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Abstract

In this paper, we introduce a correlation robust model for the influence maximization

problem. Unlike the classic independent cascade model, this model’s diffusion process is

adversarially adapted to the choice of seed set. More precisely, rather than only the in-

dependent coupling of known individual edge probabilities, we now evaluate a seed set’s

expected influence under all possible correlations - specifically, the one that presents the

worst-case. We show that any seed set’s worst-case expected influence can be efficiently

computed, and though optimizing the worst-case (over seed sets) is NP-hard, a (1 − 1/e)

approximation algorithm can be obtained. We provide structural insights from the model

and contrast it with the independent cascade model. We discuss how the proposed model

can be extended to optimize other objectives by controlling for conservatism using a mix-

ture of the independent and the worst-case distribution or by incorporating risk criterion in

choosing the seed set. Finally we provide insights from numerical experiments to illustrate

the usefulness of the model.

1 Introduction

Today’s world is an increasingly connected and complex network, presenting both exciting

possibilities as well as concerning challenges. Food and drug supply chains, for instance, increase

the accessibility of vital goods, medicines, and services around the world, and yet this critical

network has its vulnerabilities that may propagate risks to public health around the world [Levi

et al., 2020]. The internet facilitates the flow of information but at the same time provides a

platform for disinformation and propaganda [Klausen et al., 2018], [des Mesnards and Zaman,

2018]. This motivates the fundamental challenge of effecting or altering propagation in a network

with influence, both natural and adversarial. We find this challenge in many settings such as

the combat of the spread of epidemics [Hoffmann and Caramanis, 2018], but perhaps most

notably so in the use of social networks [Hunter and Zaman, 2018], [Chen et al., 2011] to

influence or spread opinions, to test the effectiveness of policies, to promote adoption of medical

innovations and to conduct viral marketing campaigns [Yadav et al., 2016], [Tambe and Rice,

2018], [Mallipeddi et al., 2021].

There are now many models of diffusion and the spread of influence in graphs [Domingos

and Richardson, 2001], [Kempe et al., 2003], [Chen et al., 2013], [Li et al., 2018], [Watts, 2002].

Central to such models is a directed graph G = (V,E) where V is the set of nodes (denoting

members or users) and E is the set of edges (denoting influence relationships). While we focus

on directed edges, it is straightforward to extend all results to undirected graphs. In progressive

diffusion models, a subset of the edges are randomly deemed “live” via a binary valued random
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vector c̃ of size |E|, in which c̃ij = 1 with probability (w.p.) pij if and only if edge (i, j) is live.

When cij = 1, node i can influence node j and when cij = 0, node i cannot influence node j.

Given a seed set S ⊆ V , all nodes reachable along live-edge paths from S (including S itself)

are activated, or “influenced”. In particular, the seminal work of [Kempe et al., 2003], [Kempe

et al., 2015] formalized the influence maximization problem under the Independent Cascade

(IC) model, in which all edges are independently live; equivalently, the components of c̃ are

mutually independent Bernoulli random variables. We denote this by c̃ ∼ θic. The problem is

to find a k-sized seed set S ⊆ V that maximizes the number of influenced nodes (denoted by

the random variable R(c̃, S)) in expectation under θic:

max
S:|S|≤k

Eθic [R(c̃, S)] . (IC Influence Maximization)

The IC influence maximization is known to be NP-hard [Kempe et al., 2003]; in fact, even evalu-

ating the objective function f ic(S) := Eθic [R(c̃, S)] for a fixed seed set S is #P-hard [Chen et al.,

2010]. Importantly, since the objective function was shown to be a nondecreasing submodular

function by [Kempe et al., 2003], the greedy algorithm of [Nemhauser et al., 1978] provides

provable approximation guarantees for this problem. Currently the best known implementation

of the greedy algorithm in conjunction with sampling based methods provides a (1 − 1/e − ε)
approximation for any ε > 0 in time O((|V | + |E|) log(|V |) 1

ε3
) or O((|V | + |E|)k log(|V |) 1

ε2
)

for IC Influence Maximization (see [Borgs et al., 2014]). It is also known that it is NP-hard

to approximate the optimal solution to within better than a factor 1 − 1/e. The polynomial

dependence of the running time on 1/ε and not log(1/ε) shows up here due to the #P-hardness

of computing f ic(S). However in certain cases, the independence assumption on the influence

relationships itself is not appropriate. While a graph may capture observable connections in a

social network where edge connectivity describes links to friends, followers, etc., there are often

latent variables that can cause apparently disconnected segments of a network to display cor-

related capacities to propagate influence. In addition, the influence relationships often depend

on the particular idea, product information, or news which is propagated.

In this work, we assume knowledge of the probabilities pij but make no assumptions on

the dependence of the c̃ij random variables. Thus all joint distributions consistent with the

marginal probabilities are admissible. We propose to choose a k-sized seed set S that maximizes

the expected number of influenced nodes with respect to the worst dependence structure. The

techniques used in this work fall under the realm of distributionally robust optimization (DRO),

a research area concerned with optimizing an expected objective function value under the most

adverse distribution from a family of distributions. By introducing such an adversarial selection,

decision-makers now seek decisions that would be “robust” to assuming an incorrect distribution.

The family of distributions we consider in this work is commonly referred to as the Fréchet

class (all joint distributions consistent with the given marginals) in the literature [Meilijson

and Nádas, 1979], [Weiss, 1986], [Klein Haneveld, 1986], [Natarajan et al., 2009], [Rũschendorf,

2013], [Chen et al., 2020a].
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1.1 Contributions

The main contributions of this work and the structure of the paper are listed below:

1. We formulate a correlation robust model for influence maximization in Section 3 after

reviewing related work in Section 2. We show that by solving a polynomial time solvable

linear program, we can compute the worst-case expected influence function for any seed set

S. The linear program contains O(|V |) variables and O(|E|+|V |) constraints and provides

interpretable information on the structure of the worst-case distribution. Furthermore it

is possible to compute the worst-case expected influence function using shortest path

algorithms which makes it practically feasible to implement even for very large networks.

2. In Section 4, we show that while finding an optimal seed set S in the correlation robust

model is NP-hard, the worst-case expected influence function is still submodular in S. By

using the greedy algorithm, we obtain an improved approximation guarantee of (1− 1/e).

This contrasts with the IC model where the approximation guarantee is (1− 1/e− ε) for

ε > 0 with running time that has polynomial dependence on 1/ε. This improvement arises

from the fact that do not need to resort to simulation methods and use only optimization

based methods in the correlation robust model. In Section 5, we quantify using examples

to what extent incorrectly assuming independence might hurt the expected influence.

Furthermore, to control for conservatism, we discuss how one can use a mixture of the

independent cascade and correlation robust model for choosing the seed set.

3. In Section 6, we discuss how the approach can be extended to optimize the worst-case

conditional value at risk objective in influence maximization. We show that the computa-

tion of the worst-case conditional value at risk is also possible in polynomial time and is

submodularity preserving. Interestingly, this is in contrast to the IC model’s conditional

value at risk, where it is known that submodularity is not preserved [Maehara, 2015]. A

comparison of the key differences between the independent cascade and correlation robust

model is provided in Table 1.

4. An experimental study of using a correlation robust model on real world datasets is pro-

vided in Section 7 along with discussion on the computational complexity. The running

time of the algorithm is shown to be O(k4 + k2|V |2). The key benefit offered by a distri-

butionally robust model is computational efficiency and the robustness of the generated

seed set to the dependence among the edges.

2 Related Work and Preliminaries

There is an extensive literature on influence maximization, including adaptive models [Peng and

Chen, 2019], learning (e.g. [Narasimhan et al., 2015], [He et al., 2016], [Balkanski et al., 2017]),

and in recent years, robustness. Robustness in influence maximization first received attention

through the parametric interval uncertainty model [He and Kempe, 2014] where for each edge

(i, j) ∈ E, the probability pij is not known exactly, but rather known to lie in an interval

[lij , rij ] ⊆ [0, 1]. The objective therein is to obtain the best seed set under the IC model while
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Independent cascade Correlation robust

Objective Expected influence Worst-case expected influence

Evaluation #P-hard P

Optimization NP-hard NP-hard

Submodularity Yes Yes

Approximation 1− 1/e− ε using greedy 1− 1/e using greedy

Objective Conditional value at risk Worst-case Conditional value at risk

Evaluation #P-hard P

Optimization NP-hard NP-hard

Submodularity No Yes

Approximation 1− 1/e− ε using randomization 1− 1/e using greedy

Table 1: Comparison of independent cascade and correlation robust model.

accounting for all possible values the marginal probability vector p can take. Here p = (pe)e∈E

is a vector of size |E| where pe = pij denotes the activation probability of edge e = (i, j) ∈ E
with 0 ≤ pe ≤ 1. Other model of robust influence maximization where p lies in a set P have

been studied in [Chen et al., 2016], [He and Kempe, 2016], [Kalimeris et al., 2018], [Kalimeris

et al., 2019]. Specifically, these works focus on solving either:

max
S:|S|≤k

min
p∈P

f icp (S), (Robust Influence Maximization)

where f icp (S) is the expected influence under the independent distribution with marginal prob-

ability vector p or alternatively:

max
S:|S|≤k

min
p∈P

f icp (S)

f icp (S∗)
, (Robust Ratio Influence Maximization)

where

S∗ = arg max
S:|S|≤k

f icp (S).

In the second formulation, one seeks to find a set of nodes that minimizes the suboptimality gap

across the collection of models in a simultaneous way [Chen et al., 2016], [He and Kempe, 2016].

However these problems have well-established hardness results - their forms are large, discrete,

non-convex, and sometimes no longer involve monotone, nor submodular objectives. This has

resulted in bi-criteria approximation guarantees [Chen et al., 2017], [Krause et al., 2008], [Anari

et al., 2017]. Another study of robustness has been performed with the linear threshold model

in [Nannicini et al., 2019] where the parameters are assumed to be uncertain.

While the majority of studies that focus on robustness in influence maximization have con-

sidered parameter uncertainty by way of the marginal probabilities (edge likelihoods), and hence

still assume a fixed correlation structure - namely, independent edge propagation, we study the

“reverse’” problem by assuming the edge likelihoods are fixed and the uncertainty lies in how

they are correlated. Indeed, edge likelihoods are amenable to estimation individually while

estimation of multivariate joint distributions is generally intractable. There has been prior in-

terest in modeling the role that correlations play [Vaswani et al., 2017], [Wen et al., 2015], [Aral

and Dhillon, 2018]. In particular, [Vaswani et al., 2017] replace the influence function with a
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surrogate function that provides the most optimistic expected spread of influence. This, too, is

a reversal of this work’s focus - a consideration of the pessimistic expected spread of influence.

Another related model is studied in [Staib et al., 2019] who develop a distributionally robust

optimization approach to tackle influence maximization. The main difference of their work

from the current paper is that they assume the availability of samples of the distribution (past

scenarios where edges are live or not) and build a set of distributions around these samples.

Hence, the size of their formulation grows with the sample size. In contrast, the size of the

optimization formulations developed in this paper do not depend on sample sizes.

2.1 Reachable Nodes and Maximum Flow

While influence maximization is described in a stochastic setting, it will be useful to start

by considering a deterministic instance using the maximum flow problem. Given the graph

G = (V,E), a set of seed nodes S ⊆ V , and a binary vector c with |E| components, start by

adding two distinct nodes s and t. Form the auxiliary graph G′(c) = (V ′, E′(c)) as follows: set

V ′ = V ∪ {s, t} and E′(c) := {(i, j) ∈ E : cij = 1} ∪ {(s, i) : i ∈ S} ∪ {(j, t) : j ∈ V \S}. Then it

is straightforward to see that the s-t maximum flow problem on G′(c) provides the number of

nodes that the seed set S influences (apart from itself), i.e., R(c, S)− |S| under realization c.

Lemma 1 Let Z(c, S) denote the optimal value of the following s-t max flow problem on the

graph G′(c) = (V ′, E′(c)):

Z(c, S) = max
x∈RE′(c),v∈R

v

s.t.
∑

j:(i,j)∈E′(c)

xij −
∑

j:(j,i)∈E′(c)

xji =


v, i = s,

0, i ∈ V,

−v, i = t,

xjt ≤ 1 ∀j ∈ V \S
xij ≥ 0 ∀(i, j) ∈ E′(c).

(1)

The number of nodes reachable from S along the live edges under realization c is R(c, S) =

|S|+ Z(c, S).

The max flow problem provides a natural way to describe R(c, S). Given any optimal flow

x∗ ∈ RE′(c), then {j ∈ V \S : x∗jt = 1} is precisely the set of nodes that are reachable from s in

the graph G′(c). Equivalently, these are the nodes reachable from S in the graph G along those

edges in E that are live, equivalently, {(i, j) ∈ E : cij = 1}. An example of the transformation

and the max flow problem in Lemma 1 is illustrated in Figure 1.
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Figure 1: Construction of the auxiliary graph G′. The bold edges in G′(c) denote the live edges
(i, j) ∈ E such that cij = 1. For the seed set S = {1, 2, 3} under the realization c, the maximum
flow value is Z(c, S) = 3 and R(c, S) = 6. Node 6 is not reachable under realization c while it
is reachable in the original graph.

3 The Correlation Robust Influence Function

Let C denote the set of all binary vectors of length |E| (here |C| = 2|E|). Denote the set of all

joint probability distributions over C consistent with the marginal probability vector p as:

Θ :=

θ ∈ RC+ :
∑

c∈C:cij=1

θ(c) = pij ∀(i, j) ∈ E,
∑
c∈C

θ(c) = 1

 .

Any θ in Θ provides a distribution over the set of 2|E| graph realizations where θ(c) denotes the

probability assigned to the realization c. The set Θ is non-empty as θic ∈ Θ and is uncountable

in general. Define for any seed set S ⊆ V :

f corr(S) := min
θ∈Θ

Eθ[R(c̃, S)]. (Correlation Robust Influence Function)

The correlation robust influence function is the smallest (worst-case) expected number of

influenced nodes among all consistent joint distributions (and in turn over all possible correlation

structures). We formulate the corresponding optimization problem as:

max
S:|S|≤k

f corr(S). (Correlation Robust Influence Maximization)

Correlation robust influence maximization models the problem of finding the set of nodes that

are influential regardless of the correlation structure, by maximizing the worst-case expected

influence. We make use of Lemma 1 to compute f corr(S) where f corr(S) = minθ∈Θ Eθ[R(c̃, S)] =

|S| + minθ∈Θ Eθ[Z(c̃, S)]. The value minθ∈Θ Eθ[Z(c̃, S)] is exactly the optimal value of an

instance of the distributionally robust max flow problem studied in [Chen et al., 2020b]. Using

one of the main results therein (see [Meilijson and Nádas, 1979], [Weiss, 1986], [Natarajan et al.,

2009] for related results), we obtain an efficient linear program to compute it as stated in the

following theorem. This implies that, for any seed set S, f corr(S) is computable in polynomial

time with linear programming. This is in contrast to f ic(S) = Eθic [R(c̃, S)], which is #P-hard

to compute. Distributionally robust bounds for maximum flow problem have also been studied

in other contexts such as in process flexibility in bipartite graphs [Wang and Zhang, 2015].
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Theorem 1 Given G = (V,E), a seed set S ⊆ V and marginal probability vector p ∈ [0, 1]E,

the correlation robust influence function is f corr(S) = |S|+minθ∈Θ Eθ[Z(c̃, S)] where the second

term is given by the optimal value of the following polynomial sized linear program:

min
θ∈Θ

Eθ[Z(c̃, S)] = min
π∈RV

∑
i∈V \S

πi

s.t πi = 1 ∀i ∈ S,
πi − πj ≤ 1− pij ∀(i, j) ∈ E,
0 ≤ πi ≤ 1 ∀i ∈ V.

(2)

Proof: We make use of Theorem 3.1 and the formulation in Section 4 in [Chen et al., 2020b].

If we let M assume a large value (anything at least as large as |V \S|), then minimum expected

number of nodes influenced outside the seed set S can be formulated as the following linear

program:

min
π∈RV ,λ0,λ1∈RE′

∑
(i,j)∈E 0 · λ0

ij +M · λ1
ij +

∑
i∈S 0 · λ0

si +M · λ1
si +

∑
i∈N\S 0 · λ0

it + λ1
it

s.t. πi − πj ≤ λ0
ij ∀(i, j) ∈ E

πi − πj − (1− pij) ≤ λ1
ij ∀(i, j) ∈ E

πs − πi ≤ λ0
si ∀i ∈ S

πs − πi ≤ λ1
si ∀i ∈ S

πi − πt ≤ λ0
it ∀i ∈ V \S

πi − πt ≤ λ1
it ∀i ∈ V \S

0 ≤ πi ≤ 1; ∀i ∈ V
λ0
ij , λ

1
ij ≥ 0 ∀(i, j) ∈ E′

πs = 1, πt = 0

Upon inspection, the program reduces to the desired program. �

3.1 Correlation-Robust Distributions: Properties and Characterization

Given a seed set S and a collection of marginals {pij}(i,j)∈E , we say a distribution θ ∈ Θ is

correlation-robust (against seed set S) if θ ∈ arg minθ∈Θ Ec̃∼θ [Z(c̃, S)] or arg minθ∈Θ Eθ[R(c̃, S)].

The next results will describe properties to the family of correlation-robust distributions, and

then we will provide an explicit characterization to obtain a specific correlation-robust distri-

bution.

We define the correlation robust likelihood as the probability that a node i is influenced by S,

under a(ny) correlation-robust distribution. This is well-defined because, as we will see shortly,

all correlation-robust distributions will produce the same collection of likelihoods. We will arrive

at this through the use of the linear program (2). Consider any distribution θ ∈ Θ with c̃ ∼ θ.
Let G(c̃) = (V,E(c̃)) be the random graph induced by c̃ in which E(c̃) := {(i, j) ∈ E : c̃ij = 1}.
In the graph G(c̃), a node i is influenced by S if and only if there exists a directed path

γ = (i0 → i1 → i2 → . . . → iλ = i) with positive length λγ from some node i0 ∈ S to i. This

implies that any such directed path γ presents the way to a lower bound on the likelihood of
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node i’s influence. More precisely, for any θ ∈ Θ,

Pθ(Node i is reachable from S in G(c̃)) ≥ Pθ(G(c̃) contains path γ)

= 1−Pθ
(
∪λγ−1
l=0 {(il, il+1) /∈ E(c̃)}

)
≥ 1−

λγ−1∑
l=0

(1− pil,il+1
),

(3)

which follows from the union bound. This inequality can be understood as expressing the

intuition that in order to minimize the likelihood of γ’s existence, the adversary needs only to

make the disruptions of the individual arcs “as disjoint as possible” (if not possible, then the

lower bound is necessarily 0). It is natural then to consider the greatest of these lower bounds;

hence, we denote the collection of all such directed paths from S to i in the original graph G as

Γ(S, i), and define for any γ ∈ Γ(S, i):

L(γ) := 1−
λγ−1∑
l=0

(1− pil,il+1
). (4)

Then we obtain the following lower bound on the probability that node i is influenced by the

set of nodes S:

Pθ(Node i is reachable from S in G(c̃)) = Pθ

(
∪γ∈Γ(S,i) {G(c̃) contains path γ}

)
≥

[
max

γ∈Γ(S,i)
L(γ)

]+

,
(5)

where x+ = max(0, x). This gives the following lower bound on the expected number of nodes

influenced outside the seed set S:

min
θ∈Θ

Eθ[Z(c̃, S)] = min
θ∈Θ

∑
i∈V \S

Pθ(Node i is reachable from S in G(c̃))

≥
∑
i∈V \S

min
θ∈Θ

Pθ(Node i is reachable from S in G(c̃))

≥
∑
i∈V \S

[
max

γ∈Γ(S,i)
L(γ)

]+

.

(6)

The following corollary shows that all the inequalities in (6) and (5) turn out to be tight when

θ is correlation-robust.

Corollary 1 (Correlation Robust Influence Likelihood) For an arbitrary seed set S and

marginal probability vector p ∈ [0, 1]E, let π∗ solve the linear program (2). Then for each

i ∈ V \S, the optimal decision variable π∗i satisfies :

π∗i =

[
max

γ∈Γ(S,i)
L(γ)

]+

,

= Pθ∗ (Node i is reachable from S in G(c̃)) ,

(7)

where θ∗ is any correlation-robust distribution, equivalently, optimal solution to minθ∈Θ Eθ [Z(c̃, S)].

In particular, it is upper bounded by the probability under the independent cascade model:

π∗i ≤ Pθic(Node i is reachable from S).
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Proof: Consider any node i ∈ V \S that is reachable from S, namely Γ(S, i) 6= ∅. Consider a

path γ ∈ Γ(S, i) where γ = (i0 → i1 → i2 → . . . → il = i) with i0 ∈ S. Since π∗ is feasible to

(2), we have the set of inequalities:

π∗i0 − π
∗
i1 ≤ 1− pi0,i1

π∗i1 − π
∗
i2 ≤ 1− pi1,i2

...

π∗il−1
− π∗i ≤ 1− pil−1,il

Summation of these inequalities gives π∗i0 − π
∗
i ≤

∑l−1
r=0(1 − pir,ir+1). Since i0 ∈ S, it follows

that π∗i0 = 1, so that π∗i ≥ L(γ). Taken over all the paths in the set Γ(S, i), we get π∗i =[
maxγ∈Γ(S,i) L(γ)

]+
at optimality. On the other hand, for any node i that is not reachable

from S, namely Γ(S, i) 6= ∅, the only lower bound on the decision variable πi is 0 where[
maxγ∈Γ(S,i) L(γ)

]+
= 0, in this case, as desired.

To see that π∗i is exactly the probability that node i is reachable, observe:

min
θ∈Θ

Eθ[Z(c̃, S)] ≥
∑
i∈V \S

[
max

γ∈Γ(S,i)
L(γ)

]+

=
∑
i∈V \S

π∗i

= min
θ∈Θ

Eθ[Z(c̃, S)],

and that for any i ∈ V \S, it holds that

min
θ∈Θ

Pθ(Node i is reachable from S in G(c̃)) =

[
max

γ∈Γ(S,i)
L(γ)

]+

,

so we arrive at the desired conclusion. �

The next result establishes a kind of “dual” object to the influence likelihoods π∗. It will

highlight how correlation robust influence reduces to shortest path computations (see Section

7). As well, the supermodularity property will factor crucially in the forthcoming Theorem 3.

Corollary 2 [Correlation Robust Non-influence Likelihood] For an arbitrary seed set S and

marginal probability vector p ∈ [0, 1]E, let

φSi :=

minγ∈Γ(S,i)

∑λγ−1
l=0 1− pil,il+1

i ∈ V \S,

0 i ∈ S.
(8)

If π∗ solves the linear program (2), then

π∗i =
[
1− φSi

]+
i ∈ V.

As well,

min(φSi , 1) = Pθ∗(Node i is not reachable from S in G(c̃)),

where θ∗ is any correlation-robust distribution, equivalently, optimal solution to minθ∈Θ Eθ [Z(c̃, S)].

Finally, the function φSi is a non-increasing, supermodular set function on sets S ⊆ V , for any
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i ∈ V .

Proof: Let i ∈ V and X,Y ⊆ V . To establish submodularity, we will verify the inequality

φXi + φYi ≤ φX∪Yi + φX∩Yi .

In the case that i ∈ X ∪ Y , suppose without loss of generality that i ∈ X. Then φXi = φX∪Yi ,

while φYi ≤ φX∩Yi because Y ⊇ X ∩ Y . In the case of i /∈ X ∪ Y , suppose without loss of

generality that the minimizing path that presents φX∪Yi is one that originates in X. Then again

φXi = φX∪Yi , while φYi ≤ φX∩Yi . �

At this point we may observe some structural comparisons between the correlation-robust

and independent cascade distribution θic. Let ηSi := Pθic

(
Node is NOT reachable from S in G(c̃)

)
.

For fixed i ∈ V, ηSi is - like φSi - supermodular. To see this, let S ⊆ T ⊆ V and v ∈ V \ T . Then

ηSi − η
S∪{v}
i = Pθic

(
node i is not reachable from S, but is reachable from node v

)
≥ Pθic

(
node i is not reachable from T, but is reachable from node v

)
= ηTi − η

T∪{v}
i .

Further, observe that in the case of φSi only those paths that produce the minimum will deter-

mine the likelihood, whereas in the case of ηSi all paths are factored into the likelihood. This

feature is explored more in the next result, which concerns the structure of the random graph

G(c̃) under any correlation-robust distribution. In contrast to the IC model, not all paths in

Γ(S, i) contribute to the likelihood that a node i is influenced; in fact, as the corollary shows,

only a subset of the paths ever manifest, and when they do they always appear together with

positive probability.

Corollary 3 (Path existence under correlation robustness) Let S be an arbitrary seed

set, π∗ be the optimal solution to (2) and let θ∗ be any optimal solution to minθ∈Θ Eθ [Z(c̃, S)].

For every node i /∈ S, let Γ̄(S, i) := arg maxγ∈Γ(S,i) L(γ) denote the set of paths which attain the

maximum value. If i /∈ S and π∗i = maxγ∈Γ(S,i) L(γ) > 0, then:

π∗i = Pθ∗(∪γ∈Γ̄(S,i) {G(c̃) contains path γ}) = Pθ∗(∩γ∈Γ̄(S,i) {G(c̃) contains path γ}),

Furthermore, for any path γ ∈ Γ̄(S, i), at most one of the arcs in the path is missing in the

random graph G(c̃), θ∗ - almost surely.

Proof: Let θ∗ solve minθ∈Θ Eθ[R(c̃, S)]. Consider a node i /∈ S with maxγ∈Γ(S,i) L(γ) > 0.

Then it holds that for any path γ∗ ∈ Γ̄(S, i), we have:

max
γ∈Γ(S,i)

L(γ) = Pθ∗(Node i is reachable from S in G(c̃))

= Pθ∗(∪γ∈Γ(S,i) {G(c̃) contains path γ})
≥ Pθ∗(G(c̃) contains path γ∗)
(3)

≥ L(γ∗)

= max
γ∈Γ(S,i)

L(γ).

10



So we can conclude that:

Pθ∗(∪γ∈Γ(S,i) {G(c̃) contains path γ}) = Pθ∗(G(c̃) contains path γ∗).

Using Corollary 1, we then get:

π∗i = Pθ∗(∪γ∈Γ(S,i) {G(c̃) contains path γ})
= Pθ∗(G(c̃) contains path γ∗)

≤ Pθ∗(∪γ∈Γ̄(S,i) {G(c̃) contains path γ}),

and so the inequality must be an equality.

For the second equality in the statement of the theorem, we note that if

Pθ∗(∩γ∈Γ̄(S,i) {G(c̃) contains path γ}) < Pθ∗({G(c̃) contains path γ∗}),

then there exists another path γ′ ∈ Γ̄(S, i) such that

Pθ∗({G(c̃) contains path γ∗} \
{
G(c̃) contains path γ′

}
) > 0.

This implies:

π∗i = Pθ∗(∪γ∈Γ̄(S,i) {G(c̃) contains path γ})
≥ Pθ∗(

{
G(c̃) contains path γ′

}
)

+Pθ∗({G(c̃) contains path γ∗} \
{
G(c̃) contains path γ′

}
)

> π∗i ,

which is a contradiction. Lastly for any path γ ∈ Γ̄(S, i), we observe that under the joint

distribution θ∗ it cannot be the case that with strictly positive probability more than one arc

from the path is missing in G(c̃), else (5) would be a strict inequality, contradicting the result

in Corollary 1. �

We now characterize the adversarial distribution and compare it to a linear threshold model

(LTM) proposed in [Kempe et al., 2003].

Corollary 4 Given an arbitrary seed set S and marginal probability vector p ∈ [0, 1]E, let π∗

be the optimal solution to (2). Let q̃ ∼ Uniform[0, 1]. Define the set of nodes as:

V (q̃) := {i ∈ V : q̃ < π∗i },

and the set of edges as:

E(q̃) := {(k, j) ∈ E : π∗k > π∗j , q̃ /∈ [π∗k − 1 + pkj , π
∗
k]} ∪ {(k, j) ∈ E : π∗k ≤ π∗j , q̃ ∈ (0, pkj ]}.

Set the random vector c(q̃) ∈ {0, 1}E such that cij(q̃) = 1 if and only if (i, j) ∈ E(q̃). Then

c(q̃) ∼ θ∗ for some θ∗ which solves minθ∈Θ Eθ [Z(c̃, S)].

In particular, V (q̃) is the set of all nodes reachable from S in the graph G(q̃) = (V,E(q̃)),

so that Eq̃ [|V (q̃)|] = minθ∈Θ Ec̃∼θ[R(c̃, S)] = |S| + Eq̃ [Z(c(q̃), S)]. Moreover, if we enumerate

the nodes in V \ S so that 0 ≤ φSi(1) ≤ φi(2) ≤ . . . ≤ φSi(|V \S|), then the support of V (q̃) is a

totally-ordered collection, with R(c(q̃), S) = |S|+ l if and only if φSi(l) < q̃ ≤ φSi(l+1).

11



Proof: Consider the previous max flow problem for arbitrary c ∈ {0, 1}E . Then the two

collections {s} ∪ S ∪ {j : x∗jt = 1, j ∈ V \S} and {t} ∪ {j : x∗jt = 0, j ∈ V \S} form a minimum

s-t cut. In particular, {j : x∗jt = 1, j ∈ V \S} is precisely the set of nodes outside of S that are

reached, and j is reached if and only if the edge (j, t) is part of the minimum cut.

Given an optimal solution to (2) denoted by π∗, we characterize a θ∗ ∈ Θ consistent with p

that solves minθ∈Θ E [Z(c̃, S)] = minθ∈Θ E [R(c̃, S)]− |S|. This characterization will be defined

on the probability space
(

(0, 1],B, λ
)

, and for the sake of notation, in the following we let Fij

denote the cdf for edge (i, j). For all (i, j) ∈ E, if π∗i > π∗j , define for all q ∈ (0, 1],

c̃ij(q) :=



F−1
ij (q − π∗j ), π∗j < q ≤ π∗i ,

F−1
ij (1− pij + q), 0 < q ≤ π∗i − (1− pij),

F−1
ij (1− pij − π∗j + q), π∗i − (1− pij) < q ≤ π∗j ,

F−1
ij (q), π∗i < q ≤ 1,

otherwise if π∗i ≤ π∗j define c̃ij(q) := F−1
ij (1 − q). Finally, for all (i, j) /∈ E with s or t as an

endpoint, we let c̃ij(q) := +∞ if i = s, else c̃ij(q) := 1 for the case that j = t. As well, we define

χ̃ij(q) :=

1, π∗i > π∗j , q ∈ [π∗j , π
∗
i ]

0, otherwise.

The resulting random vector c̃ has as its distribution a solution to minθ∈Θ E [Z(c̃, S)]. This

follows after adopting the arguments in Theorem 3.1 of [Chen et al., 2020b]. It is not hard to see

that with q̃ ∼ Uniform(0, 1], E(q̃) as defined in the statement is precisely {(k, j) : ckj(q̃) = 1}.
Furthermore, according to Theorem 3.1 of [Chen et al., 2020b], χ̃jt(q̃) is 1 if and only if (j, t)

is part of the minimum cut - equivalently, when j is reached. Finally with π∗t = 0 always, we

arrive at the characterization of V (q̃). �

Corollary 4 characterizes both the random set of influenced nodes V (q̃) and the random

live edges E(q̃) that allow S to reach them using a single random number q̃ ∈ [0, 1]. This is

in contrast to the LTM in which draws are made from Uniform[0, 1] for every node [Kempe

et al., 2003]. Further, in LTM at most one live edge enters any node i, while under correlation

robustness either all the paths in Γ̄(S, i) are live simultaneously or i is not reached at all (from

Corollary 3).

4 Optimization

4.1 The Correlation Robust Influence Maximization Problem

We will now investigate the problem of computing the best seed set S of size k that maximizes

f corr(S).

Theorem 2 Given the graph G = (V,E) with marginal probability vector p ∈ [0, 1]E and integer

k, the problem maxS:|S|≤k f
corr(S) is NP-Hard. In particular, we can solve the exact formulation
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using the following mixed-integer program (MILP):

max
S:|S|≤k

f corr(S) = max
x,y,w,q∈RV ,z∈RE

∑
(i,j)∈E

zij(pij − 1) +
∑
i∈V

wi − qi

s.t. 1− yi −
∑

j:(j,i)∈E

zji +
∑

j:(i,j)∈E

zij + qi ≥ 0 ∀i ∈ V

|V |xi + yi − |V | ≤ wi ∀i ∈ V
wi ≤ |V |xi ∀i ∈ V
wi ≤ yi ∀i ∈ V∑
i∈V

xi ≤ k, xi ∈ {0, 1} ∀i ∈ V

yi ≥ 0, qi ≥ 0 ∀i ∈ V, zij ≥ 0 ∀(i, j) ∈ E

Let x∗,y∗,w∗,q∗, z∗ be the optimal solution to the MILP. The optimal seed set is Scorr = {i :

x∗i = 1}.

Proof: Let us start with the proof of the hardness of computing maxS:|S|≤k f
corr(S) through a

reduction from the set cover problem. The proof directly follows from the NP-hardness proof of

solving the independent cascade model in [Kempe et al., 2003]. We provide it here for complete-

ness. In the set cover problem, there is a universe of elements Ω = {1, . . . , n}, a collection of sub-

sets J1, . . . , Jm ⊆ Ω (whose union gives Ω), and an integer k. The decision version of the set cover

problem is to check if there exists a collection of k subsets, whose union gives Ω. We will now re-

duce an instance of set cover problem to (Correlation Robust Influence Maximization). For this,

consider a bipartite graph with a total of m+n vertices corresponding to the m subsets and the

n elements of Ω. This bipartite graph contains an edge between a subset node i and an element

node j if j ∈ Ji. Fix pij = 1 for all edges (i, j) in this graph. Then there exist k subsets whose

union is Ω is and only if the optimal value to (Correlation Robust Influence Maximization) is

k + n.

Next we will derive the MILP formulation. Using Theorem 1, we have:

max
S:|S|≤k

f corr(S) = max
x∈X

min
π∈RV

∑
i∈V

πi

s.t. xi ≤ πi ∀i ∈ V
πi − πj ≤ 1− pij ∀(i, j) ∈ E
0 ≤ πi ≤ 1 ∀i ∈ V,

where the set X is defined as:

X :=

{
x ∈ RV :

∑
i∈V

xi ≤ k, xi ∈ {0, 1} ∀i ∈ V

}
.
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The dual of the inner minimization problem is:

min
z∈RE ,y∈RV ,q∈RV

∑
(i,j)∈E

zij(pij − 1) +
∑
i∈V

xiyi −
∑
i∈V

qi

s.t. 1− yi + qi −
∑

j:(j,i)∈E

zji +
∑

j:(i,j)∈E

zij ≥ 0 ∀i ∈ V

yi ≥ 0 ∀i ∈ V
zij ≥ 0, ∀(i, j) ∈ E
qi ≥ 0 ∀i ∈ V

We next linearize the product terms wi = xiyi. Summing up the inequality over all i gives∑
i∈V (1 − yi −

∑
j:(j,i)∈E zji +

∑
j:(i,j)∈E zij) ≥ 0. The terms involving the z variables cancel

out and we are left with
∑

i∈V yi ≤ |V | and since yi ≥ 0 for all i, we get the following upper

bound on the variable yi ≤ |V |. Using the bounds 0 ≤ xi ≤ 1 and 0 ≤ yi ≤ |V |, the McCormick

inequalities introduced in [McCormick, 1976] for wi give:

|V |xi + yi − |V | ≤ wi ≤ min(|V |xi, yi) ∀i ∈ V.

To see that these inequalities capture the product wi = xiyi, start with xi = 0. The inequalities

give yi − |V | ≤ wi ≤ 0 which along with wi ≥ 0 gives wi = 0. Next let xi = 1 which gives

yi ≤ wi ≤ min(|V |, yi) = yi. Therefore wi = yi and the inequalities are tight. �

Next we show that the function f corr(·) is a submodular function. In general, if functions

g(·) and h(·) are submodular set functions, the pointwise minimum min(g(·), h(·)) need not be

submodular. But interestingly, we show that f corr(S) = minθ∈Θ Eθ[R(c̃, S)] which is a pointwise

minimum of submodular functions Eθ[R(c̃, S)] over θ ∈ Θ is in fact submodular for the specific

choice of Θ considered in this paper.

Theorem 3 The correlation robust influence function f corr(·) is a nondecreasing submodular

function.

Proof: By Corollary 1 and 2, f corr(S) =
∑

i∈V [1 − φSi ]+. With φSi non-increasing as a

function of S, for any i ∈ V , f corr is clearly nondecreasing. As for submodularity, it will suffice

to establish that [1−φSi ]+ is submodular for any i ∈ V . We will do so by proving the inequality

[1 − φSi ]+ + [1 − φTi ]+ ≥ [1 − φS∪Ti ]+ + [1 − φS∩Ti ]+ for arbitrary S, T ⊆ V . If φS∪Ti ≥ 1 then

the inequality holds. Otherwise, we may suppose without loss of generality that a minimizing

path that presents φS∪Ti is one that originates in S. Then φSi = φS∪Ti , and φTi ≤ φS∩Ti because

T ⊇ S ∩ T .

�

Although f ic can be shown to be nondecreasing, submodular with basic graph arguments

as in [Kempe et al., 2003], we may alternatively obtain the conclusion by finding f ic(S) =∑
i∈V [1 − ηSi ], further illustrating parallels between the correlation robust and independent

cascade settings. But as we will see in Section 6, the similarities end when generalizing to the

conditional value at risk.

A major consequence of the above two theorems is that though the correlation robust max-

imization problem is NP-hard, the greedy algorithm provides a useful approximation guar-
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antee (as in the IC setting). Specifically, the greedy algorithm works as follows: The ini-

tial seed set is S(0) = ∅. At iteration i, the seed set S(i) = S(i−1) ∪ v(i), for any v(i) ∈
arg maxv∈V \S(i−1) f corr(S(i−1) ∪ {v}), and the output upon termination is Sgcorr = S(k).

Corollary 5 Let Sgcorr denote the seed set generated upon termination of the greedy algorithm

for maximization of f corr(·). Then, f corr(Sgcorr) ≥ (1− 1/e) max|S|≤k f
corr(S).

Proof: By Theorem 3 and the known approximation guarantee for the greedy algorithm for

submodular maximization [Nemhauser et al., 1978], we get the result. �

Note that a key difference from the IC model is that there is no ε loss in the approximation

guarantee of the greedy algorithm. In the IC model this occurs due to sampling errors in the

estimation of f ic(S) [Kempe et al., 2003]. Under correlation robustness, the sampling error does

not appear, as f corr(·) is polynomial time computable with linear programming.

5 Price of Correlations and Mixing Independence with Depen-

dence

In this section, we examine the extent to which the assumption of independence can cost

the decision maker when there is dependence among the influence relationships. Suppose

the decision maker computes the seed set Sic ∈ arg maxS:|S|≤k f
ic(S), as opposed to Scorr ∈

arg maxS:|S|≤k f
corr(S). Then the price of correlations (POC) ratio (see [Agrawal et al., 2012])

characterizes the suboptimality of Sic in the optimization of the f corr(·):

POC =
f corr(Sic)

f corr(Scorr)
. (Price of Correlations)

Intuitively, POC describes the cost of using a seed set optimal to an ‘incorrect’ diffusion model.

A related concept is the correlation gap which for any seed set S is denoted by κ(S) (see

[Agrawal et al., 2012]). In the influence maximization setting:

κ(S) =
f corr(S)

f ic(S)
.

Since maxS:|S|≤k f
corr(S) = f corr(Scorr) ≤ f ic(Scorr) ≤ f ic(Sic), we have,

1 ≥ POC =
f corr(Sic)

f corr(Scorr)
≥ f corr(Sic)

f ic(Sic)
= κ(Sic) ≥ 0. (9)

A POC value closer to 1 indicates that we do not suffer much by resorting to Sic when the

underlying diffusion process corresponds to an adversarial model. But a POC value close to zero

indicates major loss. We demonstrate that both of these scenarios are possible for appropriate

graphs.

Example 1 We first consider the series graph in Figure 2 with n ≥ 2. Let pij = 1 − 1/n for

all the edges and let k = 1. It is easy to verify by inspection that Scorr = Sic = {1}. Then, the
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correlation gap κ(Sic) can be computed as:

κ(Sic) =
f corr(Sic)

f ic(Sic)
=

1 +
∑n

i=2 1− i−1
n

1 +
∑n−1

i=1 (1− 1/n)i
=

1 + (n− 1)/2

n [1− (1− 1/n)n]

Therefore limn→∞ κ(Sic) = 1/2 · e/(e− 1) ≈ 0.791.

Example 2 We next consider the tree in Figure 3 where the root node contains l children.

There are a total of l paths from the root to all the leaf nodes. Each path contains m + 2

nodes (apart from the root). The labels on the nodes depict the “type” of each node. Edges

between nodes of type 0 and 1 as well as between type 1 and type 2 nodes have 0.5 probability

of being live. For all other edges, the probability is 1. The total number of nodes in the graph

is n = l(m + 2) + 1, where we let 4m
m+3 ≤ l ≤ 2m. Then if k = 1, Scorr is any one of the

type 2 nodes while Sic = {0} (details in the appendix). Thus POC = ((l/2) + 1)/(m + 1). If

l = 4m/(m+ 3), POC = (2m+ 3)/((m+ 1)(m+ 3)) which tends to zero as m→∞.

1

2

3

...

n

1− 1/n

1− 1/n

1− 1/n

1− 1/n

Figure 2: Example 1
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. . .

. . .

. . .

. . ....

m+2

1

2

...

m+2

0.5

0.5

1

1

0.5

0.5

1

1

Figure 3: Example 2 with l = 2

This example leads to the following theorem.

Theorem 4 There exists a graph on n nodes with price of correlations O(1/n).

The theorem reveals that in general, the POC may be arbitrarily close to zero. In other words,

Sic can be arbitrarily sub-optimal, if used under an adversarial diffusion process.

5.1 Mixture of Independent and Correlation Robust Models

In this section, we discuss how the previous results can be applied to networks by combining

both independence and dependence in the influence relationships. Consider the problem:

max
S:|S|≤k

(
fMix(λ) := λEθic [R(c̃, S)] + (1− λ) min

θ∈Θ
Eθ[R(c̃, S)]

)
,

(Mixture Influence Maximization)

where λ ∈ [0, 1] is fixed. When λ = 1, this reduces to the independent cascade model and for

λ = 0, this reduces to the correlation robust model. For any value of λ ∈ [0, 1], the objective

function for a given seed set S is exactly λf ic(S) + (1−λ)f corr(S). This is exactly the expected

influence for the mixture of two distributions where the mixture weights are (λ, 1 − λ) and

the distributions are (θic, arg minθ∈Θ Eθ[R(c̃, S)]). Since the objective function is a nonnegative

sum of submodular functions, the greedy algorithm and its guarantee apply just as in the

correlation-robust or the independent cascade settings alone.
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Example 3 ([Maehara, 2015]) Consider the following star shaped network with all probabil-

ities pij = 1/2 and let k = 2. Then Sic is any one of the seed sets {2, 3}, {2, 4} or {3, 4} with

expected influence of 3.125. On the other hand, Scorr is any of the seed sets {1, 2}, {1, 3} or

{1, 4} with worst-case expected influence of 3. Using the mixture model, the optimal seed set is

one of the sets in the first group for λ ∈ [0.8, 1] and in the second category for λ ∈ [0, 0.8]. In

this simple example, we observe that with even 20% contribution of the worst-case, the optimal

solution structure changes.

1

2 3 4

S f ic(S) f corr(S)

{1,2} 3 3

{1,3} 3 3

{1,4} 3 3

{2,3} 3.125 2.5

{2,4} 3.125 2.5

{3,4} 3.125 2.5

Figure 4: Example 3.

6 Correlation Robust CVaR

In this section we discuss how to approach the optimization of a metric that generalizes the worst

case expectation by accounting for risk - the worst case conditional value-at-risk (CVaR). CVaR

is a well-studied risk measure amenable to optimization arising in the finance and insurance

domains [Rockafellar and Uryasev, 2000], [Acerbi and Tasche, 2002]. We discuss its application

in influence maximization in this section.

For any real-valued, random variable x̃ with CDF F (·), let the inverse CDF be given by

F−1(q) = inf{t : F (t) > q}. Then, given a level α ∈ (0, 1), the (left-tail) conditional value at

risk and value at risk at α denoted, respectively, CV aRα(x̃) and V aRα(x̃), are defined as:

CV aRα(x̃) := E[x̃|x̃ ≤ F−1(α)] =
1

α

∫ α

0
F−1(q)dq

V aRα(x̃) := F−1(α),
(10)

where CV aRα(x̃) ≤ V aRα(x̃). We observe that in the traditional definition for the CVaR and

VaR risk measure, the random variable of interest is a loss function (smaller the better) and so

the risk measure is defined on the right tail which is then minimized. In contrast, the random

variable of interest here is the number of influenced nodes (larger the better) and so the risk

measure is defined on the left tail which is then maximized. In words, V aRα(x̃) is the smallest

right endpoint of any half-interval of the form (−∞, t] for which the probability that x̃ ∈ (−∞, t]
is at least α, while CV aRα(x̃) is the average of the random variable x̃ conditional on it not

exceeding V aRα(x̃). Intuitively, for any τ > V aRα(x̃), the forward derivative of E [τ −X]+ is

greater than α, while for any τ < V aRα(x̃) the forward derivative is less than α. The following

lemma exploits this, providing a known, alternative characterization of CV aRα(x̃) that is useful

in the optimization context [Rockafellar and Uryasev, 2000].

17



Lemma 2 For α ∈ (0, 1) and real-valued random variable x̃, CV aRα(x̃) can be computed as:

CV aRα(x̃) = max
τ≥0

(
τ − 1

α
E [τ −X]+

)
,

The optimal value τ∗ = V aRα(x̃).

Here our interest is on x̃ = R(c̃, S) which is a random, integer number of reachable nodes from

(and including) seed set S when c̃ denotes the underlying random vector. Let Θ denote the

set of all joint distribution over c̃ consistent with the known marginals. Then CV aRα(R(c̃, S))

captures the average influence of S, conditional on the worst α fraction of outcomes. When

α = 1, this simply reduces to the expected influence function E[R(c̃, S)]. We will look at find-

ing the best seed set S that maximizes this objective function in the presence of an adversarial

intervention. Prior studies have also considered using the CVaR objective in influence maxi-

mization under the IC model (see [Maehara, 2015], [Ohsaka and Yoshida, 2017], [Wilder, 2018]).

However these studies have adopted a strategy of choosing a portfolio of seed sets (randomized

solution) to provide approximation guarantees for the optimization of the conditional value at

risk, under independence assumptions. This stems from the challenge that in the IC model,

submodularity breaks down for the CVaR objective. On the other hand, we will show that

there is a deterministic seed set with provable approximation guarantees that optimizes the

worst (lowest) value of CV aRα(R(c̃, S)) over all distributions θ in Θ.

Given α ∈ (0, 1) and the marginal probability vector p = (pij)(i,j)∈E , we define the correlation-

robust CVaR function CV aRcorrα : 2V → R as:

CV aRcorrα (S) := min
θ∈Θ

CV aRα

(
R(c̃, S)

)
. (Correlation-Robust CV aRα)

We will show that computing the worst-case CVaR can be done efficiently given any seed

set S. Further, we will characterize precisely the minimizing distribution θ∗ ∈ Θ, and the

corresponding value at risk V aRα at this distribution. Using this, we will show that CV aRcorrα (·)
is a submodular function, thus providing many of the desirable properties discussed in the earlier

sections.

6.1 Efficient Computation

Using Lemma 2 and a straightforward application of linear programming duality gives the

equivalence:

CV aRcorrα (S) = min
θ∈Θ

max
τ≥0

(
τ − 1

α
Eθ [τ −R(c̃, S)]+

)
= max

τ≥0

(
τ +

1

α
min
θ∈Θ

Eθ [min(R(c̃, S)− τ, 0)]

)
. (11)

We now focus on the inner minimization term in (11). Given any threshold τ ≥ 0, the random

variable min(R(c̃, S) − τ, 0) expresses the amount of nodes influenced by S (including S) that

falls short of the threshold τ . Define the real-valued set function:

f corr≤τ (S) := min
θ∈Θ

Eθ [min(R(c̃, S)− τ, 0)] (Correlation-Robust τ -Shortfall Influence Function)
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which we refer to as the correlation-robust τ - shortfall influence function. The reader might

intuit that f corr≤τ (·) can be computed in a manner similar to f corr(·) which combined with the

relation between f corr≤τ (·) and CV aRcorrα (·) provided in (11) would suggest that the computation

of CV aRcorrα (·) can be done in a manner similar to f corr(·). This intuition is in fact correct as

the following results show.

We begin by showing that f corr≤τ (S) can be computed using a linear program similar in

approach to Theorem 1 for computing f corr(S). The main difference is the introduction of a

new decision variable d which plays an important role in following analysis.

Corollary 6 Given G = (V,E), a seed set S ⊆ V and marginal probability vector p ∈ [0, 1]E,

f corr≤τ (S) is equal to the optimal value of the following polynomial sized linear program:

f corr≤τ (S) = min
π∈RV ,d∈R

d(|S| − τ) +
∑

i∈V \S πi

s.t πi = d ∀i ∈ S
πi − πj ≤ 1− pij ∀(i, j) ∈ E
0 ≤ d ≤ 1, 0 ≤ πi ≤ d ∀i ∈ V,

The optimal value is given by:

f corr≤τ (S) = min
d∈[0,1]

d(|S| − τ) +
∑
i∈V \S

[
d− φSi

]+ ,

where the optimal π∗i =
[
d− φSi

]+
for i ∈ V \S .

Proof: Observe that

f corr≤τ (S) = min
θ∈Θ

E [min(R(c̃, S)− τ, 0)]

= min
θ∈Θ

E [min(|S| − τ + Z(c̃, S), 0)]

= min
d∈[0,1]

d
(
|S| − τ + min

θ∈Θd
E [Z(c̃, S)]

)
,

where for d > 0 the set Θd is defined as the set of all joint probability distributions consistent

with the marginals { [d−(1−pij)]+
d }(i,j)∈E , i.e., the original {pij}(i,j)∈E marginals now conditioned

on the lower d - quantiles. And for well-definedness, we will set Θ0 := ∅, and follow the usual

convention that 0 · ∞ = 0. By Theorem 1, it follows that for any d ∈ [0, 1]:

min
θ∈Θd

Eθ[Z(c̃, S)] = min
π̄∈RV

∑
i∈V \S π̄i

s.t π̄i = 1 ∀i ∈ S,
π̄i − π̄j ≤ min

(
1−pij
d , 1

)
∀(i, j) ∈ E,

0 ≤ π̄i ≤ 1 ∀i ∈ V

Now using a change of variables via πi = dπ̄i and jointly optimizing over d and the vector π, we

arrive at the desired linear programming formulation. Observe that the constraint πi − πj ≤ d
is implied by the other constraints in the formulation. �
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As a consequence of establishing f corr≤τ (S) as a linear program, CV aRcorrα (S) is the optimal

value of a linear program as well. In fact, using dualization we have the following statement.

Theorem 5 Given G = (V,E), a seed set S ⊆ V , marginal probability vector p ∈ [0, 1]E and

α ∈ (0, 1), CV aRcorrα (S) admits a polynomial time solvable linear programming formulation

given by:

CV aRcorrα (S) = max
τ,z,q,g,w

τ − 1

α

 ∑
(i,j)∈E

(1− pij)wij + z


s.t

∑
i∈V

qi −
∑
i∈S

gi − z + τ ≤ |S|∑
j:(j,i)∈E

wji −
∑

j:(i,j)∈E

wij + gi ≤ qi ∀i ∈ S,∑
j:(j,i)∈E

wji −
∑

j:(i,j)∈E

wij − qi ≤ 1∀i ∈ V \S,

τ, z ≥ 0, qi ≥ 0∀i ∈ V, wij ≥ 0∀(i, j) ∈ E.

6.2 On Submodularity

In this section, we explore two other desirable properties of CV aRcorrα (·) - namely, monotonicity

and submodularity. As previously seen these properties are desirable because this in turn

implies that the problem of maximizing CV aRcorrα (·) admits a greedy algorithm approximation

guarantee of (1−1/e) (see [Nemhauser et al., 1978]). In particular, we have already seen that the

expected influences f corr and f ic share in this guarantee by both being submodular (Theorem

3).

However, when it comes to the conditional value at risk of the influence, only one of these

models continues to present submodularity. Indeed, under the independent cascade setting,

the conditional value at risk is no longer necessarily submodular (see the counterexample on

page 528 in [Maehara, 2015] and Example 3). It will be instructive to explore this breakdown

by the independent cascade model, and in doing so, will reveal key intuition en route to the

formal analysis that establishes the maintainence of submodularity amidst the transition from

expectation to conditional value at risk under correlation-robustness.

6.2.1 Independent Cascade’s Loss of Submodularity

Since Ec̃∼θ [R(c̃, S)] =
∑

i∈V Pc̃
(

Node i is influenced by S
)

for any c̃ ∼ θ, it follows that the

expectations f corr(S) =
∑

i∈V [1 − φSi ]+ and f ic(S) =
∑

i∈V (1 − ηSi ) display an (additively)

separable form that ultimately reveals both are sums of submodular functions. This separable

form is not guaranteed when transitioning to the CVaR metric in general. At a glance, by (10),

for any c̃ ∼ θ,

CV aRα

(
R(c̃, S)

)
= 1/α

(
α|S|+

|V \S|∑
l=0

[α− Pc̃ (R(c̃, S) ≤ |S|+ l)]+
])
.
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So in the particular case of Example 3, we find that when θ = θic, the following inequality holds

when 1/8 < α ≤ 1/4,

CV aRα

(
R(c̃, {2, 3})

)
+ CV aRα

(
R(c̃, {3, 4})

)
= 1/α

(
2α+ [α− 1/4]+

)
+ 1/α

(
2α+ [α− 1/4]+

)
< 1/α

(
α+ [α− 1/2]+

)
+ 1/α

(
3α+ [α− 1/8]+

)
(12)

= CV aRα

(
R(c̃, {3})

)
+ CV aRα

(
R(c̃, {2, 3, 4})

)
,

indicating violation of submodularity by the independent cascade’s CVaR. However, if we were

to instead evaluate any seed set S’s CVaR reachability with the correlation-robust distribution

against S (Corollary 4), θ∗S , then we find that the submodularity inequality holds. In fact, for

any α,

CV aRα

(
R(c̃ ∼ θ∗{2,3}, {2, 3})

)
+ CV aRα

(
R(c̃ ∼ θ∗{3,4}, {3, 4})

)
= 1/α

(
2α+ [α− 1/2]+

)
+ 1/α

(
2α+ [α− 1/2]+

)
= 1/α

(
α+ [α− 1/2]+

)
+ 1/α

(
3α+ [α− 1/2]+

)
(13)

= CV aRα

(
R(c̃ ∼ θ∗3, {3})

)
+ CV aRα

(
R(c̃ ∼ θ∗{2,3,4}, {2, 3, 4})

)
.

As it turns out, the correlation-robust distribution against S, θ∗S provided by Corollary 4,

solves minθ∈ΘCV aRα

(
R(c̃, S)

)
, i.e, the correlation-robust distribution against S provides the

most adversarial selection of CV aRα-reachability by S, regardless of α. If we presently take

this for granted, then for c̃ ∼ θ∗, we obtain the separable form

CV aRcorrα (S) = CV aRα

(
R(c̃ ∼ θ∗S , S)

)
=

1

α

α|S|+ |V |−|S|∑
l=0

[
α−Pθ∗

(
R(c̃, S) ≤ |S|+ l

)]+


=

1

α

α|S|+ |V |−|S|∑
l=0

[
α− (1− π∗i(l))

]+


=

1

α

α|S|+ |V |−|S|∑
l=0

[
α− φSi(l)

]+


=

1

α

∑
i∈V

[
α− φSi

]+
, (14)

where given S, we enumerate the nodes outside of S so that 1 ≥ π∗i(1) ≥ π∗i(2) ≥ . . . ≥ π∗i(|V \S|),

and complementarily 0 ≤ φSi(1) ≤ φSi(2) ≤ . . . ≤ φSi(|V \S|). This amounts to a nonnegative linear

combination of functions submodular in S ⊆ V . The separable form above is made possible

because under the correlation-robust distribution, the behavior of the integer random variable

R(c̃, S) can be entirely determined by this linear ordering of the nodes - Corollary 4. More

precisely, the event [R(c̃, S) ≤ |S|+ l] is precisely the event that node i(l) is not influenced by

S. So this property of R(c̃, S) could be understood as a sufficient condition for submodularity.

Towards exploiting this sufficient condition, we may reconsider Example 3 with now only
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the arcs (1, 3) and (3, 1) forming the edge set E. With this modification we now observe that

not only does (12) become exactly (13) but also the sufficient condition just described holds for

any seed set S, establishing submodularity in this instance of the Independent Cascade’s CVaR-

reachability. Viewed alternatively from the perspective of Corollary 3, we might consider the

modification made to the edge set as mirroring the correlation-robust’s action of “collapsing”

the collection of possible paths.

In the next section, we prove the claim that the correlation robust distribution θ∗ does

indeed solve minθ∈Θ

[
CV aRα

(
R(c̃, S)

)]
, thereby proving the result.

6.2.2 CV aRcorrα ’s Preservation of Submodularity

We now formally establish the submodularity property of CV aRcorrα . In order to do so, we will

first characterize the optimal d variable to the linear program in Corollary 6. Recall that:

CV aRcorrα (S) = max
τ≥0

{
τ +

1

α
min
θ∈Θ

Eθ [min(R(c̃, S)− τ, 0)]

}

= max
τ≥0

τ − 1

α
max
d∈[0,1]

dS · (τ − |S|)− ∑
i∈V \S

[
d− φSi

]+
 . (15)

Lemma 3 Given φSi = minγ∈Γ(S,i)

∑λγ−1
l=0 1 − pil,il+1

order it from smallest to largest where

i(k) ∈ V \S is the k-th smallest index (break ties arbitrarily) of the {φSi }i∈V \S values such that:

0 ≤ φSi(1) ≤ φ
S
i(2) ≤ . . . ≤ φ

S
i(|V \S|).

For a given τ ≥ 0, let dS(τ) denote the optimal value of the inner maximization in (15). Then:

dS(τ) :=

min(φSi(dτ−|S|e), 1) if τ − |S| > 0

0 if τ − |S| ≤ 0.

Proof: Let J(d) := d·(τ−|S|)−
∑

i∈V \S(d−φSi )+, for any d ∈ [0, 1]. If τ ≤ |S|, observe that d =

0 maximizes J(d). If τ > |S|, d = 0 is feasible and J(0) = 0. Now in the interval 0 ≤ d ≤ φSi(1),

the right derivative ∂J/∂d = 0. In the interval φSi(1) ≤ d ≤ φSi(2), ∂J/∂d = τ − |S| − 1 > 0 and

J(d) is therefore non-decreasing in this interval. When φSi(2) ≤ d ≤ φ
S
i(3), ∂J/∂d = τ−|S|−2 > 0

and this structure keeps repeating in subsequent intervals upto d = φi(dτ−|S|e) such that J(d)

is non-decreasing. However the derivative ∂J/∂d starts becoming negative when d > φSdi(τ−|S|)e
and hence the function starts decreasing at that point. Therefore the maximum value of J(d)

is attained at d = min(φSi(dτ−|S|e), 1) if τ − |S| > 0, thereby completing the proof of the lemma.

�

In Figure 5, we provide the graph of dS(·). This is in fact the CDF of R(c̃, S) when c̃

is distributed according to the correlation-robust distribution, consistent with the assumption

used in the discussion prefacing (14). Hence, by Lemma 2, the optimal solution τ∗(S) to (15)

is in fact the value at risk V aRα(R(c̃, S)) when c̃ follows the correlation-robust distribution.

This is formalized in the following lemma.
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φSi(4) = dS(τ∗(S))

φSi(3)

φSi(2)

φSi(1)

dS(τ∗(S))− φSi(1)

dS(τ∗(S))− φSi(2)

dS(τ∗(S))− φSi(3)

α

|S| |S|+ 1 |S|+ 2 |S|+ 3

1

τ

dS(τ)

Figure 5: Schematic illustration of dS(τ) as a function of τ .

Lemma 4 Consider a graph G = (V,E), seed set S ⊆ V , marginal probability vector p ∈ [0, 1]E

and parameter α ∈ (0, 1).

(a) The optimal τ∗(S) which solves (15) is equal to max{z ∈ Z+ : dS(z) ≤ α} such that:

CV aRcorrα (S) = |S|+ 1

α

τ∗(S)−|S|∑
l=1

(α− φSi(l)) (16)

(b) Here τ∗(S) is the V aRα(R(c̃, S)) when c̃ follows the correlation-robust distribution and

dS(τ∗(S)) is the probability that R(c̃, S) < V aRα(R(c̃, S)), with respect to the correlation-

robust distribution. Both can be computed in polynomial time in the size of the graph (|V |
and |E|).

Proof: (a) We will now derive the optimal τ in (a). Let J(τ) denote the objective function

in (15). Then (15) can be written as,

CV aRcorrα (S) = max
τ≥0

τ(α− dS(τ))︸ ︷︷ ︸
T1(τ)

+

dτ−|S|e∑
l=1

[
dS(τ)− φSi(l)

]+

︸ ︷︷ ︸
T2(τ)

+ dS(τ)|S|︸ ︷︷ ︸
T3(τ)

where the dS(τ) can be computed using Lemma 3. Let T1(τ), T2(τ) and T3(τ) denote the

three terms in the objective. Observe from Lemma 3 that dS(τ) = 0 for 0 ≤ τ < |S| and

hence J(τ) = τα in this interval with the right derivative ∂J/∂τ = α ≥ 0. In particular

J(0) = 0 and is non-decreasing upto τ = |S|.
If τ > |S| and is a non-integer, then T2(τ) and T3(τ) do not contribute to the derivative

as these terms do not change with small, positive changes in τ (this is due to the fact that

dS(τ) does not change with small, positive changes in τ , see Figure 5). The only term that

contributes to the derivative is T1(τ) and thus ∂J/∂τ = α− dS(τ).

If τ ≥ |S| and is an integer, then we evaluate the right derivative ∂J/∂τ . For any integer τ
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and ε→ 0, note that T2(τ + ε) = T2(τ) since dS(τ + ε) = dS(τ). We then have,

∂J

∂τ
= lim

ε→0+

J(τ + ε)− J(τ)

ε

= lim
ε→0+

(τ + ε)(α− dS(τ + ε)) + dS(τ + ε)|S| − (τ)(α− dS(τ)) + dS(τ)|S|
ε

= α− dS(τ)

The above three cases are summarized in Table 2.

Values of τ Right derivative ∂J/∂τ Sign of the right derivative

0 ≤ τ < |S| α Non-negative

τ non-integer, τ > |S| α− dS(τ) Non-negative when dS(τ) ≤ α
τ integer, τ ≥ |S| α− dS(τ) Non-negative when dS(τ) ≤ α

Table 2: Analysis of the change in J(τ) for various values of τ .

Thus as τ increases beyond |S| the right derivative ∂J/∂τ starts decreasing but is non-

negative. After τ increases beyond the value τ∗(S) = max{z ∈ Z+ : dS(z) ≤ α}, the right

derivative becomes negative and the value of the function J(τ) begins to drop. Thus τ∗(S)

maximizes J(τ).

Substituting dS(τ∗(S)) (from Lemma 3) in (15) we get,

αCV aRcorrα (S) = τ∗(S)(α− φSi(τ∗(S)−|S|)) +

τ∗(S)−|S|∑
l=1

(φSi(τ∗(S)−|S|) − φ
S
i(l)) + φSi(τ∗(S)−|S|)|S|

= α|S|+
τ∗(S)−|S|∑

l=1

(α− φSi(l))

This completes the proof of (a).

(b) τ∗(S) can be obtained by solving the polynomial sized LP from Theorem 5. dS(τ) is an

optimal value of the variable d in the linear program in Corollary 6 and hence can be computed

in polynomial time for any given value of τ thereby completing the proof. �

We note that both the value at risk τ∗(S) and its CDF evaluation dS(τ∗(S)) can also be

computed efficiently using equivalent shortest path computations. We elaborate further on this

aspect when we discuss our experimental findings in Section 7. But to conclude this section we

will use the form (16) to identify the monotonicity and submodularity properties to CV aRcorrα .

In truth, one way is to reflect that the form of (16) reveals that upon further simplification,

CV aRcorrα (S) = |S|+ 1

α

τ∗(S)−|S|∑
l=1

(α− φSi(l)) =
1

α

∑
i∈V

[
α− φSi

]+
= CV aRα

(
R(c̃, S)

)
, c̃ ∼ θ∗,

verifying CV aRcorrα is a sum of nondecreasing submodular functions - just as suggested in

the discussion surrounding (14). But furthermore we have cemented the correlation-robust

distribution θ∗ as a minimizer for the correlation-robust conditional value at risk, for any α ∈
(0, 1).

Corollary 7 Let S ⊆ V , α ∈ (0, 1), {pij}(i,j)∈E be a collection of marginals. If θ∗ ∈ Θ is the
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correlation-robust distribution, then

CV aRcorrα (S) = min
θ∈Θ

[
CV aRα

(
R(c̃, S)

)]
= CV aRα

(
R(c̃, S)

)
,

where c̃ ∼ θ∗.

This brings us to the following theorem.

Theorem 6 For any given value α ∈ (0, 1), the function CV aRcorrα (S, α) is nondecreasing and

submodular as a function of S.

Thus as a consequence, using a greedy algorithm for the case of finding the best seed set S

that maximizes CV aRcorrα (S) yields an approximation guarantee of (1− 1/e).

7 Computation and Experiments

In this section we first comment briefly on the complexity of the greedy algorithms for the

cardinality-constrained maximization problems of f corr - or more generally CV aRcorrα - as well

as fMix(λ). We then discuss several numerical experiments performed on synthetic as well as

publicly available datasets.

7.1 Computation

Greedy solution for Optimizing CV aRcorrα (f corr)

Based on Corollary 2, we consider a (directed) distance metric ρ of the form:

ρ(i, j) :=

minγ∈Γ({i}),j
∑λγ−1

l=0 1− pil,il+1
i 6= j

0 i = j,

Hence, before the actual start of the greedy algorithms, we first create a |V |×|V | distance matrix

whose (i, j)-th entry consists of the shortest path computation ρ(i, j). This procedure can be

performed with Johnson’s algorithm [Johnson, 1977] with O(|V |2 log |V | + |V ||E|), or Floyd-

Warshall’s algorithm [Floyd, 1962] with O(|V |3), time complexity. Next, the time complexity of

running k ≥ 1 iterations (from i = 1, . . . , k) of the greedy algorithm can be roughly computed

as follows, with the first (i = 1) iteration and the remaining k − 1 (i = 2, . . . , k) tabulated as:

|V |︸︷︷︸
∀s∈V

(
(|V | − 1) · 1︸ ︷︷ ︸

computing {φst}t/∈{s}

+ O(|V |)︸ ︷︷ ︸
compare against α and perform additions

)
+ |V | log |V |︸ ︷︷ ︸

sort |V | marginal gains

+

k∑
i=2

(
|V | − (i− 1)

)
︸ ︷︷ ︸

∀s/∈Si−1

(
(|V | − i) · i︸ ︷︷ ︸

computing {φSi−1∪s
t }t/∈Si−1∪{s}

+O(|V |) + |V |︸︷︷︸
maintain list of marginal gains

)
,

which amounts to O(k4 + k2|V |2).
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It clearly follows that combining the above greedy implementation with that of the best-

known sampling-based methods ([Borgs et al., 2014]) yields a procedure and complexity analysis

for the task of computing fMix(λ).

7.2 Experiments

We now discuss numerical experiments. First, we compare and contrast the IC (f ic) and corre-

lation robust influence (f corr)models 1. Second, we examine the behavior of the “mixed model”

fMix(λ) from section 5.1-illustrating how the seed set selection changes with the mixture param-

eter λ ∈ [0, 1]. Lastly, we consider the robust conditional value at risk CV aRcorrα , examining

the role of α in shaping seed set selection.

7.3 Comparing f ic with f corr

Datasets Our experiments were performed on two datasets:

(1) wikivote: Here each node denotes a user and each edge (i, j) denotes the action of user

i voting for user j to be an admin [Leskovec and Krevl, 2014]. As in [Yan et al., 2011,Zhang

et al., 2014] we reverse the edges so that, edge (i, j) in the original graph becomes (j, i). Indeed,

this reverse direction more aptly captures a notion of influence, as user i’s vote for j establishes

that user j has influence over user i.

(2) polblogs: Each node denotes a blog and each edge (i, j) denotes that blog i references

blog j via a hyperlink [Adamic and Glance, 2005]. Since a highly referenced blog is “influential”.

Just as in wikivote, we reversed the direction of all edges. Table 3 provides summaries of the

datasets.

Dataset |V | |E| Min Deg Average Deg Max Deg

wikivote 7115 103689 1 29.146 1167
polblogs 1490 19022 0 25.532 467

Table 3: Numerical Summaries of the Graphs from the Datasets

Implementation: From Corollary 1, it follows that f corr(·) can be computed in terms of

equivalent shortest path calculations. In particular, the edge weights for the equivalent shortest

path calculations are 1− pij (see (3) and (5)). We used the igraph Python library [Csardi and

Nepusz, 2006] to represent the graphs and for the shortest path calculations. For computation

of f ic(·), we performed pruned Monte Carlo simulations [Ohsaka et al., 2014]. Each set of Monte

Carlo simulations comprised 10000 runs each, and we report an average over 10 such sets. We

used an ASUS laptop with i7-7500U processor for all experiments with reported computational

times.

Computational Times: We first illustrate the computational times for two instances of

identical edge probabilities in Figure 6 as a function of the size of the seed set k. Since the

MILP in Theorem 2 was found to be computationally expensive for the datasets described, we

work with Sgcorr. To obtain Sgic and Sgcorr (the greedy maximizers of f ic(.) and f corr(.)), we

used the accelerated greedy technique [Leskovec et al., 2007], a method used to maximize any

monotone submodular function in a greedy manner. The accelerated greedy algorithm [Minoux,

1Code available at https://github.com/justanothergithubber/corr-im/

26



1978,Leskovec et al., 2007] is designed to produce the greedy maximizers, albeit with reductions

in the number of computations performed while searching for the node with the highest marginal

gain. Figure 6 provides the times for the computation of Sgic and Sgcorr. For IC, the error bars

over 10 runs are provided. The computational times do not increase much with k, due to the

use of the accelerated greedy algorithm. The plots show the computational advantage offered

by the worst case model. Computation of Sgic is much more expensive than Sgcorr. For instance,

in Figure 6b, Sgcorr for the larger wikivote dataset can be computed in less than 100s while Sgic
takes at least 400s.

(a) p = 0.01 (b) p = 0.95

Figure 6: Plot of computational times, ‘corr’ and ‘ic’ refer to the times for obtaining Sgcorr and
Sgic.

Properties of Seed Sets: We now demonstrate some properties of the seed sets Sgic and

Sgcorr for the case of non-identical probabilities. The following three cases of non-identical

probabilities were studied,

(1) Unif(0, 1): pij drawn i.i.d. from Unif(0, 1);

(2) Trivalency: pij drawn i.i.d. from Unif{0.1, 0.01, 0.001};
(3) Weighted cascade: pij = 1/deg(i), deg(i) denotes the number of edges incident to i.

In Table 4 we report the mis-specification ratio under alternate diffusion processes - for the

seed set Sgcorr this ratio refers to f ic(Sgcorr)/f ic(S
g
ic) while for the seed set Sgic, this ratio refers

to f corr(Sgic)/f
corr(Sgcorr). We find that both Sgcorr and Sgic perform well here under model

misspecification. However Sgcorr is faster to compute in general as observed earlier. We also

report the minimum, maximum and mean degrees of nodes in each of the two seed sets. The

diameter of a set refers to the maximum length of the shortest path between all pairs within

the set, ignoring the directions of all edges. The sets Sgcorr and Sgic are similar in terms of their

diameters. The average degree as well as maximum degree of the nodes of Sgcorr is higher than Sgic
in many cases. For example, for the wikivote dataset, with trivalency, maximum degrees in Sgic
and Sgcorr are 472 and 1167. In fact the maximum degree of a node in the entire wikivote dataset

is 1167. The histograms in Figures 8a and 8b provide more details on polblogs. Figure 7a and

Figure 7b illustrate the seed sets Sgcorr and Sgic, generated on the largest strongly connected

component (SCC) of polblogs containing 793 nodes, where an SCC is a subgraph such that

every node is connected to every other node. The marginal probabilities p are fixed as per the

weighted cascade model and k = 40.

Performance under model misspecification: In Figure 9 the f corr (S) and the f ic (S)

lines represent the expected influence for the set S under worst case model and IC respectively,
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(a) Sg
corr (b) Sg

ic

Figure 7: Snapshot of Sgcorr and Sgic from the largest strongest connected component of
polblogs. The relevant seed nodes are shown in red while all other nodes are shown in white.
The marginal probabilities p are fixed as per the weighted cascade model and k = 40.

Dataset Seed Set p Mis-spec
Ratio

Min
Deg(S)

Average
Deg(S)

Max
Deg(S)

Diam (S)

wikivote

Sgcorr

Unif(0,1) 0.988 41 159.475 472 3
Trivalency 0.928 104 288.75 1167 2
W.C. 0.948 29 217.375 537 3

Sgic

Unif(0,1) 0.976 12 116.85 331 3
Trivalency 0.908 93 192.325 472 2
W.C. 0.949 60 271.975 1167 3

polblogs

Sgcorr

Unif(0,1) 0.981 1 98.025 383 6
Trivalency 0.933 15 159.575 467 3
W.C. 0.964 4 140.0 467 5

Sgic

Unif(0,1) 0.957 1 29.825 143 7
Trivalency 0.928 42 130.275 383 3
W.C. 0.96 15 163.225 467 4

Table 4: Properties of Sgic and Sgcorr for non-identical edge probabilities. k = 40.

(a) Sg
corr (b) Sg

ic

Figure 8: Histogram of degrees of nodes in Sgcorr and Sgic on the polblogs dataset. Unif(0, 1)
for p.

for the case of identical probabilities. The range of f ic(·) over 10 runs is at most 0.399% of

the mean values and hence these error bars are not visible in the plot. As expected, the curves

f ic (Sgic) and f corr (Sgcorr) lie above the curves f ic (Sgcorr) and f corr (Sgic) respectively. The pairs of
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curves involving Sgcorr are also sandwiched between the pairs involving Sgic always. This implies

that the loss that arises by using Sgcorr in an IC model is less than that of using Sgic under a

worst case model.

(a) wikivote (b) polblogs

Figure 9: Plots of expected influence against identical marginal probabilities, k = 40.

7.4 Optimizing fMix(λ)

For illustration, we constructed a smaller, 16 node graph with edge weights pij drawn i.i.d. from

Unif(0,1). Then for each of the λ ∈ [0, 1] taken in increments of .025, we solved max|S|≤4 f
Mix(λ)(S)

for the optimal seed to the mixed influence. This was done through an exhaustive search over

all feasible subsets. In Figure 13, we have the constructed graph with labeled nodes and pij

edge probabilities, with nodes in red denoting a seed set T1 := {14, 6, 10, 13} that optimizes

fMix(λ) for all λ ∈ [0, 0.6]. For contrast, in Figure 10 we have highlighted the optimal seed set

T2 := {14, 6, 7, 13} for λ ∈ (0.6, 1]. We highlight the omission of node 10 for the inclusion of

node 7 once λ exceeds 0.6, i.e., once the IC model becomes weighted heavily enough. Though

node 10 has only one out-neighbor in node 2, p10,2 is very high at 0.983. In contrast, though

node 7 also has node 2 as an out-neighbor it also has nodes 9 and 0 as well. Thus, as λ in-

creases, shifting priority from robustness (λ = 0) to independence (λ = 1), we see that the

optimal selection correspondingly shifts from node 10’s near-certainty of influencing its single

out-neighbor in favor of node 7’s variety (though less certain) of outgoing influence. Finally, we

emphasize that we verified that this experiment was an instance in which the greedy algorithm

applied to fMix(λ) fails to produce the optimal seed set T2 for any λ > 0.6.

7.5 CV aRcorr
α

α and Optimal Seed Selection

Using the same graph as in the previous section, we vary instead the α parameter in CVaR

and compute corresponding optimal seed sets. In Figure 11 we have the constructed graph

with labeled nodes and pij edge probabilities, with a seed set S1 := {14, 8, 10, 0} highlighted in

red that optimizes CV aRcorrα , with k = 4, for all α ∈ (0, 0.405]. Next, in Figure 12 we have

highlighted an optimal seed set S2 := {14, 8, 10, 13} for α ∈ (0.405, 0.497]. Finally, in Figure 13

we have highlighted an optimal seed set S3 := {14, 6, 10, 13} for α ∈ (0.497, 1]

We briefly comment on the change in the seed selection between these three regimes for α.

The transition from S1 to S2 entails a subtraction of node 0 for the addition of node 13. For
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Figure 10: (T2) Red nodes optimize fMix(λ) = λf ic + (1− λ)f corr for λ ∈ (0.6, 1], k = 4

α ∈ (0, 0.4], the difference in robust risk is

α
(
CV aRcorrα (S1)− CV aRcorrα (S2)

)
= [α− φS1

1 ]+ −
(

[α− φS2
1 ]+ + [α− φS2

0 ]+
)

= [α− 0.156]+ −
(

[α− 0.291]+ + [α− 0.270]+
)
≥ 0,

which is equal to zero precisely at α = 0.405. And so for α exceeding 0.405, S2 becomes more

favorable. Next, the transition from S2 to S3 entails a subtraction of node 8 for the addition of

node 6. The difference in robust risk by these two sets is

α
(
CV aRcorrα (S2)− CV aRcorrα (S3)

)
= [α− φS1

9 ]+ = [α− .090]+ −
(

[α− .092]+ + [α− 0.495]+
)
,

which indicates that the moment α exceeds 0.497, node 6’s ability to influence node 9 begins

to contribute to this difference and hence make it favorable over node 8.

α and Greedy Seed Performance

On the polblogs graph, we derived the greedy sets Sgβ for CV aRcorrβ , over β ∈ {0.01, 0.2, 0.4, 0.6, 0.8, 1}.
Then for each of the β, we plotted CV aRcorrα (Sgβ) as a function of α ∈ (0, 1]. The result of this

can be seen in Figures 14 and 15: for each α the influence achieved by each of the 6 greedy

sets is plotted on an absolute scale (Fig 14) as well as relative to the best-performer (Fig 15).

As can be seen, although Sgβ could perform best in the group when α = β, it could perform

quite poorly for other α. Interestingly, though Sg0.01 indeed exhibited poor relative performance

at higher α, it was always at least 85% of the best-performer. For comparison, both figures

also display the performance of the seed set Sdeg, which is a set composed of the nodes that

form the top k members in V with the largest out-neighbor degrees. This set derived from the
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Figure 11: Red nodes optimize CV aRcorrα for α ∈ (0, 0.405], k = 4
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Figure 12: Red nodes optimize CV aRcorrα for α ∈ (0.405, 0.497], k = 4

“highest-degree” heuristic was typically the worst-performer.
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Figure 13: Red nodes optimize CV aRcorrα for α ∈ (0.497, 1], k = 4

Figure 14: CV aRcorrα (Sgβ) as a function of α ∈ (0, 1]

8 Conclusions and Extensions

We have proposed a model for influence maximization where the activation probabilities of the

edges are known, but the joint distribution of these activations is unknown, adversarially chosen

upon selection of a seed set. Given a seed set, a polynomial sized linear program can be used

to compute this expected influence. The correlation robust function f corr(·) is nondecreasing,

submodular and so the greedy algorithm for maximizing f corr(·) holds an approximation guar-

antee of 1−1/e. For measuring the utility of our model and misspecification under IC, we adapt

the price of correlations metric for the influence maximization problem. Using the POC metric,
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Figure 15: CV aRcorrα (Sgβ) as a function of α ∈ (0, 1]

we show instances where using a seed optimal for IC, would hurt the decision maker greatly if

an adversarial diffusion process manifests. We also show how these results can be extended to

optimize the worst case CVaR metric. Finally our experiments provide further insights on real

datasets.

Our techniques can be used to deal with the case where a subset T ⊂ E of the edge

activations are known to be mutually independent while dependency information on the rest

(E\T ) are unavailable. In particular when |T | ≤ log |E|, the worst case influence function

remains computable in polynomial time. Our techniques can also be used when the probabilities

P(c̃ij = 1) are only known to lie in an interval [lij , rij ]. Efficient extension to an adaptive model

can also follow from our work.
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[Rũschendorf, 2013] Rũschendorf, L. (2013). Mathematical Risk Analysis: Dependence, Risk

Bounds, Optimal Allocations and Portfolios. Springer, 2 edition.

[Rockafellar and Uryasev, 2000] Rockafellar, R. T. and Uryasev, S. (2000). Optimization of

conditional value-at-risk. Journal of Risk, 2(3):21–41.

[Staib et al., 2019] Staib, M., Wilder, B., and Jegelka, S. (2019). Distributionally robust sub-

modular maximization. In Proceedings of the International Workshop on Artificial Intelligence

and Statistics.

[Tambe and Rice, 2018] Tambe, M. and Rice, E. (2018). Artificial Intelligence and Social Work.

Cambridge University Press, Cambridge, United Kingdom New York, NY.

[Vaswani et al., 2017] Vaswani, S., Kveton, B., Wen, Z., Ghavamzadeh, M., Lakshmanan, L. V.,

and Schmidt, M. (2017). Model-independent online learning for influence maximization. In

Proceedings of the 34th International Conference on Machine Learning - Volume 70, ICML’17,

page 3530–3539. JMLR.org.

[Wang and Zhang, 2015] Wang, X. and Zhang, J. (2015). Process flexibility: A distribution-free

bound on the performance of k-chain. Operations Research, 63(3):555–571.

[Watts, 2002] Watts, D. J. (2002). A simple model of global cascades on random networks.

Proceedings of the National Academy of Sciences, 99(9):5766–5771.

[Weiss, 1986] Weiss, G. (1986). Stochastic bounds on distributions of optimal value functions

with applications to PERT, network flows and reliability. Operations Research, 34(4):595–605.

[Wen et al., 2015] Wen, Z., Kveton, B., and Ashkan, A. (2015). Efficient Learning in Large-

Scale Combinatorial Semi-Bandits. In Bach, F. and Blei, D., editors, Proceedings of the

32nd International Conference on Machine Learning, volume 37 of Proceedings of Machine

Learning Research, pages 1113–1122, Lille, France. PMLR.

[Wilder, 2018] Wilder, B. (2018). Risk-sensitive submodular optimization. In Thirty-Second

AAAI Conference on Artificial Intelligence.

37



[Yadav et al., 2016] Yadav, A., Chan, H., Xin Jiang, A., Xu, H., Rice, E., and Tambe, M.

(2016). Using social networks to aid homeless shelters: Dynamic influence maximization under

uncertainty. In Proceedings of the 2016 International Conference on Autonomous Agents and

Multiagent Systems, AAMAS ’16, page 740–748, Richland, SC. International Foundation for

Autonomous Agents and Multiagent Systems.

[Yan et al., 2011] Yan, Q., Guo, S., and Yang, D. (2011). Influence Maximizing and Local

Influenced Community Detection Based on Multiple Spread Model. In Tang, J., King, I.,

Chen, L., and Wang, J., editors, Advanced Data Mining and Applications, pages 82–95,

Berlin, Heidelberg. Springer Berlin Heidelberg.

[Zhang et al., 2014] Zhang, P., Chen, W., Sun, X., Wang, Y., and Zhang, J. (2014). Minimizing

seed set selection with probabilistic coverage guarantee in a social network. In Proceedings of

the 20th ACM SIGKDD International Conference on Knowledge Discovery and Data Mining,

KDD ’14, page 1306–1315, New York, NY, USA. Association for Computing Machinery.

38



Appendix A Computations for Example 2: POC study

We consider the tree in Figure 3 with a root node, containing l children. There are a total of l

paths from the root to all the leaf nodes, starting from the root node. Each path contains m+2

nodes (apart from the root). The labels on the nodes indicate the “type” of each node. Between

nodes of type 0 and 1 as well as between type 1 and type 2 nodes, the activation probability =

0.5. For all other edges, activation probability is 1. The total number of nodes in the graph is

n = l(m+ 2) + 1. Suppose we are interested in choosing a single seed node, so k = 1.

Independent cascade model : We first compute the values of f ic(.) for each type of node.

Type 2: For such nodes, f ic({2}) = m+ 1. Also it can be verified that nodes of type 2 reach

more than nodes of type 3, 4, . . .m+ 2.

Type 1: There is one random edge which, if active, will enable m+ 1 nodes to be reached.

However if this edge is inactive, none of the nodes are reached. Therefore,f ic({1}) = m+1
2 + 1.

Type 0 (root): Here we are l sub-trees (each corresponding to a path graph) in which the

nodes could be potentially reached. Let the number of nodes reached in each of the sub-trees be

denoted by the random variables X̃1, . . . , X̃l. The object of our interest is Eθic
[∑l

i=1 X̃i

]
+ 1.

X̃i takes values m+ 2, 1 and 0 with probabilities 0.25, 0.25 and 0.5 respectively. and therefore

E[X̃i] = (m+ 3)/4. Therefore the overall reachability f ic({0}) = 1 + l(m+ 3)/4.

Clearly the choice to be made is between the root node and any node of type 2 (as node 2 is

always better than node 1 (assuming m ≥ 1). The root node is preferred when l(m+ 3)/4 ≥ m
which occurs when l ≥ 4m

m+3 .

Worst case analysis: We perform a similar analysis on the values of f corr(·) too. For any

type 2 node, we have f corr({2}) = m+ 1. When S = {1}, f corr({1}) = 1 + m+1
2 as an optimal

solution to the LP that computes f corr({1}) is π∗2 = π∗3 = . . . = π∗m+2 = 0.5 from Corollary 1.

Type 0 (root): In each sub-tree of the root node, our LP solution gives π∗1 = 0.5, π∗2 = π∗3 =

. . . = π∗m+2 = 0. Therefore f corr({0}) = 1 + l/2.

Between type 0 and type 2 nodes, type 0 is selected whenever l > 2m and a type 2 node

can be selected otherwise.

Suppose 4m
m+3 ≤ l ≤ 2m. Then if k = 1, Scorr is any one of the type 2 nodes while Sic = {0}.

Then the price of correlations is (l/2)+1
m+1 . If l = 4m

m+3 , then POC = 2m+3
(m+1)(m+3) which tends to

zero as m→∞.
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