

ℐ1 = {𝑖 ∈ ℐ : ‖𝑥𝑖 − 𝑦1‖ < ‖𝑥𝑖 − 𝑦2‖}

ℐ2 = {𝑖 ∈ ℐ : ‖𝑥𝑖 − 𝑦1‖ > ‖𝑥𝑖 − 𝑦2‖},

which form a partition of ℐ. Using these sets, optimal solution of problem (7) can be expressed as

𝑞⋆
1,𝑖 =

⎧⎪⎪⎨⎪⎪⎩
𝜃𝑖 if 𝑖 ∈ ℐ0

1 if 𝑖 ∈ ℐ1

0 if 𝑖 ∈ ℐ2

and 𝑞⋆
2,𝑖 =

⎧⎪⎪⎨⎪⎪⎩
1− 𝜃𝑖 if 𝑖 ∈ ℐ0

0 if 𝑖 ∈ ℐ1

1 if 𝑖 ∈ ℐ2

(8)

Therefore, we have

min
𝑡∈[0,1]

𝑊𝑐(𝜇, 𝜈𝑡) = 1
𝐼

∑︁
𝑖∈ℐ

min
{︁
‖𝑥𝑖 − 𝑦1‖𝑝, ‖𝑥𝑖 − 𝑦2‖𝑝

}︁
.

Any minimizer (𝑞⋆
1, 𝑞

⋆
2) of (7) gives thus rise to a minimizer (𝑡⋆, 𝑞⋆

1, 𝑞
⋆
2) of (6), where 𝑡⋆ = (1⊤𝑞⋆

1)/𝐼.262

Moreover, the minimizers of (5) are exactly all numbers of the form 𝑡⋆ = (1⊤𝑞⋆
1)/𝐼 corresponding to the263

minimizer (𝑞⋆
1, 𝑞

⋆
2) of (7). In view of (8), this observation allows us to conclude that264

argmin
𝑡∈[0,1]

𝑊𝑐(𝜇, 𝜈𝑡) = [|ℐ1|/𝐼, |ℐ0 ∪ ℐ1|/𝐼] . (9)

By the definitions of ℐ(𝑤, 𝑏), 𝑦1 and 𝑦2, it is further evident that

|ℐ(𝑤, 𝑏)| =
⃒⃒⃒{︁
𝑖 ∈ ℐ : 𝑤⊤𝑥𝑖 ≤ 𝑏

}︁⃒⃒⃒
=
⃒⃒⃒{︁
𝑖 ∈ ℐ : ‖𝑥𝑖 − 𝑦1‖2 ≤ ‖𝑥𝑖 − 𝑦2‖2

}︁⃒⃒⃒
= |ℐ1 ∪ ℐ0|.

Therefore, we may finally conclude that

|ℐ(𝑤, 𝑏)|/𝐼 ∈ argmin
𝑡∈[0,1]

𝑊𝑐(𝜇, 𝜈𝑡).

Assume now that each component of 𝑤 is even and 𝑏 is odd. In this case, there exists no 𝑥 ∈ {0, 1}𝐾265

that satisfies 𝑥⊤𝑤 = 𝑏 and consequentially ℐ0 is empty. Consequently, the interval of minimizers in (9)266

collapses to the singleton |ℐ1|/𝐼 = |ℐ(𝑤, 𝑏)|/𝐼. This observation completes the proof.267

Armed with Lemmas 3.4 and 3.6, we are now ready to prove Theorem 3.3.268

Proof of Theorem 3.3. Select an instance of the #Knapsack problem with input 𝑤 ∈ Z𝐾
+ and 𝑏 ∈ Z+.269

Throughout this proof we will assume without loss of generality that each component of 𝑤 is even and270

that 𝑏 is odd. Indeed, if this was not the case, we could replace 𝑤 with 𝑤′ = 2𝑤 and 𝑏 with 𝑏′ = 2𝑏 + 1.271

It is easy to verify that the two instances of the #Knapsack problem with inputs (𝑤, 𝑏) and (𝑤′, 𝑏′) have272

the same solution. In addition, the bit length of (𝑤′, 𝑏′) is polynomially bounded in the bit length of (𝑤, 𝑏).273

Given 𝑤 and 𝑏, define the distributions 𝜇 and 𝜈𝑡 for 𝑡 ∈ [0, 1] as well as the set ℐ(𝑤, 𝑏) in the usual way.
From Lemma 3.4 we know that 𝑊𝑐(𝜇, 𝜈𝑡) is continuous, piecewise affine and convex in 𝑡. The analytical
formula (2) further implies that 𝑊𝑐(𝜇, 𝜈𝑡) is affine on the interval [(𝑖− 1)/𝐼, 𝑖/𝐼] with slope 𝑎𝑖/𝐼, where

𝑎𝑖 = 𝑊𝑐(𝜇, 𝜈𝑖/𝐼)−𝑊𝑐(𝜇, 𝜈(𝑖−1)/𝐼) ∀𝑖 ∈ ℐ. (10)

Thus, (5) constitutes a univariate convex optimization problem with a continuous piecewise affine objective274

function. As each component of 𝑤 is even and 𝑏 is odd, Lemma 3.6 implies that 𝑡⋆ = |ℐ(𝑤, 𝑏)|/𝐼 is the275
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unique minimizer of (5). Therefore, the given instance of the #Knapsack problem can be solved by276

solving (5) and multiplying its unique minimizer 𝑡⋆ with 𝐼.277

In the following we will first show that if we had access to an oracle that computes 𝑊𝑐(𝜇, 𝜈𝑡) exactly,278

then we could construct an algorithm that finds 𝑡⋆ and the solution 𝑡⋆𝐼 of the #Knapsack problem by279

calling the oracle 2𝐾 times (Step 1). Next, we will prove that if we had access to an oracle that solves280

the #Optimal Transport problem and thus outputs only approximations of 𝑊𝑐(𝜇, 𝜈𝑡), then we could281

extend the algorithm from Step 1 to a polynomial-time Turing reduction from the #Knapsack problem to282

the #Optimal Transport problem (Step 2). Step 2 implies that #Optimal Transport is #P-hard.283

Step 1. Assume now that we have access to an oracle that computes 𝑊𝑐(𝜇, 𝜈𝑡) exactly. In addition,
introduce an array 𝑎 = (𝑎0, 𝑎1, . . . , 𝑎𝐼) with entries 𝑎𝑖, 𝑖 ∈ ℐ, defined as in (10) and with 𝑎0 = −∞.
Thus, each element of 𝑎 can be evaluated with at most two oracle calls. The array 𝑎 is useful because
it contains all the information that is needed to solve the univariate convex optimization problem (5).
Indeed, as 𝑊𝑐(𝜇, 𝜈𝑡) is a convex piecewise linear function with slope 𝑎𝑖/𝐼 on the interval [𝑖/𝐼, (𝑖 − 1)/𝐼],
the array 𝑎 is sorted in ascending order, and the unique minimizer 𝑡⋆ of (5) satisfies

|ℐ(𝑤, 𝑏)| = 𝑡⋆𝐼 = max
{︀
𝑖 ∈ ℐ ∪ {0} : 𝑎𝑖 ≤ 0

}︀
. (11)

In other words, counting all elements of the set ℐ(𝑤, 𝑏) and thereby solving the #Knapsack problem is284

equivalent to finding the maximum index 𝑖 ∈ ℐ ∪ {0} that meets the condition 𝑎𝑖 ≤ 0. The binary search285

method detailed in Algorithm 1 efficiently finds this index. Binary search methods are also referred to as286

half-interval search or bisection algorithms, and they represent iterative methods for finding the largest287

number within a sorted array that is smaller or equal to a given threshold (0 in our case). Algorithm 1 first288

checks whether the number in the middle of the array is non-positive. Depending on the outcome, either289

the part of the array to the left or to the right of the middle element may be discarded because the array290

is sorted. This procedure is repeated until the array collapses to the single element corresponding to the291

sought number. As the length of the array is halved in each iteration, the binary search method applied292

to an array of length 𝐼 returns the solution in log2 𝐼 = 𝐾 iterations [Cormen et al., 2009, § 12].293

Algorithm 1 Binary search method
Input: An array 𝑎 ∈ R𝐼 with 𝐼 = 2𝐾 sorted in ascending order

1: Initialize 𝑛 = 0 and 𝑛 = 𝐼

2: for 𝑘 = 1, . . . ,𝐾 do
3: Set 𝑛← (𝑛+ 𝑛)/2
4: if 𝑎𝑛 ≤ 0 then 𝑛← 𝑛 else 𝑛← 𝑛

5: end for
6: if 𝑎𝑛 ≤ 0 then 𝑛← 𝑛 else 𝑛← 𝑛

Output: 𝑛

One can use induction to show that, in any iteration 𝑘 of Algorithm 1, 𝑛 is given by a multiple of 2𝐾−𝑘294

and represents indeed an eligible index. Similarly, in any iteration 𝑘 we have 𝑛− 𝑛 = 2𝐾−𝑘+1.295

Step 2. Assume now that we have only access to an oracle that solves the #Optimal Transport
problem, which merely returns an approximation ̃︁𝑊𝑐(𝜇, 𝜈𝑡) of 𝑊𝑐(𝜇, 𝜈𝑡). Setting ̃︀𝑎0 = −∞ and

̃︀𝑎𝑖 = ̃︁𝑊𝑐(𝜇, 𝜈𝑖/𝐼)− ̃︁𝑊𝑐(𝜇, 𝜈(𝑖−1)/𝐼) ∀𝑖 ∈ ℐ, (12)
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we can then introduce a perturbed array ̃︀𝑎 = (̃︀𝑎0, ̃︀𝑎1, . . . , ̃︀𝑎𝐼) which provides an approximation for 𝑎. In
the following we will prove that, even though ̃︀𝑎 is no longer necessarily sorted in ascending order, the sign
of ̃︀𝑎𝑖 coincides with the sign of 𝑎𝑖 for every 𝑖 ∈ ℐ. Algorithm 1 therefore outputs the exact solution |ℐ(𝑤, 𝑏)|
of the #Knapsack problem even if its input 𝑎 is replaced with ̃︀𝑎. To see this, we first note that

𝑎𝑖 = 1
𝐼

(︁
‖𝑥𝑖 − 𝑦1‖2 − ‖𝑥𝑖 − 𝑦2‖2

)︁
∀𝑖 ∈ ℐ, (13)

which is an immediate consequence of the analytical formula (2) for 𝑊𝑐(𝜇, 𝜈𝑡). We emphasize that (13) has
only theoretical relevance but cannot be used to evaluate 𝑎𝑖 in practice because it relies on our assumption
that the support points 𝑥𝑖, 𝑖 ∈ ℐ, are ordered such that ‖𝑥𝑖 − 𝑦1‖𝑝 − ‖𝑥𝑖 − 𝑦2‖𝑝 is non-decreasing in 𝑖.
Indeed, there is no efficient algorithm for ordering these 2𝐾 points in practice. Using (13), we then find

𝜀 = 1
4 min

𝑖∈ℐ
{|𝑎𝑖| : 𝑎𝑖 ̸= 0} = 1

4 min
𝑖∈ℐ
|𝑎𝑖|,

where the first equality follows from the definition of 𝜀, and the second equality holds because each com-296

ponent of 𝑤 is even and 𝑏 is odd, which implies that ‖𝑥𝑖 − 𝑦1‖ ≠ ‖𝑥𝑖 − 𝑦2‖ and thus 𝑎𝑖 ̸= 0 for all 𝑖 ∈ ℐ.297

The last formula for 𝜀 immediately implies that |𝑎𝑖| ≥ 2𝜀 for all 𝑖 ∈ ℐ. Together with the estimate298

|̃︀𝑎𝑖 − 𝑎𝑖| ≤
⃒⃒⃒̃︁𝑊𝑐(𝜇, 𝜈𝑖/𝐼)−𝑊𝑐(𝜇, 𝜈𝑖/𝐼)

⃒⃒⃒
+
⃒⃒⃒̃︁𝑊𝑐(𝜇, 𝜈(𝑖−1)/𝐼)−𝑊𝑐(𝜇, 𝜈(𝑖−1)/𝐼)

⃒⃒⃒
≤ 4𝜀,

this implies that ̃︀𝑎𝑖 has indeed the same sign as 𝑎𝑖 for every 𝑖 ∈ ℐ. As the execution of Algorithm 1 depends299

on the input array only through the signs of its components, Algorithm 1 with input ̃︀𝑎 computes indeed300

the exact solution |ℐ(𝑤, 𝑏)| of the #Knapsack problem. If the perturbed slope ̃︀𝑎𝑛 in line 4 of Algorithm 1301

is evaluated via (12) by calling the #Optimal Transport oracle twice, then Algorithm 1 constitutes a302

Turing reduction from the #P-hard #Knapsack problem to the #Optimal Transport problem.303

To prove that the #Optimal Transport problem is #P-hard, it remains to be shown that if any304

oracle call requires unit time, then the Turing reduction constructed above runs in polynomial time in the305

bit length of (𝑤, 𝑏). This is indeed the case because Algorithm 1 calls the #Optimal Transport oracle306

only 2𝐾 times in total and because all other operations can be carried out efficiently. In particular, the307

time needed for reading the oracle outputs is polynomially bounded in the size of (𝑤, 𝑏). Indeed, the bit308

length of ̃︁𝑊𝑐(𝜇, 𝜈𝑖/𝐼) is polynomially bounded in the bit length of (𝑦1,𝑦2, 𝑖/𝐼) thanks to the definition of309

the #Optimal Transport problem, and the time needed for computing (𝑦1,𝑦2, 𝑖/𝐼) is trivially bounded310

by a polynomial in the bit length of (𝑤, 𝑏) for any 𝑖 ∈ ℐ. These observations complete the proof.311

We emphasize that the Turing reduction derived in the proof of Theorem 3.3 can be implemented312

without knowing the accuracy level 𝜀 of the #Optimal Transport oracle. This is essential because 𝜀 is313

defined as the minimum of exponentially many terms, and we are not aware of any method to compute it314

efficiently. Without such a method, a Turing reduction relying on 𝜀 could not run in polynomial time.315

Remark 3.7 (Polynomial-Time Turing Reductions). Recall that a polynomial-time Turing reduction from316

problem 𝐴 to problem 𝐵 is a Turing reduction that runs in polynomial time in the input size of 𝐴 under the317

hypothetical assumption that there is an oracle for solving 𝐵 in unit time. The time needed for computing318

oracle inputs and reading oracle outputs is attributed to the Turing reduction and is not absorbed in the319

oracle. Thus, a Turing reduction can run in polynomial time only if the oracle’s output size is guaranteed to320

be polynomially bounded. The existence of a polynomial-time Turing reduction from 𝐴 to 𝐵 implies that if321

there was an efficient algorithm for solving 𝐵, then we could solve 𝐴 in polynomial time (this operationalizes322
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the assertion that “𝐴 is not harder than 𝐵”). One could use this implication as an alternative definition,323

that is, one could define a polynomial-time Turing reduction as a Turing reduction that runs in polyonomial324

time provided that the oracle runs in polynomial time. In our opinion, this alternative definition would325

be perfectly reasonable. However, it is not equivalent to the original definition by Valiant [1979b], which326

compels us to ascertain that the oracle output has polynomial size irrespective of the oracle’s actual runtime.327

Instead, the alternative definition directly refers to the oracle’s actual runtime. In that it conditions on328

oracles that run in polynomial time, it immediately guarantees that their outputs have polynomial size.329

In short, the original definition requires the bit length of the oracle’s output to be polynonmially bounded330

for every oracle that solves 𝐵 (which requires a proof), whereas the alternative definition requires such a331

bound only for oracles that solve 𝐵 in polynomial time (which requires no proof). As Theorem 3.3 relies332

on the original definition of a polynomial-time Turing reduction, we had to introduce condition (ii) in the333

definition of the #Optimal Transport problem. We consider the differences between the original and334

alternative definitions of polynomial-time Turing reductions as pure technicalities, but discussing them335

here seems relevant for motivating our formulation of the #Optimal Transport problem.336

Assume now that 𝑝 is an even number, and consider any instance of the #Optimal Transport337

problem. In this case, all coefficients of the linear program (1) are rational, and thus 𝑊𝑐(𝜇, 𝜈𝑡) is a rational338

number that can be computed in finite time (e.g., via the simplex algorithm). From Corollary 3.5 we339

further know that 𝑊𝑐(𝜇, 𝜈𝑡) has polynomially bounded bit length. Thus, ̃︁𝑊𝑐(𝜇, 𝜈𝑡) = 𝑊𝑐(𝜇, 𝜈𝑡) satisfies340

both properties (i) and (ii) that are required of an admissible approximation of the optimal transport341

distance. Nevertheless, Theorem 3.3 asserts that computing 𝑊𝑐(𝜇, 𝜈𝑡) approximately is already #P-hard.342

This trivially implies that computing 𝑊𝑐(𝜇, 𝜈𝑡) exactly is also #P-hard.343

4. Dynamic Programming-Type Solution Methods344

We now return to the generic optimal transport problem with independent marginals, where 𝜇 is repre-345

sentable as ⊗𝑘∈𝒦𝜇𝑘, the marginals of 𝜇 constitute arbitrary univariate distributions supported on 𝐿 points,346

and 𝜈 constitutes an arbitrary multivariate distribution supported on 𝐽 points. This problem class covers347

all instances of the #Optimal Transport problem, and by Theorem 3.3 it is therefore #P-hard even348

if only approximate solutions are sought. In fact, any problem class that is rich enough to contain all349

instances of the #Optimal Transport problem is #P-hard. We will now demonstrate that particular350

instances of the optimal transport problem with independent marginals can be solved in polynomial or351

pseudo-polynomial time by a dynamic programming-type algorithm even though the distribution 𝜇 involves352

exponentially many atoms and the linear program (1) has exponential size. Throughout this discussion353

we call 𝒩 ⊆ R a one-dimensional regular grid with cardinality 𝑁 if there exist 𝑠1, . . . , 𝑠𝑁 ∈ R and a grid354

spacing constant 𝑑 > 0 such that 𝑠𝑖+1 = 𝑠𝑖 + 𝑑 for all 𝑖 = 1, . . . , 𝑁 − 1 and 𝒩 = {𝑠1, . . . , 𝑠𝑁}. We say that355

a setℳ⊆ R spans the one-dimensional regular grid 𝒩 ifℳ⊆ 𝒩 , minℳ = min𝒩 and maxℳ = max𝒩 .356

Theorem 4.1 (Dynamic Programming-Type Algorithm for Optimal Transport Problems with Independent357

Marginals). Suppose that 𝜇 = ⊗𝑘∈𝒦𝜇𝑘 is a product of 𝐾 independent univariate distributions of the form358

𝜇𝑘 = ∑︀
𝑙∈ℒ 𝜇

𝑙
𝑘𝛿𝑥𝑙

𝑘
and that 𝜈𝑡 = 𝑡𝛿𝑦1 + (1 − 𝑡)𝛿𝑦2 is a two-point distribution. If 𝑐(𝑥,𝑦) = ‖𝑥 − 𝑦‖2 and359

if ℳ = {𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) : 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ} is spanned by a regular one-dimensional grid 𝒩 with (known)360

cardinality 𝑁 , then the optimal transport distance between 𝜇 and 𝜈𝑡 can be computed exactly by a dynamic361

programming-type algorithm using 𝒪(𝐾𝐿 log2(𝐾𝐿)+𝐾𝐿𝑁+𝐾2𝑁2) arithmetic operations. If all problem362
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parameters are rational and representable as ratios of two integers with absolute values at most 𝑈 , then the363

bit lengths of all numbers computed by this algorithm are polynomially bounded in 𝐾, 𝐿, 𝑁 and log2(𝑈).364

Assuming that ℳ is spanned by some regular one-dimensional grid 𝒩 , Theorem 4.1 establishes an365

upper bound on the number of arithmetic operations needed to solve the optimal transport problem with366

independent marginals. We will see that the proof of Theorem 4.1 is constructive in that it develops a367

concrete dynamic programming-type algorithm that attains the indicated upper bound (see Algorithm 2).368

However, this bound depends on the cardinality 𝑁 of the grid 𝒩 , and Theorem 4.1 does not relate 𝑁 to 𝐾,369

𝐿 or 𝑈 . More importantly, it provides no guidelines for constructing 𝒩 or even proving its existence.370

Remark 4.2 (Existence of 𝒩 ). If all support points of 𝜇 and 𝜈 have rational components, then a regular371

one-dimensional grid 𝒩 satisfying the assumptions of Theorem 4.1 is guaranteed to exist. In general,372

however, its cardinality scales exponentially with 𝐾 and 𝐿, implying that the dynamic programming-type373

algorithm of Theorem 4.1 is inefficient. To see this, assume that for all 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ and 𝑗 ∈ {1, 2} there374

exist integers 𝑎𝑘,𝑙, 𝑐𝑗,𝑘 ∈ Z and 𝑏𝑘,𝑙, 𝑑𝑗,𝑘 ∈ N such that 𝑥𝑙
𝑘 = 𝑎𝑘,𝑙/𝑏𝑘,𝑙 and 𝑦𝑗,𝑘 = 𝑐𝑗,𝑘/𝑑𝑗,𝑘. Thus, we have375

𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑎𝑙

𝑘(𝑐1,𝑘𝑑2,𝑘 − 𝑐2,𝑘𝑑1,𝑘)
𝑏𝑘,𝑙𝑑1,𝑘𝑑2,𝑘

𝑘 ∈ 𝒦, ∀𝑙 ∈ ℒ,

which implies that all elements of ℳ can be expressed as rational numbers with common denominator376

𝐷 = ∏︀
𝑘∈𝒦,𝑙∈ℒ 𝑏𝑘,𝑙𝑑1,𝑘𝑑2,𝑘. Clearly, ℳ is therefore spanned by a regular one-dimensional grid 𝒩 with grid377

spacing constant 𝑑 = 𝐷−1 and cardinality 𝑁 = 𝐷(maxℳ−minℳ) + 1. If 𝑈 denotes as usual an upper378

bound on the absolute values of the integers 𝑎𝑘,𝑙, 𝑏𝑘,𝑙, 𝑐𝑗,𝑘 and 𝑑𝑗,𝑘 for all 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ and 𝑗 ∈ {1, 2},379

then we have 𝐷 ≤ 𝑈3𝐾𝐿, and all elements of ℳ have absolute values of at most 2𝑈3. The cardinality380

of 𝒩 therefore satisfies 𝑁 ≤ 4𝑈3(𝐾𝐿+1) + 1. This reasoning suggests that, in the worst case, the dynamic381

programming-type algorithm of Theorem 4.1 may require up to 𝒪(𝐾2𝑈3(𝐾𝐿+1)) arithmetic operations.382

Remark 4.2 guarantees that a regular one-dimensional grid𝒩 satisfying the assumptions of Theorem 4.1383

exists whenever the input bit length of the optimal transport problem with independent marginals is finite.384

However, Remark 4.2 also reveals that the algorithm of Theorem 4.1 may be highly inefficient in general.385

Remark 4.3 below discusses special conditions under which this algorithm is of practical interest.386

Remark 4.3 (Efficiency of the Dynamic Programming-Type Algorithm). The algorithm of Theorem 4.1387

is efficient on problem instances that display the following properties.388

(i) If ℳ is spanned by a regular one-dimensional grid whose cardinality 𝑁 grows only polynomially389

with 𝐾 and 𝐿 but is independent of 𝑈 , then the number of arithmetic operations required by the390

algorithm of Theorem 4.1 grows polynomially with 𝐾 and 𝐿 but is independent of 𝑈 , and the bit391

lengths of all numbers computed by this algorithm are polynomially bounded in 𝐾, 𝐿 and log2(𝑈).392

Hence, the algorithm runs in strongly polynomial time on a Turing machine.393

(ii) Ifℳ is spanned by a regular one-dimensional grid whose cardinality 𝑁 grows polynomially with 𝐾,394

𝐿 and log2(𝑈), then the number of arithmetic operations required by the algorithm of Theorem 4.1395

as well as the bit lengths of all numbers computed by this algorithm are polynomially bounded in 𝐾,396

𝐿 and log2(𝑈). Hence, the algorithm runs in weakly polynomial time on a Turing machine.397

(iii) If ℳ is spanned by a regular one-dimensional grid whose cardinality grows polynomially with 𝐾, 𝐿398

and 𝑈 (but exponentially with log2(𝑈)), then the number of arithmetic operations required by the399
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algorithm of Theorem 4.1 grows polyonomially with 𝐾, 𝐿 and 𝑈 , and the bit lengths of all numbers400

computed by this algorithm are polynomially bounded in 𝐾, 𝐿 and log2(𝑈). Hence, the algorithm401

runs in pseudo-polynomial time on a Turing machine.402

Before proving Theorem 4.1, we recall the definition of the Conditional Value-at-Risk (CVaR) by Rock-403

afellar and Uryasev [2002]. Specifically, if the random vector 𝑥 is governed by the probability distribution 𝜇,404

then the CVaR at level 𝑡 ∈ (0, 1) of any Borel measurable loss function ℓ(𝑥) is defined as405

CVaR𝑡[ℓ(𝑥)] = inf
𝛽∈R

𝛽 + 1
𝑡
E𝑥∼𝜇 [max{ℓ(𝑥)− 𝛽, 0}] .

Here, the minimization problem over 𝛽 is solved by the Value-at-Risk (VaR) at level 𝑡 [Rockafellar and
Uryasev, 2002, Theorem 10], which is defined as the left (1− 𝑡)-quantile of the loss distribution, that is,

VaR𝑡[ℓ(𝑥)] = inf {𝜏 ∈ R : 𝜇[ℓ(𝑥) ≤ 𝜏 ] ≥ 1− 𝑡} .

The proof of Theorem 4.1 also relies on the following lemma.406

Lemma 4.4 (Minkowski sums of regular one-dimensional grids). If 𝒩 is a one-dimensional regular grid407

with cardinality 𝑁 and grid spacing constant 𝑑 > 0, then the 𝑘-fold Minkowski sum ∑︀𝑘
𝑖=1𝒩 of 𝒩 is408

another one-dimensional regular grid with cardinality 𝑘(𝑁 − 1) + 1 and the same grid spacing constant 𝑑.409

Proof. Any regular one-dimensional grid with cardinality𝑁 and grid spacing constant 𝑑 > 0 is representable
as the image of {1, . . . , 𝑁} under the affine transformation 𝑓(𝑠) = 𝑠1−𝑑+𝑑𝑠, where 𝑠1 denotes the smallest
element of 𝒩 . It is immediate to see that the 𝑘-fold Minkowski sum of𝒩 is another one-dimensional regular
grid with grid spacing constant 𝑑. In addition, the cardinality of this Minkowski sum satisfies⃒⃒⃒⃒
⃒

𝑘∑︁
𝑖=1
𝒩
⃒⃒⃒⃒
⃒ =

⃒⃒⃒⃒
⃒

𝑘∑︁
𝑖=1

𝑓({1, . . . , 𝑁})
⃒⃒⃒⃒
⃒ =

⃒⃒⃒⃒
⃒𝑓
(︃

𝑘∑︁
𝑖=1
{1, . . . , 𝑁}

)︃⃒⃒⃒⃒
⃒ = |𝑓({𝑘, . . . , 𝑘𝑁})| = |{𝑘, . . . , 𝑘𝑁}| = 𝑘(𝑁 − 1) + 1,

where the second equality holds because 𝑓 is affine and because the cardinality of any set is invariant under410

translations. Thus, the claim follows.411

Proof of Theorem 4.1. Throughout this proof we exceptionally assume that each arithmetic operation can
be performed in unit time irrespective of the bit lengths of the involved operands. We emphasize that
everywhere else in the paper, however, time is measured in the standard Turing machine model of com-
putation. Throughout this proof we further set 𝐼 = 𝐿𝐾 and denote as usual by 𝑥𝑖, 𝑖 ∈ ℐ, the 𝐼 different
support points of 𝜇. Then, the optimal transport distance between 𝜇 and 𝜈𝑡 can be expressed as

𝑊𝑐(𝜇, 𝜈𝑡) = min
𝜋∈Π(𝜇,𝜈𝑡)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

(︁
‖𝑥𝑖‖2 + ‖𝑦𝑗‖2 − 2𝑥⊤

𝑖 𝑦𝑗

)︁
𝜋𝑖𝑗

= E𝑥∼𝜇

[︁
‖𝑥‖2

]︁
+ E𝑦∼𝜈𝑡

[︁
‖𝑦‖2

]︁
− 2 max

𝜋∈Π(𝜇,𝜈𝑡)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝑥⊤
𝑖 𝑦𝑗𝜋𝑖𝑗 . (14)

The two expectations in (14) can be evaluated in 𝒪(𝐾𝐿) arithmetic operations because

E𝑥∼𝜇

[︁
‖𝑥‖2

]︁
=
∑︁
𝑘∈𝒦

E𝑥𝑘∼𝜇𝑘

[︁
(𝑥𝑘)2

]︁
=
∑︁
𝑘∈𝒦

∑︁
𝑙∈ℒ

𝜇𝑙
𝑘(𝑥𝑙

𝑘)2 and E𝑦∼𝜈𝑡

[︁
‖𝑦‖2

]︁
= 𝑡‖𝑦1‖2 + (1− 𝑡)‖𝑦2‖2,
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and it is easy to verify that their bit lengths are polynomially bounded in 𝐾, 𝐿 and log2(𝑈). Moreover, as
in the proof of Lemma 3.6, the maximization problem in (14) simplifies to

max
𝜋∈Π(𝜇,𝜈𝑡)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝑥⊤
𝑖 𝑦𝑗𝜋𝑖𝑗 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

max
𝑞1,𝑞2∈R𝐼

+

𝑡
∑︁
𝑖∈ℐ
𝑥⊤

𝑖 𝑦1𝑞1,𝑖 + (1− 𝑡)
∑︁
𝑖∈ℐ
𝑥⊤

𝑖 𝑦2𝑞2,𝑖

s.t. 1⊤𝑞1 = 1, 1⊤𝑞2 = 1

𝑡𝑞1,𝑖 + (1− 𝑡)𝑞2,𝑖 = 𝜇[𝑥 = 𝑥𝑖] ∀𝑖 ∈ ℐ.

=
∑︁
𝑖∈ℐ
𝑥⊤

𝑖 𝑦2 𝜇[𝑥=𝑥𝑖] +

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

max
𝑞∈R𝐼

+

∑︁
𝑖∈ℐ
𝑥⊤

𝑖 (𝑦1 − 𝑦2)𝑞𝑖

s.t. 1⊤𝑞 = 𝑡

𝑞𝑖 ≤ 𝜇[𝑥=𝑥𝑖] ∀𝑖 ∈ ℐ,

(15)

where the second equality follows from the variable substitution 𝑞 ← 𝑡𝑞1 and the subsequent elimination
of 𝑞2 by using the equations (1 − 𝑡)𝑞2,𝑖 = 𝜇[𝑥 = 𝑥𝑖] − 𝑞𝑖 for all 𝑖 ∈ ℐ. Observe next that the first sum
in (15) can again be evaluated using 𝒪(𝐾𝐿) arithmetic operations because∑︁

𝑖∈ℐ
𝑥⊤

𝑖 𝑦2 𝜇[𝑥 = 𝑥𝑖] = E𝑥∼𝜇

[︁
𝑥⊤𝑦2

]︁
=
∑︁
𝑘∈𝒦

E𝑥𝑘∼𝜇𝑘
[𝑥𝑘𝑦2,𝑘] =

∑︁
𝑘∈𝒦

∑︁
𝑙∈ℒ

𝑥𝑙
𝑘𝜇

𝑙
𝑘𝑦2,𝑘,

and the bit length of this sum is polynomially bounded in 𝐾, 𝐿 and log2(𝑈). For 𝑡 = 0, the optimal
value of the maximization problem in (15) vanishes. For 𝑡 = 1, on the other hand, the problem’s optimal
solution satisfies 𝑞𝑖 = 𝜇[𝑥 = 𝑥𝑖] for all 𝑖 ∈ ℐ. By using now standard arguments, one readily verifies that
the corresponding optimal value can once again be computed in 𝒪(𝐾𝐿) arithmetic operations and has
polynomially bounded bit length in 𝐾, 𝐿 and log2(𝑈). In the remainder of the proof we may thus assume
that 𝑡 ∈ (0, 1). To solve the maximization problem in (15) in this generic case, we first reformulate it as

max
{︃∑︁

𝑖∈ℐ
𝑥⊤

𝑖 (𝑦1 − 𝑦2)𝜇[𝑥 = 𝑥𝑖] 𝑞𝑖 : 0 ≤ 𝑞 ≤ 1,
∑︁
𝑖∈ℐ

𝜇[𝑥 = 𝑥𝑖] 𝑞𝑖 = 𝑡

}︃
(16)

by applying the variable substitution 𝑞𝑖 ← 𝑞𝑖/𝜇[𝑥 = 𝑥𝑖]. By assumption, there exists a regular one-
dimensional grid 𝒩 with cardinality 𝑁 such that 𝑥𝑙

𝑘(𝑦1,𝑘 − 𝑦2,𝑘) ∈ 𝒩 for every 𝑘 ∈ 𝒦 and 𝑙 ∈ ℒ. This
readily implies that 𝑥⊤

𝑖 (𝑦1 − 𝑦2) ∈ 𝒩𝐾 = ∑︀𝐾
𝑘=1𝒩 . In the following, we introduce an auxiliary random

variable 𝑠 supported on 𝒩𝐾 , and we show that problem (16) is equivalent to

max
{︂
𝑡E𝑠∼𝜂[𝑠] : 𝜂 ∈ 𝒫 (𝒩𝐾) , 𝜂[𝑠 = 𝑠] ≤ 1

𝑡
𝜇
[︁
𝑥⊤(𝑦1 − 𝑦2) = 𝑠

]︁
∀𝑠 ∈ 𝒩𝐾

}︂
, (17)

which optimizes over a family of possible distributions 𝜂 of 𝑠. To prove that the optimal value of (17) is at
least as large as that of (16), we fix an arbitrary 𝑞 feasible in (16) and construct a probability distribution 𝜂
feasible in (17) that has the same objective function value as 𝑞. Specifically, we define 𝜂 through

𝜂[𝑠 = 𝑠] = 1
𝑡

∑︁
𝑖∈ℐ

𝜇
[︁
𝑥 = 𝑥𝑖, 𝑥

⊤(𝑦1 − 𝑦2) = 𝑠
]︁
𝑞𝑖 ∀𝑠 ∈ 𝒩𝐾

and note that 𝜂[𝑠 = 𝑠] ≥ 0 for every 𝑠 ∈ 𝒩𝐾 because 𝑞 ≥ 0. In addition, we have412 ∑︁
𝑠∈𝒩𝐾

𝜂[𝑠 = 𝑠] = 1
𝑡

∑︁
𝑖∈ℐ

∑︁
𝑠∈𝒩𝐾

𝜇
[︁
𝑥 = 𝑥𝑖, 𝑥

⊤(𝑦1 − 𝑦2) = 𝑠
]︁
𝑞𝑖 = 1

𝑡

∑︁
𝑖∈ℐ

𝜇 [𝑥 = 𝑥𝑖] 𝑞𝑖 = 1,

where the second equality follows from the law of total probability, and the third equality holds because 𝑞
must satisfy the last constraint in (16). This guarantees that 𝜂 ∈ 𝒫 (𝒩𝐾). The other constraints in (17)
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are trivially satisfied by the construction of 𝜂 and because 𝑞 ≤ 1. Finally, the objective function value of 𝜂
in (17) coincides with the objective function value of 𝑞 in (16) because

𝑡E𝑠∼𝜂[𝑠] = 𝑡
∑︁

𝑠∈𝒩𝐾

𝑠 𝜂[𝑠 = 𝑠] = 𝑡
∑︁

𝑠∈𝒩𝐾

𝑠
1
𝑡

∑︁
𝑖∈ℐ

𝜇
[︁
𝑥 = 𝑥𝑖, 𝑥

⊤(𝑦1 − 𝑦2) = 𝑠
]︁
𝑞𝑖

=
∑︁

𝑠∈𝒩𝐾

∑︁
𝑖∈ℐ
𝑥⊤

𝑖 (𝑦1 − 𝑦2)𝜇
[︁
𝑥 = 𝑥𝑖, 𝑥

⊤(𝑦1 − 𝑦2) = 𝑠
]︁
𝑞𝑖

=
∑︁
𝑖∈ℐ
𝑥⊤

𝑖 (𝑦1 − 𝑦2)𝜇[𝑥 = 𝑥𝑖] 𝑞𝑖.

As 𝑞 was chosen arbitrarily, we have shown that the optimal value of (17) is at least as large as that of (16).413

To prove the converse inequality, we fix an arbitrary 𝜂 feasible in (17) and construct a 𝑞 feasible in (16)414

that has the same objective function value as 𝜂. Specifically, we define 𝑞 through415

𝑞𝑖 = 𝜂[𝑠 = 𝑥⊤
𝑖 (𝑦1 − 𝑦2)]

𝜇[𝑥⊤(𝑦1 − 𝑦2) = 𝑥⊤
𝑖 (𝑦1 − 𝑦2)]

𝑡.

It is clear that 𝑞𝑖 ≥ 0, and the constraints of (17) for 𝑠 = 𝑥⊤
𝑖 (𝑦1 − 𝑦2) imply that 𝑞𝑖 ≤ 1 for all 𝑖 ∈ ℐ.

Thus, we have 0 ≤ 𝑞 ≤ 1. In addition, 𝑞 also satisfies the last constraint in (16) because∑︁
𝑖∈ℐ

𝜇[𝑥 = 𝑥𝑖] 𝑞𝑖 =
∑︁
𝑖∈ℐ

𝜇
[︁
𝑥 = 𝑥𝑖, 𝑥

⊤(𝑦1 − 𝑦2) = 𝑥⊤
𝑖 (𝑦1 − 𝑦2)

]︁
𝑞𝑖

=
∑︁
𝑖∈ℐ

𝜇[𝑥 = 𝑥𝑖, 𝑥
⊤(𝑦1 − 𝑦2) = 𝑥⊤

𝑖 (𝑦1 − 𝑦2)] 𝜂[𝑠 = 𝑥⊤
𝑖 (𝑦1 − 𝑦2)]

𝜇[𝑥⊤(𝑦1 − 𝑦2) = 𝑥⊤
𝑖 (𝑦1 − 𝑦2)]

𝑡

=
∑︁

𝑠∈𝒩𝐾

∑︁
𝑖∈ℐ:

𝑥⊤
𝑖 (𝑦1−𝑦2)=𝑠

𝜇[𝑥 = 𝑥𝑖, 𝑥
⊤(𝑦1 − 𝑦2) = 𝑠] 𝜂[𝑠 = 𝑠]

𝜇[𝑥⊤(𝑦1 − 𝑦2) = 𝑠] 𝑡 =
∑︁

𝑠∈𝒩𝐾

𝜂[𝑠 = 𝑠] 𝑡 = 𝑡,

where the second equality follows from the definition of 𝑞, and the third equality holds because for every 𝑖 ∈
ℐ there exists a unique 𝑠 ∈ 𝒩𝐾 with 𝑥⊤

𝑖 (𝑦1−𝑦2) = 𝑠. The last equality holds because 𝜂 ∈ 𝒫(𝒩𝐾). Finally,
the objective function value of 𝑞 in (16) coincides with the objective function value of 𝜂 in (17) because∑︁

𝑖∈ℐ
𝑥⊤

𝑖 (𝑦1 − 𝑦2)𝜇[𝑥 = 𝑥𝑖] 𝑞𝑖 = 𝑡
∑︁
𝑖∈ℐ

𝑥⊤
𝑖 (𝑦1 − 𝑦2)𝜇[𝑥 = 𝑥𝑖] 𝜂[𝑠 = 𝑥⊤

𝑖 (𝑦1 − 𝑦2)]
𝜇[𝑥⊤(𝑦1 − 𝑦2) = 𝑥⊤

𝑖 (𝑦1 − 𝑦2)]

= 𝑡
∑︁

𝑠∈𝒩𝐾

∑︁
𝑖∈ℐ:

𝑥⊤
𝑖 (𝑦1−𝑦2)=𝑠

𝑠 𝜇[𝑥 = 𝑥𝑖] 𝜂[𝑠 = 𝑠]
𝜇[𝑥⊤(𝑦1 − 𝑦2) = 𝑠] = 𝑡

∑︁
𝑠∈𝒩𝐾

𝑠 𝜂[𝑠 = 𝑠] = 𝑡E𝑠∼𝜂[𝑠].

In summary, we have thus shown that (16) is equivalent to (17).416

The inequality constraints in (17) express that 𝜂 must be absolutely continuous with respect to the417

marginal distribution of ℓ(𝑥) = 𝑥⊤(𝑦1 − 𝑦2) under 𝜇 and that the corresponding probability density418

function does not exceed 1/𝑡 𝜇-almost surely. By [Föllmer and Schied, 2004, Theorem 4.47], the optimal419

value of problem (17) therefore coincides with the 𝑡-fold multiple of the CVaR of ℓ(𝑥) at level 𝑡. Assume420

from now on without loss of generality that 𝒩𝐾 = {𝑠𝐾,1, . . . , 𝑠𝐾,|𝒩𝐾 |} and that the elements of 𝒩𝐾 are421

sorted in ascending order, that is, 𝑠𝐾,1 < · · · < 𝑠𝐾,|𝒩𝐾 |. Also, denote by 𝑛𝑡 the unique index satisfying422

𝑛𝑡∑︁
𝑛=1

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛] ≥ 1− 𝑡 >
𝑛𝑡−1∑︁
𝑛=1

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛]. (18)

By [Rockafellar and Uryasev, 2002, Proposition 8], the optimal value of problem (17) thus equals423

𝑡 · CVaR𝑡[ℓ(𝑥)] =
(︃

𝑛𝑡∑︁
𝑛=1

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛]− (1− 𝑡)
)︃
𝑠𝐾,𝑛𝑡 +

|𝒩𝐾 |∑︁
𝑛=𝑛𝑡+1

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛]𝑠𝐾,𝑛. (19)
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In summary, we have reduced the task of computing the optimal value of problem (17) to computing the424

CVaR of ℓ(𝑥) at level 𝑡, which amounts to evaluating a sum of 𝒪(|𝒩𝐾 |) terms. We will now prove that425

evaluating this sum requires 𝒪(𝐾2𝐿2 +𝐾2𝑁2) arithmetic operations. To this end, we first show that the426

grid points 𝑠𝐾,𝑛, 𝑛 = 1, . . . , |𝒩𝐾 |, can be computed in time 𝒪(𝐾2𝐿2 + 𝐾𝑁) (Step 1), then we show that427

the probabilities 𝜇[ℓ(𝑥)− 𝑠𝐾,𝑛], 𝑛 = 1, . . . , |𝒩𝐾 |, can be computed recursively in time 𝒪(𝐾2𝑁2) (Step 2),428

and finally we use these ingredients to compute the right hand side of (19) in time 𝒪(𝐾𝑁) (Step 3).429

Step 1. By assumption, the one-dimensional regular grid 𝒩 has known cardinality 𝑁 and spans ℳ =430

{𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) : 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ}. To compute all elements of 𝒩 , we first compute all elements of ℳ in431

time 𝒪(𝐾𝐿) and sort them in non-decreasing order in time 𝒪(𝐾𝐿 log2(𝐾𝐿)) using merge sort, for example.432

Asℳ spans 𝒩 , the minimum and the maximum ofℳ coincide with the minimum 𝑠1 and the maximum 𝑠𝑁433

of 𝒩 , respectively. Given 𝑠1 and 𝑠𝑁 , we can then compute the grid spacing constant 𝑑 = (𝑠𝑁 −𝑠1)/(𝑁 −1)434

as well as the elements 𝑠𝑛 = 𝑠1 +𝑑(𝑛−1), 𝑛 = 1, . . . , 𝑁 , of 𝒩 , which requires 𝒪(𝑁) arithmetic operations.435

The bit lengths of all numbers computed so far are bounded by a polynomial in log2(𝑈) and log2(𝑁).436

It is easy to see that 𝒩𝐾 = ∑︀𝐾
𝑘=1𝒩 is also a one-dimensional regular grid that has the same grid spacing437

constant as 𝒩 and whose minimum 𝑠𝐾,1 = 𝐾𝑠1 can be computed in constant time. The elements of 𝒩𝐾438

are then obtained by computing 𝑠𝐾,𝑛 = 𝑠𝐾,1 +𝑑(𝑛−1) for all 𝑛 = 1, . . . , |𝒩𝐾 |, where |𝒩𝐾 | = 𝐾(𝑁 −1)+1439

thanks to Lemma 4.4. This computation requires 𝒪(𝐾𝑁) arithmetic operations, and the bit lengths of all440

involved numbers are still bounded by a polynomial in log2(𝑈) and log2(𝑁). This completes Step 1.441

Step 2. We now show that the probabilities 𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛] for 𝑛 = 1, . . . , |𝒩𝐾 | can be calculated
recursively in time 𝒪(𝐾2𝑁2). To this end, we introduce the partial sums ℓ𝑘(𝑥) = ∑︀𝑘

𝑚=1 𝑥𝑚(𝑦1,𝑚 − 𝑦2,𝑚)
for every 𝑘 ∈ 𝒦 and note that ℓ𝐾(𝑥) = ℓ(𝑥). For every 𝑘 ∈ 𝒦, the range of the function ℓ𝑘(𝑥) is a subset
of the one-dimensional regular grid 𝒩𝑘 = ∑︀𝑘

𝑘′=1𝒩 . The law of total probability then implies that

𝜇[ℓ𝑘(𝑥) = 𝑠] =
∑︁

𝑠′∈𝒩
𝜇
[︀
ℓ𝑘−1(𝑥) = 𝑠− 𝑠′, 𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑠′]︀ ∀𝑘 ∈ 𝒦∖{1}, ∀𝑠 ∈ 𝒩𝑘,

where 𝑠1, . . . , 𝑠𝑁 denote as usual the elements of 𝒩 , and where 𝜇[ℓ1(𝑥) = 𝑠] = ∑︀𝑁
𝑖=1 𝜇𝑘[𝑥1(𝑦1,𝑘−𝑦2,𝑘) = 𝑠𝑖]

for all 𝑠 ∈ 𝒩1. As ℓ𝑘(𝑥) = ℓ𝑘−1(𝑥) + 𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘), ℓ𝑘−1(𝑥) is constant in 𝑥𝑘, . . . , 𝑥𝐾 and the components
of 𝑥 are mutually independent under the product distribution 𝜇 = ⊗𝑘∈𝒦𝜇𝑘, we thus have

𝜇[ℓ𝑘(𝑥) = 𝑠] =
∑︁

𝑠′∈𝒩
𝜇
[︀
ℓ𝑘−1(𝑥) = 𝑠− 𝑠′]︀× 𝜇𝑘

[︀
𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑠′]︀ ∀𝑘 ∈ 𝒦∖{1}, ∀𝑠 ∈ 𝒩𝑘. (20)

The marginal probabilities 𝜇𝑘[𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑠′] for all 𝑘 ∈ 𝒦 and 𝑠′ ∈ 𝒩 can be pre-computed in442

time 𝒪(𝐾𝐿𝑁). Given 𝜇[ℓ𝑘−1(𝑥) = 𝑠], 𝑠 ∈ 𝒩𝑘−1, each probability 𝜇[ℓ𝑘(𝑥) = 𝑠], 𝑠 ∈ 𝒩𝑘, can then be443

computed in time 𝒪(𝑁) by using (20). As |𝒩𝑘| = 𝒪(𝑘𝑁) for every 𝑘 ∈ 𝒦 thanks to Lemma 4.4, each444

iteration 𝑘 ∈ 𝒦 of the the dynamic programming-type recursion (20) requires at most 𝒪(𝐾𝑁2) arithmetic445

operations. Finally, as there are 𝒪(𝐾) iterations in total, the sought probabilities 𝜇[ℓ𝐾(𝑥) = 𝑠], 𝑠 ∈ 𝒩𝐾 ,446

can be computed in time 𝒪(𝐾2𝑁2). An elementary calculation further shows that the bit lengths of these447

probabilities are bounded by a polynomial in 𝐾, 𝑁 and log2(𝑈). This completes Step 2.448

Step 3. As all terms appearing in the sum on the right hand side of (19) have been pre-computed in449

Steps 1 and 2, the sum itself can now be evaluated in time 𝒪(𝐾𝑁) thanks to Lemma 4.4. Note that the450

critical index 𝑛𝑡 defined in (18) can also be computed in time 𝒪(𝐾𝑁). The bit lengths of all numbers451

involved in these calculations are bounded by a polynomial in 𝐾, 𝑁 and log2(𝑈). This completes Step 3.452

In summary, the time required for evaluating the CVaR in (19) totals 𝒪(𝐾𝐿 log2(𝐾𝐿)+𝐾𝐿𝑁+𝐾2𝑁2),453

which matches the overall time required for all calculations described in Steps 1, 2 and 3. This computation454
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time dominates the time 𝒪(𝐾𝐿) spent on all preprocessing steps, and thus the claim follows.455

The dynamic programming-type procedure developed in the proof of Theorem 3.3 is summarized in456

Algorithm 2. This procedure outputs the optimal transport distance between 𝜇 and 𝜈𝑡 (denoted by 𝑊𝑐).457

In addition, Algorithm 2 can be used for constructing the optimal transportation plan from 𝜇 to 𝜈𝑡.458

Algorithm 2 Optimal Transport with Independent Marginals
Input: {𝜇𝑙

𝑘}𝑘∈𝒦,𝑙∈ℒ, {𝑥𝑙
𝑘}𝑘∈𝒦,𝑙∈ℒ, 𝑦1,𝑦2 ∈ R𝐾 , 𝑡, 𝑁

1: Initialize 𝑠1 = min
𝑘∈𝒦,𝑙∈ℒ

𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) and 𝑠𝑁 = max

𝑘∈𝒦,𝑙∈𝒦
𝑥𝑙

𝑘(𝑦1,𝑘 − 𝑦2,𝑘)
2: Set 𝑑 = (𝑠𝑁 − 𝑠1)/(𝑁 − 1) and 𝑠𝑛 = 𝑠1 + 𝑑(𝑛− 1) ∀𝑛 = 1, . . . , 𝑁
3: Compute 𝜇𝑘[𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑠𝑛] ∀𝑘 ∈ 𝒦 and 𝑛 ∈ 𝒩
4: Set 𝜇[ℓ1(𝑥) = 𝑠1,𝑛] = ∑︀

𝑠′∈𝒩
𝜇1[𝑥1(𝑦1,1 − 𝑦2,1) = 𝑠′] ∀𝑛 = 1, . . . , 𝑁

5: for 𝑘 = 2, . . . ,𝐾 do
6: for 𝑛 = 1, . . . , 𝑘(𝑁 − 1) + 1 do
7: 𝑠𝑘,𝑛 = 𝑘𝑠1 + 𝑑(𝑛− 1)
8: 𝜇[ℓ𝑘(𝑥) = 𝑠𝑘,𝑛] = ∑︀

𝑠′∈𝒩
𝜇[ℓ𝑘−1(𝑥) = 𝑠𝑘,𝑛 − 𝑠′]× 𝜇𝑘[𝑥𝑘(𝑦1,𝑘 − 𝑦2,𝑘) = 𝑠′]

9: end for
10: end for
11: Find the index 𝑛𝑡 ∈ {1, . . . ,𝐾(𝑁 − 1) + 1} satisfying (18)
12: Set

CVaR = 1
𝑡

⎡⎣(︃ 𝑛𝑡∑︁
𝑛=1

𝜇[ℓ𝐾(𝑥)=𝑠𝐾,𝑛]−1+𝑡
)︃
𝑠𝐾,𝑛𝑡−2

𝐾(𝑁−1)+1∑︁
𝑛=𝑛𝑡+1

𝜇[ℓ𝐾(𝑥)=𝑠𝐾,𝑛]𝑠𝐾,𝑛

⎤⎦
13: Set

𝑊𝑐 =
∑︁
𝑘∈𝒦

∑︁
𝑙∈ℒ

𝜇𝑙
𝑘(𝑥𝑙

𝑘)2+𝑡
∑︁
𝑘∈𝒦

𝑦2
1,𝑘+(1−𝑡)

∑︁
𝑘∈𝒦

𝑦2
2,𝑘 − 2

∑︁
𝑘∈𝒦

∑︁
𝑙∈ℒ

𝑥𝑙
𝑘𝜇

𝑙
𝑘𝑦2,𝑘 − 2𝑡 · CVaR

Output: 𝑊𝑐

Remark 4.5 (Optimal Transportation Plan). The critical index 𝑛𝑡 computed by Algorithm 2 allows us to
construct an optimal transportation plan 𝜋⋆ ∈ R𝐼×𝐽

+ that solves the linear program (1), where 𝜋⋆
𝑖,𝑗 denotes

the probability mass moved from 𝑥𝑖 to 𝑦𝑗 for every 𝑖 ∈ ℐ and 𝑗 ∈ 𝒥 . To see this, note that the defining
properties of 𝑛𝑡 in (18) imply that VaR𝑡[ℓ(𝑥)] = 𝑠𝐾,𝑛𝑡 and 𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛𝑡 ] > 0. We may thus define 𝜋⋆ via

𝜋⋆
𝑖,1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜇[𝑥 = 𝑥𝑖] if ℓ(𝑥𝑖) > 𝑠𝐾,𝑛𝑡

𝑡− 1 +∑︀𝑛𝑡
𝑛=1 𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛]

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛𝑡 ]
× 𝜇[𝑥 = 𝑥𝑖] if ℓ(𝑥𝑖) = 𝑠𝐾,𝑛𝑡

0 if ℓ(𝑥𝑖) < 𝑠𝐾,𝑛𝑡

and 𝜋⋆
𝑖,2 = 𝜇[𝑥 = 𝑥𝑖] − 𝜋⋆

𝑖,1 for all 𝑖 ∈ ℐ. By the first inequality in (18), we have 𝜋⋆ ≥ 0. In addition, we
trivially find 𝜋⋆

𝑖,1 + 𝜋⋆
𝑖,2 = 𝜇[𝑥 = 𝑥𝑖] for all 𝑖 ∈ ℐ, and we have∑︁

𝑖∈ℐ
𝜋⋆

𝑖,1 =
∑︁
𝑖∈ℐ:

ℓ(𝑥𝑖)>𝑠𝐾,𝑛𝑡

𝜇[𝑥 = 𝑥𝑖] +
∑︁
𝑖∈ℐ:

ℓ(𝑥𝑖)=𝑠𝐾,𝑛𝑡

𝑡− 1 +∑︀𝑛𝑡
𝑛=1 𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛]

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛𝑡 ]
× 𝜇[𝑥 = 𝑥𝑖]
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=
|𝒩𝐾 |∑︁

𝑛=𝑛𝑡+1
𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛] + 𝑡− 1 +

𝑛𝑡∑︁
𝑛=1

𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛] = 𝑡 = 1−
∑︁
𝑖∈ℐ

𝜋⋆
𝑖,2.

In summary, this shows that 𝜋⋆ is feasible in the optimal transport problem (1). Finally, we have∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝜋⋆
𝑖𝑗‖𝑥𝑖 − 𝑦𝑗‖2 = E𝑥∼𝜇

[︁
‖𝑥‖2

]︁
+ E𝑦∼𝜈𝑡

[︁
‖𝑦‖2

]︁
− 2

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥

𝑥⊤
𝑖 𝑦𝑗𝜋

⋆
𝑖𝑗

= E𝑥∼𝜇

[︁
‖𝑥‖2

]︁
+ E𝑦∼𝜈𝑡

[︁
‖𝑦‖2

]︁
− 2 E𝑥∼𝜇

[︁
𝑥⊤𝑦2

]︁
− 2

∑︁
𝑖∈ℐ

ℓ(𝑥𝑖)𝜋⋆
𝑖,1

= E𝑥∼𝜇

[︁
‖𝑥‖2

]︁
+ E𝑦∼𝜈𝑡

[︁
‖𝑦‖2

]︁
− 2 E𝑥∼𝜇

[︁
𝑥⊤𝑦2

]︁
− 2𝑡 · CVaR𝑡[ℓ(𝑥)],

where the first two equalities follow from (14) and (15), respectively, while the third equality exploits the459

definitions of 𝜋⋆ and the CVaR. The last expression manifestly matches the output 𝑊𝑐 of Algorithm 2.460

Hence, we may conclude that 𝜋⋆ is indeed optimal in (1). Note that evaluating 𝜋⋆
𝑖𝑗 for a fixed 𝑖 ∈ ℐ461

and 𝑗 ∈ 𝒥 requires at most 𝒪(𝑁𝐾+𝐾𝐿) arithmetic operations provided that the critical index 𝑛𝑡 and the462

probabilities 𝜇[ℓ(𝑥) = 𝑠𝐾,𝑛], 𝑛 ∈ 𝒩𝐾 , are given. These quantities are indeed computed by Algorithm 2.463

In the following we will identify special instances of the optimal transport problem with independent464

marginals that can be solved efficiently. Assume first that both 𝜇 and 𝜈 are supported on {0, 1}𝐾 . This465

implies that all marginals of 𝜇 represent independent Bernoulli distributions. Unlike in Theorem 3.3,466

however, these Bernoulli distributions may be non-uniform. The following corollary shows that, in this467

case, the optimal transport problem with independent marginals can be solved in strongly polynomial time.468

Corollary 4.6 (Binary Support). Suppose that all assumptions of Theorem 4.1 hold. If in addition 𝐿 = 2,469

𝑥1
𝑘 = 0 and 𝑥2

𝑘 = 1 for all 𝑘 ∈ 𝒦, and 𝑦1,𝑦2 ∈ {0, 1}𝐾 , then the optimal transport distance between 𝜇470

and 𝜈𝑡 can be computed in strongly polynomial time.471

Proof. Under the given assumptions, we have ℳ = {𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) : 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ} ⊆ {−1, 0, 1}. Hence,472

Theorem 4.1 applies with 𝒩 ⊆ {−1, 0, 1} and 𝑁 ≤ 3, and therefore Algorithm 2 computes 𝑊𝑐(𝜇, 𝜈𝑡)473

using 𝒪(𝐾2) arithmetic operations. As 𝑁 is constant in 𝐾, 𝐿 and log2(𝑈), Remark 4.3 (i) implies474

that 𝑊𝑐(𝜇, 𝜈𝑡) can be computed in strongly polynomial time in the Turing machine model.475

By generalizing the proof of Corollary 4.6 in the obvious way, one can show that the optimal trans-476

port problem with independent marginals remains strongly polynomial-time solvable whenever 𝜇 and 𝜈𝑡477

are supported on a (fixed) bounded subset of the scaled integer lattice Z𝐾/𝑀 for some (fixed) scaling478

factor 𝑀 ∈ N. If 𝜇 and 𝜈𝑡 are supported on a subset of Z𝐾/𝑀 that may grow with the problem’s input479

size or if the scaling factor 𝑀 may grow with the input size, then Algorithm 2 ceases to run in polynomial480

time. We now show, however, that Algorithm 2 stills run in pseudo-polynomial time in these cases.481

Corollary 4.7 (Lattice Support). Suppose that all assumptions of Theorem 4.1 hold. If there exists a482

positive integer 𝑀 ≤ 𝑈 , such that 𝑥𝑙
𝑘 ∈ Z/𝑀 for all 𝑘 ∈ 𝒦 and 𝑙 ∈ ℒ, while 𝑦1,𝑦2 ∈ Z𝐾/𝑀 , then the483

optimal transport distance between 𝜇 and 𝜈𝑡 can be computed in pseudo-polynomial time.484

Proof. Under the given assumptions, we have ℳ = {𝑥𝑙
𝑘(𝑦1,𝑘 − 𝑦2,𝑘) : 𝑘 ∈ 𝒦, 𝑙 ∈ ℒ} ⊆ Z/𝑀2. Therefore,485

ℳ spans a one-dimensional regular grid 𝒩 ⊆ Z/𝑀2 with grid spacing constant 𝑑 = 1/𝑀2 and cardinality486

𝑁 = (maxℳ−minℳ) /𝑑

= max
𝑘∈𝒦, 𝑙∈ℒ

{︁
𝑀𝑥𝑙

𝑘(𝑀𝑦1,𝑘 −𝑀𝑦2,𝑘)
}︁
− min

𝑘∈𝒦, 𝑙∈ℒ

{︁
𝑀𝑥𝑙

𝑘(𝑀𝑦1,𝑘 −𝑀𝑦2,𝑘)
}︁
.

(21)
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Recall that 𝑥𝑙
𝑘 = 𝑎𝑙

𝑘/𝑏
𝑙
𝑘 for some 𝑎𝑙

𝑘 ∈ Z and 𝑏𝑙
𝑘 ∈ N with |𝑎𝑙

𝑘|, |𝑏𝑙
𝑘| ≤ 𝑈 and that 𝑀 ≤ 𝑈 . We may487

thus conclude that |𝑀𝑥𝑙
𝑘| ≤ 𝑈2 for all 𝑘 ∈ 𝒦 and 𝑙 ∈ ℒ. Similarly, one can show that |𝑀𝑦1,𝑘| ≤ 𝑈2488

and |𝑀𝑦2,𝑘| ≤ 𝑈2 for all 𝑘 ∈ 𝒦. By (21), we thus have 𝑁 ≤ 4𝑈2, which implies via Theorem 4.1 that489

Algorithm 2 computes 𝑊𝑐(𝜇, 𝜈𝑡) using 𝒪(𝐾𝐿 log2(𝐾𝐿) + 𝐾2𝑈4) arithmetic operations. We emphasize490

that the number of arithmetic operations thus grows polynomially with 𝐾, 𝐿 and 𝑈 but exponentially491

with log2(𝑈). By Remark 4.3 (iii), 𝑊𝑐(𝜇, 𝜈𝑡) can therefore be computed in pseudo-polynomial time.492

So far we have discussed methods to solve the optimal transport problem with independent marginals493

exactly. In the remainder of this section we will show that approximate solutions can always be computed494

in pseudo-polynomial time. The following lemma provides a key ingredient for this argument.495

Lemma 4.8 (Approximating Optimal Transport Distances). Consider four discrete probability distri-
butions 𝜇 = ∑︀

𝑖∈ℐ 𝜇𝑖𝛿𝑥𝑖 , �̃� = ∑︀
𝑖∈ℐ 𝜇𝑖𝛿�̃�𝑖 , 𝜈 = ∑︀

𝑗∈𝒥 𝜈𝑗𝛿𝑦𝑗 and 𝜈 = ∑︀
𝑗∈𝒥 𝜈𝑗𝛿�̃�𝑗 supported on a hyper-

cube [−𝑈,𝑈 ]𝐾 for some 𝑈 > 0. If 𝑐(𝑥,𝑦) = ‖𝑥− 𝑦‖2 and there exists 𝜀 ≥ 0 such that ‖�̃�𝑖 − 𝑥𝑖‖∞ ≤ 𝜀 for
all 𝑖 ∈ ℐ and ‖�̃�𝑗 − 𝑦𝑗‖∞ ≤ 𝜀 for all 𝑗 ∈ 𝒥 , then we have

|𝑊𝑐(𝜇, 𝜈)−𝑊𝑐(�̃�, 𝜈)| ≤ 8𝐾𝑈𝜀. (22)

We emphasize that Lemma 4.8 holds for arbitrary discrete distributions 𝜇, �̃�, 𝜈 and 𝜈 provided that �̃�496

and 𝜈 are obtained by perturbing only the support points of 𝜇 and 𝜈, respectively, but not the corresponding497

probabilities. In particular, the lemma holds even if 𝜇 and �̃� fail to represent product distributions with498

independent marginals, and even if 𝜈 and 𝜈 fail to represent two-point distributions. Note also that, by499

slight abuse of notation, 𝜇𝑖, 𝑖 ∈ ℐ, represent here the probabilties of the support points of 𝜇 and should500

not be confused with the univariate marginal distributions 𝜇𝑘, 𝑘 ∈ 𝒦, in the rest of the paper.501

Proof of Lemma 4.8. The elementary identity |𝑎2 − 𝑏2| = (𝑎+ 𝑏)|𝑎− 𝑏| for any 𝑎, 𝑏 ∈ R+ implies that

|𝑊𝑐(𝜇, 𝜈)−𝑊𝑐(�̃�, 𝜈)| =
(︁
𝑊𝑐(𝜇, 𝜈𝑡)

1
2 +𝑊𝑐(�̃�, 𝜈)

1
2
)︁ ⃒⃒⃒
𝑊𝑐(𝜇, 𝜈)

1
2 −𝑊𝑐(�̃�, 𝜈)

1
2

⃒⃒⃒
. (23)

By the definition of the optimal transport distance, the first term on the right-hand-side of (23) satisfies

𝑊𝑐(𝜇, 𝜈)
1
2 +𝑊𝑐(�̃�, 𝜈)

1
2 =

⎛⎝ min
𝜋∈Π(𝜇,𝜈)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥
‖𝑥𝑖 − 𝑦𝑗‖2𝜋𝑖𝑗

⎞⎠ 1
2

+

⎛⎝ min
�̃�∈Π(�̃�,𝜈)

∑︁
𝑖∈ℐ

∑︁
𝑗∈𝒥
‖�̃�𝑖 − �̃�𝑗‖2�̃�𝑖𝑗

⎞⎠ 1
2

≤ 4
√
𝐾𝑈,

where the inequality holds because 𝜋 and �̃� are probability distributions and because502

‖𝑥𝑖 − 𝑦𝑗‖2 ≤ 𝐾‖𝑥𝑖 − 𝑦𝑗‖2∞ ≤ 4𝐾𝑈2 and ‖�̃�𝑖 − �̃�𝑗‖2 ≤ ‖�̃�𝑖 − �̃�𝑗‖2∞ ≤ 4𝐾𝑈2

for all 𝑖 ∈ ℐ and 𝑗 ∈ 𝒥 , taking into account that all support points of the four probability distributions 𝜇,
�̃�, 𝜈 and 𝜈 fall into the hypercube [−𝑈,𝑈 ]𝐾 . The second term on the right-hand-side of (23) satisfies⃒⃒⃒

𝑊𝑐(𝜇, 𝜈)
1
2 −𝑊𝑐(�̃�, 𝜈)

1
2

⃒⃒⃒
≤
⃒⃒⃒
𝑊𝑐(𝜇, 𝜈)

1
2 −𝑊𝑐(�̃�, 𝜈)

1
2

⃒⃒⃒
+
⃒⃒⃒
𝑊𝑐(�̃�, 𝜈)

1
2 −𝑊𝑐(�̃�, 𝜈)

1
2

⃒⃒⃒
≤𝑊𝑐(𝜇, �̃�)

1
2 +𝑊𝑐(𝜈, 𝜈)

1
2

=

⎛⎝ min
𝜋𝜇∈Π(𝜇,�̃�)

∑︁
𝑖,𝑖′∈ℐ

‖𝑥𝑖 − �̃�𝑖′‖2𝜋𝜇
𝑖𝑖′

⎞⎠ 1
2

+

⎛⎝ min
𝜋𝜈∈Π(𝜈,𝜈)

∑︁
𝑗,𝑗′∈𝒥

‖𝑦𝑗 − �̃�𝑗′‖2𝜋𝜈
𝑗𝑗′

⎞⎠ 1
2
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≤
(︃

1
𝐼

∑︁
𝑖∈ℐ
‖𝑥𝑖 − �̃�𝑖‖2

)︃ 1
2

+

⎛⎝ 1
𝐽

∑︁
𝑗∈𝒥
‖𝑦𝑗 − �̃�𝑗‖2

⎞⎠ 1
2

≤ 2
√
𝐾𝜀,

where the second inequality holds because the 2-Wasserstein distance is a metric and thus obeys the triangle503

inequality [Villani, 2008, § 6], whereas the third inequality holds because 𝜋𝜇 and 𝜋𝜈 with 𝜋𝜇
𝑖𝑖′ = 1

𝐼 𝛿𝑖𝑖′ for504

all 𝑖, 𝑖′ ∈ ℐ and 𝜋𝜈
𝑗𝑗′ = 1

𝐽 𝛿𝑗𝑗′ for all 𝑗, 𝑗′ ∈ 𝒥 , respectively, are feasible transportation plans. Finally, the505

last inequality follows from our assumption that ‖𝑥𝑖 − �̃�𝑖‖∞ ≤ 𝜀 and ‖𝑦𝑗 − �̃�𝑗‖∞ ≤ 𝜀, which implies that506

‖𝑥𝑖 − �̃�𝑖‖2 ≤ 𝐾‖𝑥𝑖 − �̃�𝑖‖2∞ ≤ 𝐾𝜀2 and ‖𝑦𝑗 − �̃�𝑗‖2 ≤ 𝐾‖𝑦𝑗 − �̃�𝑗‖2∞ ≤ 𝐾𝜀2

for all 𝑖 ∈ ℐ and 𝑗 ∈ 𝒥 . Substituting the above estimates back into (23) finally yields (22).507

We now address the approximate solution of optimal transport problems with independent marginals.508

Theorem 4.9 (Approximate Solutions of the Optimal Transport Problem with Independent Marginals).509

Suppose that 𝜇 = ⊗𝑘∈𝒦𝜇𝑘 with 𝜇𝑘 = ∑︀
𝑙∈ℒ 𝜇

𝑙
𝑘𝛿𝑥𝑙

𝑘
for every 𝑘 ∈ 𝒦 and that 𝜈𝑡 = 𝑡𝛿𝑦1 + (1 − 𝑡)𝛿𝑦2 , and510

let 𝜀 > 0 be an error tolerance. If 𝑐(𝑥,𝑦) = ‖𝑥−𝑦‖2 and if all probabilities and coordinates of the support511

points of 𝜇 and 𝜈𝑡 are representable as fractions of two integers with absolute values of at most 𝑈 , then the512

optimal transport distance between 𝜇 and 𝜈𝑡 can be computed to within an absolute error of at most 𝜀 by513

a dynamic programming-type algorithm using 𝒪(𝐾𝐿 log2(𝐾𝐿)+𝐾6𝑈8/𝜀4) arithmetic operations. The bit514

lengths of all numbers computed by this algorithm are polynomially bounded in 𝐾, 𝐿, log2(𝑈) and log2(1
𝜀 ).515

Proof. In order to approximate 𝑊𝑐(𝜇, 𝜈𝑡) to within an absolute accuracy of 𝜀, we define 𝑀 = ⌈8𝐾𝑈/𝜀⌉516

and map all support points of 𝜇 and 𝜈 to the nearest lattice points in Z𝐾/𝑀 to construct perturbed517

probability distributions �̃� and 𝜈𝑡, respectively. Specifically, we construct �̃�𝑙
𝑘 by rounding 𝑥𝑙

𝑘 to the nearest518

point in Z/𝑀 for every 𝑘 ∈ 𝒦 and 𝑙 ∈ ℒ. This requires 𝒪(𝐾𝐿) arithmetic operations. We then define519

the perturbed marginal distributions �̃�𝑘 = ∑︀
𝑙∈ℒ 𝜇

𝑙
𝑘𝛿�̃�𝑙

𝑘
for all 𝑘 ∈ 𝒦 and set �̃� = ⊗𝑘∈𝒦�̃�𝑘. In addition, we520

denote by �̃�𝑖, 𝑖 ∈ ℐ, the 𝐼 different support points of �̃�. Here, it is imperative to use the same orderings521

for the support points of 𝜇 and �̃�, which implies that ‖𝑥𝑖 − �̃�𝑖‖∞ ≤ 1
𝑀 ≤ 𝜀

8𝐾𝑈 for all 𝑖 ∈ ℐ thanks522

to the construction of �̃�. We further construct 𝑦𝑗,𝑘 by rounding 𝑦𝑗,𝑘 to the nearest points in Z/𝑀 for523

every 𝑗 ∈ 𝒥 = {1, 2} and 𝑘 ∈ 𝒦, and we define �̃�𝑗 = (𝑦𝑗,1, . . . , 𝑦𝑗,𝐾) for all 𝑗 ∈ 𝒥 . This construction524

requires 𝒪(𝐾) arithmetic operations and guarantees that ‖𝑦𝑗 − �̃�𝑗‖∞ ≤ 1
𝑀 ≤

𝜀
8𝐾𝑈 for all 𝑗 ∈ 𝒥 . Finally,525

we introduce the perturbed two-point distribution 𝜈𝑡 = 𝑡𝛿�̃�1 +(1−𝑡)𝛿�̃�2 . All support points of 𝜇 and 𝜈 have526

rational coordinates that are representable as fractions of two integers with absolute values at most 𝑈 .527

Therefore, 𝜇 and 𝜈 are supported on [−𝑈,𝑈 ]𝐾 . Similarly, as 𝑈 and 𝑀 are integers, which implies that 𝑈528

is an integer multiple of 1
𝑀 , and as all support points of �̃� and 𝜈 are obtained by mapping the support529

points of 𝜇 and 𝜈 to the nearest lattice points in Z𝐾/𝑀 , respectively, the perturbed distributions �̃� and 𝜈530

must also be supported on [−𝑈,𝑈 ]𝐾 . Lemma 4.8 therefore guarantees that |𝑊𝑐(𝜇, 𝜈𝑡)−𝑊𝑐(�̃�, 𝜈𝑡)| ≤ 𝜀.531

In the remainder of the proof we will estimate the number of arithmetic operations needed to com-532

pute 𝑊𝑐(�̃�, 𝜈𝑡). Note first that the coordinates of all support points of �̃� and 𝜈𝑡 are fractions of integers533

with absolute values of at most �̃� = 𝑀𝑈 . To see this, recall that 𝑥𝑙
𝑘 = 𝑎𝑙

𝑘/𝑏
𝑙
𝑘 for some 𝑎𝑙

𝑘 ∈ Z and 𝑏𝑙
𝑘 ∈ N534

with |𝑎𝑙
𝑘|, |𝑏𝑙

𝑘| ≤ 𝑈 . Using ‘round’ to denote the rounding operator that maps any real number to its nearest535

integer, we can express �̃�𝑙
𝑘 as �̃�𝑙

𝑘/�̃�
𝑙
𝑘 with �̃�𝑙

𝑘 = round(𝑀𝑥𝑙
𝑘) ∈ Z and �̃�𝑙

𝑘 = 𝑀 ∈ N. By construction, we536

have |�̃�𝑙
𝑘| ≤𝑀𝑈 = �̃� and �̃�𝑙

𝑘 = 𝑀 ≤ �̃� for all 𝑘 ∈ 𝒦 and 𝑙 ∈ ℒ. Similarly, one can show that 𝑦𝑗,𝑘 is repre-537

sentable as a fraction of two integers with absolute values of at most �̃� for all 𝑗 ∈ 𝒥 and 𝑘 ∈ 𝒦. As 𝑀 ≤ �̃� ,538
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�̃� and 𝜈 thus satisfy all assumptions of Corollary 4.7 with �̃� instead of 𝑈 , respectively. From the proof539

of this corollary we may therefore conclude that 𝑊𝑐(�̃�, 𝜈𝑡) can be computed in 𝒪(𝐾𝐿 log2(𝐾𝐿) + 𝐾2�̃�4)540

arithmetic operations using Algorithm 2. As �̃� = 𝑀𝑈 = 𝒪(𝐾𝑈2/𝜀), this establishes the claim about the541

number of arithmetic operations. From the definitions of �̃� and 𝑀 and from the analysis of Algorithm 2542

in Theorem 4.1, it is clear that the bit lengths of all numbers computed by the proposed procedure are543

indeed polynomially bounded in 𝐾, 𝐿, log2(𝑈) and log2(1
𝜀 ). This observation completes the proof.544

Theorem 4.9 shows that an 𝜀-approximation of 𝑊𝑐(𝜇, 𝜈𝑡) can be computed with a number of arithmetic545

operations that grows only polynomially with 𝐾, 𝐿, 𝑈 and 1
𝜀 but exponentially with log2(𝑈) and log2(1

𝜀 ).546

By Remark 4.3 (iii), approximations of 𝑊𝑐(𝜇, 𝜈𝑡) can therefore be computed in pseudo-polynomial time.547
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