
Submitted to Operations Research
manuscript (Please, provide the manuscript number!)

Authors are encouraged to submit new papers to INFORMS journals by means of
a style file template, which includes the journal title. However, use of a template
does not certify that the paper has been accepted for publication in the named jour-
nal. INFORMS journal templates are for the exclusive purpose of submitting to an
INFORMS journal and should not be used to distribute the papers in print or online
or to submit the papers to another publication.

Distributionally Robust Linear and Discrete
Optimization with Marginals

Louis Chen
Naval Postgraduate School, Monterey, CA 93940, louis.chen@nps.edu

Will Ma
Decision, Risk, and Operations Division, Columbia University, New York, NY 10027, wm2428@columbia.edu

Karthik Natarajan
Engineering Systems and Design, Singapore University of Technology and Design, Singapore 487372,

karthik natarajan@sutd.edu.sg

David Simchi-Levi
Department of Civil and Environmental Engineering, Institute for Data, Systems, and Society and Operations Research

Center, Massachusetts Institute of Technology, Cambridge, MA 02139, dslevi@mit.edu

Zhenzhen Yan
School of Physical and Mathematical Sciences, Nanyang Technological University, Singapore, 637371, yanzz@ntu.edu.sg

Abstract In this paper, we study linear and discrete optimization problems in which the objective coefficients

are random, and the goal is to evaluate a robust bound on the expected optimal value, where the set of

admissible joint distributions is assumed to be specified only up to the marginals. We study a primal-dual

formulation for this problem, and in the process, unify existing results with new results. We establish NP-

hardness of computing the bound for general polytopes and identify two sufficient conditions - one based on

a dual formulation, and one based on sublattices which provide a class of polytopes where the robust bounds

are efficiently computable. We discuss several examples and applications in areas such as scheduling.
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1. Introduction

In optimization problems, decisions are often made in the face of uncertainty that might arise in

the form of random costs or benefits. Traditionally, optimization problems under uncertainty have

been modeled with stochastic optimization (see Shapiro et al. (2014)). Let S ⊂Rn denote the feasi-

ble region of the decision vector s and ξ̃ denote a random vector defined on the support set Ξ ⊂Rm

1



Chen et al.: Distributionally Robust Linear and Discrete Optimization with Marginals
2 Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!)

with a probability distribution p. The decision s is made before knowing the true realization of the

uncertain data and the outcome is the random cost function h(s, ξ̃). The stochastic optimization

problem is to choose a decision to minimize the expected cost by solving mins∈S Eξ̃∼p [h(s, ξ̃)] . This

formulation however makes the assumption that the joint distribution p is known or at the very

least, a sufficient number of independent and identically distributed samples from the distribution

are available. Recently, there has been a growing interest in the “distributionally robust optimiza-

tion” paradigm where this assumption is relaxed. The distribution p is only assumed to lie in

an “ambiguity” set of probability distributions denoted by P, but the exact distribution is itself

unknown. The distributionally robust optimization problem is to choose a decision to minimize the

worst-case expected cost of the form mins∈S supp∈P Eξ̃∼p [h(s, ξ̃)] . Such a set P has been constructed

in a variety of ways so as to ensure it is suitable for practical applications. At the same time, the

choice of this set has important implications on the computational tractability of the distribution-

ally robust optimization problem. Examples of the types of sets P that have been analyzed in the

literature include the set of distributions with information on the mean and covariance matrix (see

Delage and Ye (2010), Bertsimas et al. (2010), Goh and Sim (2010)), the set of distributions with

information on the marginal distributions (see Meilijson and Nadas (1979)) and marginal moments

(see Bertsimas et al. (2004)), the set of distributions with confidence sets and mean values residing

on an affine manifold (see Wiesemann et al. (2014)), the set of distributions that lie in a ball

around a reference probability distribution where the distance is defined using the φ-divergence

measure (see Ben-Tal et al. (2013)) or the Wasserstein distance measure (see Esfahani and Kuhn

(2018), Gao and Kleywegt (2016), Blanchet et al. (2019)). This list is by no means comprehensive

with an increasing number of applications of this technique to areas such as supply chains, finance,

healthcare and machine learning. We refer the interested reader to the papers listed above and the

references therein.

In this paper, we contribute to this literature by providing results for the case where the cost is

the optimal value to a linear and discrete optimization problem, hereafter written Z(s, c̃), and the
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ambiguity set is the Fréchet class Γ(µ1, . . . ,µn) of multivariate distributions with fixed marginal

measures {µi}
n
i=1 (see Definition 1), i.e., mins∈S supθ∈ΓEc̃∼θ [Z(s, c̃)] . More precisely, we are moti-

vated by those cases in which there exists a polytope Q ⊆Rn so that for any s ∈ S, Z(s, ⋅) will be

a parameterized support function to Q, typically of the form Z(s, c̃) ∶=maxx∈Q∑
n
i=1(c̃i − si)xi (see

Section 5 and Appendix EC.2 for discussion of some other parametrized forms.)

We investigate the computational complexity of the distributionally robust optimization problem

that combines this form of cost function with this class of distributions, and identify conditions

under which the problem is computationally tractable. Due to the form of Z described above, it

suffices to study the inner sup term for arbitrarily fixed first stage decisions s. Hence it is without

loss of generality, we focus on the study of Z(c̃) ∶= max
x∈X

n

∑
i=1

c̃ixi, where X will denote a finite set.

Consequently, the main theoretical focus of this paper is on finding a tight upper bound on the

expected value of this quantity in which the objective coefficients are chosen randomly from a

distribution in the Fréchet class Γ(µ1, . . . ,µn) as follows:

Z∗ = sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] = sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [c̃⊺x∗(c̃)] , (1)

where c̃ is a random vector and x∗(⋅) is an optimal solution mapping. The convex hull of the finite

set X , denoted by conv(X ), is necessarily a polytope with Z(c) =max{∑
n
i=1 cixi ∶ x ∈ conv(X )}. In

studying the complexity of computing Z∗, the polytope will be assumed to be specified through a

list of extreme points or a system of linear inequalities (see Section 3). Following the terminology in

Natarajan et al. (2009), we refer to the model in (1) as the Marginal Distribution Model (MDM).

1.1. Main Contributions

We make the following contributions to the literature. In Sections 2.2 and 2.3, we use results from

the field of optimal transport to establish for Problem (1), a primal-dual pairing of optimization

problems which we use to unify existing and new results. For instance, an immediate consequence

is a generalization of the existing Theorem 1 in Natarajan et al. (2009). In Section 2.4 we present

additional structural results regarding the set of primal optimal solutions by showing: (1) marginal
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uniqueness; (2) separable transport maps under absolutely continuous marginals. These serve to

justify the assumptions on the marginal distributions made in previous works, and discuss its

relation to the “persistency” notion as considered in Bertsimas et al. (2006), Natarajan et al.

(2009).

We analyze the computational complexity of MDM using its dual representation. In contrast

to previous work, which has focused primarily on 0/1 polytopes, we provide extensions towards

understanding the complexity for general polytopes. We establish that computing Z∗ is NP-hard

for parallelotopes and in Section 4, we identify two different sufficient conditions for a polytope

to admit an efficiently computable robust bound Z∗. The first sufficiency condition is motivated

from the analysis of the dual form and shows tractability for V, 0/1 H and L♮ convex polytopes

as special cases. The second sufficiency condition exploits the relationship between a sublattice

structure, supermodularity, and monotone couplings in optimal transport. The analysis extends

known existing results on tractable instances provided in Meilijson and Nadas (1979) and Bertsimas

et al. (2004) for 0/1 polytopes and Mak et al. (2015) for the appointment scheduling problem for

a specific integer polytope. Our results show that just the existence of a compact 0/1 extended

formulation is not sufficient for tractability, it also has to be of an “appropriate” form. Finally,

we discuss the implications of the results in Section 5. Detailed proofs, several examples and

computational experiments are provided in the Electronic Companion (EC).

1.2. Literature Review

To the best of our knowledge, the study of problem (1) in the context of combinatorial optimization

problems was initiated by Meilijson and Nadas (1979) who developed an upper bound on the

expected completion time in a PERT network assuming only the marginal distributions of the

activity times on the network are known. The set X in this example is defined as the set of directed

paths (i.e., their 0/1 incidence vectors) from the start to the end node in a directed acyclic graph

representation of the PERT network. The key contribution of Meilijson and Nadas (1979) was to

propose a convex optimization formulation to compute the tight upper bound on the expected
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completion time that is valid for the class of joint distributions with the specified marginals. In

a follow-up paper, Nadas (1979) proposed a numerical solution to solve this problem efficiently

by applying a network flow algorithm for project cost curves. A lower bound on the probability

that a given path in this PERT network is critical in the worst-case distribution is obtained from

the Lagrange multiplier associated with the constraint determined by the path. Haneveld (1986)

derived several more results for this model using convex duality. Weiss (1986) furthered this study to

obtain bounds for other combinatorial optimization problems such as the shortest path, maximum

flow and network reliability problem by using the theory of clutters and blocking clutters. It should

be noted that in all these instances, X is given explicitly as a finite collection of 0/1 vectors. There

is lesser focus in these works on computational complexity issues of the model.

The study of the bound in (1) for general discrete optimization was initiated in Natarajan et al.

(2009). The feasible region considered in their work was X = {x ∈Zn+ ∶Ax ≤ b,xi ∈ [αi,βi],∀i ∈ [n]}.

Under the assumption that the optimization problem almost surely admits a unique solution with

an absolute continuity assumption of the marginal distributions, Natarajan et al. (2009) showed

that the bound Z∗ is computable as the solution to a concave maximization over the convex hull

of a binary reformulation of the original feasible region. While they showcased the strength of the

formulation by finding an upper bound on Z∗ for a stochastic knapsack problem, the complexity

of the bound for general linear and discrete optimization problems beyond 0/1 polytopes is not

discussed in their work. Agrawal et al. (2012) studied this model for more general cost functions. In

particular, they consider the problem mins∈S supθ∈Γ(µ1,...,µn)Eξ̃∼θ [h(s, ξ̃)], where h(s, ξ̃) is a general

cost function. They showed that for a given decision s, the problem of computing the worst-

case expected value with Bernoulli random variables is NP-hard even when the function g(ξ) ∶=

h(s, ξ) is monotone and submodular in ξ. Towards studying this further, they defined the “price

of correlation”, a measure of the cost of model misspecification, by comparing the performance of

operating under the assumption of independence as opposed to operating under the assumption

of worst-case coupling. Using ideas from cost-sharing analysis in cooperative game theory, they
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identified sufficient conditions under which this price is bounded and provided applications to

stochastic combinatorial problems. In contrast, in this paper we restrict our attention to support

functions over polytopes.

Another line of distributionally robust optimization based on marginal information is the

marginal moment model (MMM). Birge and Maddox (1995), Bertsimas et al. (2004) and Bertsimas

et al. (2006) studied MMM assuming the knowledge of a finite set of marignal moments and derived

their tractable reformulations. In particular, Bertsimas et al. (2006) proposed an important con-

cept - “persistency” value of binary variables as the marginal distribution of the optimal solution,

which can be obtained from a primal semidefinite programming formulation of MMM. Van Parys

et al. (2016) discussed this model for cost functions of the form Z(c̃) ∶= l (∑
n
i=1 c̃i). Mak et al.

(2015) furthered this research to derive a tractable SDP reformulation of MMM for an appointment

scheduling problem given the first k marginal moments. Their tractability result is derived using

a compact 0/1 extended formulation.

Lastly, the field of optimal transport theory and the related Monge-Kantorovich problem pro-

vides several fundamental tools including a well-developed duality theory (see Villani (2003, 2009),

Rachev and Rüschendorf (1998), Galichon (2016)). Broadly speaking, this field is concerned with

transporting mass between two given probability measure spaces (X,µ) and (Y,ν) at optimal cost.

The Monge-Kantorovich problem is formulated as: max
π∈Γ(µ,ν)

∫
X×Y

c(x,y)dπ(x,y), where the optimiza-

tion is over the set of all transference plans π ∈Γ(µ,ν) and c is the profit obtained from moving one

unit of mass from x to y. Traditionally, optimal transport has been mainly concerned with finding

optimal couplings of two distributions. There is limited work in multi-marginal optimal transport

(see Pass (2015), Bach (2019)). This stream of literature also has lesser focus on applications to

linear and discrete optimization problems under uncertainty which is what we are interested in.

2. MDM: Primal-Dual Formulations

In this section, we will present a primal-dual formulation for (1).
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2.1. Preliminaries

2.1.1. Convex and Measure-Theoretic Notation We first establish some facts, notations,

and basic measure-theoretic concepts that will be useful for discussion. For any function f ∶Rn→R,

let f∗ ∶Rn →R denote the Legendre Fenchel conjugate, defined by f∗(c) ∶= sup
x∈Rn

{c⊺x − f(x)} for

any c ∈Rn. Let f∗∗ ∶= (f∗)∗, which is equivalent to f in the case of lower semicontinuous, convex

f , and also f∗∗∗ ∶= (f∗∗)∗ = f∗ (Rockafellar (1997)). Notice that these definitions are constructed

for functions defined on a connected space, as in Rn. However, throughout this text we will often

encounter functions defined on a finite subset X ⊂R. If ψ ∶ X →R is such a univariate discrete

function, then to discuss convexity as well as the Legendre Fenchel conjugate, we will identify ψ

with its natural extension to all of R. More precisely, we will consider ψext to be the univariate

linear interpolation of ψ over conv(X ), with ψext ∶=+∞ outside of conv(X ). Notice that under this

definition, maxx∈Rn {c⊺x−ψext(x)} =maxx∈X {c⊺x−ψ(x)} for any c ∈Rn. We thus identify a discrete

function ψ with its extension and call it “convex” when ψext is, and write ψ∗ in place of ψ∗
ext for

simplicity. Next, for any convex function f ∶Rn→ (−∞,+∞], we denote the set of subgradients to

f at x by ∂f(x) ∶= {s ∈Rn ∶ f(y) ≥ f(x)+ s⊺(y − x),∀y ∈Rn}. When Z ∶Rn→R(−∞,+∞] is given

by Z(c) ∶=max
x∈Q

c⊺x for some polyhedron Q, then we say Z is the support function of Q.

For the following discussion, when S is a topological space, the Borel sigma algebra (denoted B)

will be the sigma algebra generated by the family of open sets, and we let the set of all probability

measures defined on this Borel sigma algebra (called Borel probability measures) be denoted by

P(S). We will always use standard topologies, unless otherwise stated. Whenever the space is a

finite set X , we will assume the discrete topology, in which all subsets of X are considered open.

Additionally, for any set X ⊂Rn (finite or not) let Xi = {xi ∶ x = (x1,x2, . . . ,xn) ∈ X}. Denote the

projection operation: Proji(x) ∶= xi for any x = (x1,x2, . . . ,xn) ∈R
n, so that Xi =Proji(X ). We will

also use a notion for projection of measures:

Definition 1. Let γ be a Borel probability measure on R
n. Then for any i, define the “i-th

projection” Πiγ of the measure γ by:

Πiγ(A) ∶= γ(R× . . .×R
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(i-1)- copies

×A×R× . . .×R
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(n-i)- copies

) for all Borel measurable subsets A of R.
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Given a collection of Borel probability measures {µi}i, each defined on R, let Γ(µ1, . . . ,µn) ∶=

{γ ∈ P(Rn
) ∶ Πiγ = µi,∀i ∈ [n]}. Observe that this set is nonempty because the product measure

µ1⊗µ2⊗ . . .⊗µn (the “independent coupling”) is trivially a member.

Unlike Natarajan et al. (2009), wherein the results were derived under the assumption that the

optimization problem almost surely admits a unique solution, we allow for a nonzero probability

of the event of multiple optimal solutions occuring. To facilitate discussion, we associate with the

random optimal objective function Z(c̃) ∶= max{c̃⊺x ∶ x ∈X}, the optimal solution multifunction

(see Shapiro et al. (2014)) xOPT ∶Rn⇉Rn defined as xOPT (c) = argmaxx∈X c
⊺x for all c ∈Rn. This

multifunction from (Rn,B) into (Rn,B) is closed-valued and measurable. Namely, xOPT (c) is closed

in Rn for all c, and for every closed set A ⊂Rn, {c ∶ xOPT (c)∩A ≠∅} is measurable. Hence, there

exists a measurable selection of xOPT , which we will write as x∗ ∶Rn→Rn, where x∗(c) ∈ xOPT (c).

The measurable mapping x∗(⋅) then returns a possible optimal solution to any given vector c.

2.1.2. Lattices and Submodular Functions Let ∨ and ∧ be binary operators defined on

R
n×Rn by x∨y = (max(x1, y1), . . . ,max(xn, yn)) and x∧y = (min(x1, y1), . . . ,min(xn, yn)) for any

x,y ∈Rn. We will refer to Rn as a lattice with join and meet operations in ∨ and ∧ respectively.

Further, if a subset S ⊆Rn is closed under the join and meet operations, then it is a sublattice.

Definition 2.1 (Submodular Function) Let f ∶Rn →R. We call f submodular if f(x ∨ y) +

f(x∧ y) ≤ f(x)+ f(y),∀x,y ∈Rn. If −f is submodular, we say f is supermodular.

2.1.3. Results from Optimal Transport We will make use of (1) a core duality result and

(2) a monotone coupling result from optimal transport theory.

Lemma 1 (Kantorovich Duality, Theorem 5.10 Villani (2009)). Let (X,µ) and (Y,ν) be

Polish probability spaces. Let h ∶X × Y → [−∞,∞) be an upper semicontinuous function and sup-

pose that there exist real, lower semicontinuous functions a ∈ L1(X,µ) and b ∈ L1(Y,ν) such that

h(x,y) ≤ a(x)+ b(y) for all (x,y) ∈X ×Y . Then,

max
π∈Γ(µ,ν)

∫ h(x,y)dπ(x,y) = inf
ψ∈L1(X,µ)

∫ ψ(x)dµ(x)+∫ sup
x∈X

{h(x,y)−ψ(x)}dν(y)

= inf
φ∈L1(Y,ν)

∫ sup
y∈Y

{h(x,y)−φ(y)}dµ(x)+∫ φ(y)dν(y),
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where if maxπ∈Γ(µ,ν) ∫ hdπ > −∞ and for some f ∈L1(X,µ) and g ∈L1(Y,ν), f(x)+ g(y) ≤ h(x,y)

for all (x,y) ∈X ×Y , then the inf can be written as min.

This duality is a classic result, which has an extension that handles any number of marginals two

or more - the precise statement can be found in Haneveld (1986). Next, if the cost function is

supermodular, then an explicit characterization of the optimal transference plan is known. The

following result is well-known (see Haneveld (1986), Galichon (2016)).

Lemma 2. (Theorem 7.2 Haneveld (1986)) Let c : Rn →R be a continuous, supermodular

function. If {µi}i=1...n is any collection of Borel measures on R, i.e., µi ∈P(Xi) for all i, then

sup
γ∈Γ(µ1,...,µn)

∫
X ∶=X1×...×Xn

c(x) dγ(x) =∫
1

0
c(F −1

µ1
(t), . . . ,F −1

µn
(t)) dt,

where Fµi(xi) ∶=µi(yi ∈ (−∞,xi]), and F −1
µi

(ti) ∶= inf{xi ∶Fµi(xi) ≥ ti}.

From a probabilistic perspective, the lemma says the monotone coupling on the probability space

((0,1),B,λ) with λ denoting Lebesgue measure given by (X1(t), . . .Xn(t)) ∶= (F −1
µ1

(t), . . . ,F −1
µn

(t))

yields the largest expectation when the transportation cost is supermodular.

2.2. A Lagrangian Primal-Dual Formulation

In this paper, we will largely focus on optimization over polytopes; in Sections 3 and 4 where we

formalize the complexity of MDM, X will described using a list of extreme points or a system of

linear inequalities. In the EC section (EC.1), we discuss extensions when X is: (1) an unbounded

polyhedron, and (2) a compact subset of Rn.

Given the one-dimensional marginal distributions µ1, . . . ,µn and set X ⊂Rn, we define the convex-

concave Lagrangian function L ∶ (RX1 × . . .×RXn)×P(X ) by

L({ψi}
n
i=1, ν) ∶=∑

i

(∫ ψidΠiν +∫ max
xi∈Xi

{c̃ixi −ψi(xi)}dµi) , (Lagrangian)

The first key result is a minimax theorem.
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Theorem 1 (Primal-Dual Formulation of MDM). Let X ⊂ Rn be finite, Z(c) ∶= maxx∈X c
⊺x

with n Borel probability measures {µi}
n
i=1 over R given. Then

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] = max
ν∈P(X)

∑
i

max
γi∈Γ(µi,Πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] . (†)

If, in addition, Ec̃i∼µi [∣c̃i∣] <∞ for all i, then the bound is equal to

max
p∈RX+ ,∑x∈X px=1

min
{ψi∶Xi→R}n

i=1
∑
x∈X

px(
n

∑
i=1

ψi(xi))+
n

∑
i=1

Ec̃i∼µi [max
xi∈Xi

c̃ixi −ψi(xi)] (Primal)

= min
{ψi∶Xi→R}n

i=1
max

p∈RX+ ,∑x∈X px=1
∑
x∈X

px(
n

∑
i=1

ψi(xi))+
n

∑
i=1

Ec̃i∼µi [max
xi∈Xi

c̃ixi −ψi(xi)] . (Dual)

Finally, the ψi may be constrained to be convex.

We provide here only the key steps to a short, analytical proof using Lemma 1 - with justifications

left to the full proof of a slightly more general result in EC.3.1.2. For the reader interested in actual

construction of extremal couplings, we refer to Proposition 1 and its proof in EC.3.1.6. The proof

is from the following set of equalities:

sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] = max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [max
x∈X

c̃⊺x] = max
(c̃,x̃)∶c̃∼θ∈Γ,x̃∼ν∈P(X)

Ec̃∼θ [c̃⊺x̃] (2)

= max
{(c̃i,x̃i)}

n
i=1∶c̃i∼µi,x̃∼ν∈P(X)

n

∑
i=1

E(c̃i,x̃i) [c̃ix̃i] (3)

= max
ν∈P(X)

n

∑
i=1

max
γi∈Γ(µi,πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] ( †)

= max
ν∈P(X)

n

∑
i=1

min
ψi∶Xi→R

∫ ψi(xi) dπiν +∫ ψ∗
i (c̃i) dµi (4)

= min
{ψi∶Xi→R}n

i=1
max
ν∈P(X)

n

∑
i=1
∫ ψi(xi) dπiν +∫ ψ∗

i (c̃i) dµi. (5)

The abbreviated proof 1illustrates two themes that will be investigated in more detail in Sections

2.4 and 4 respectively:

1. Primal Solutions x̃ ∼ ν are Measurable Selections of xOPT : As (2) indicates, at optimal-

ity x̃ and c̃ satisfy x̃ ∈ xOPT (c̃), making x̃ a measurable selection. As well, (3) and (†) indicate that

given any optimal x̃ ∼ ν, the n separate (c̃i, x̃i) transport problems are sufficient to fully specify an

1 In reference to Section EC.1.2, we highlight that the finiteness of X is not needed to establish the minimax identity.
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optimal c̃. This separation feature yields structural results to primal optimal x̃ (see Corollary 3,

Proposition 1), with connections to the notion of “persistency” (Natarajan et al. (2009), Bertsimas

et al. (2006)).

2. The (Dual) MDM Separation Problem: In (5), the inner maximization problem will be

identified as a separation problem (see Proposition 2) which will be important for the analysis of

the complexity. We note here that it only involves ν ∈P(X ) by way of its marginals and being able

to characterize {(Π1ν,Π2ν, . . . ,Πnν) ∶ ν ∈P(X )} (see Theorem 3) will be one direction to identify

“tractability” (to be defined in Section 3).

2.3. Primal and Dual Variables -“Saddle Point” Conditions

To facilitate the forthcoming discussions on the primal and dual problems in which we assume X

is finite, we establish the following primal and dual terminology.

Definition 2.2 A measure ν̄ ∈P(X ) is called a primal optimal solution if it solves the maximiza-

tion problem in (Primal). A collection of functions (ψ1, . . . ,ψn) such that ψi ∶Xi→R for every i is

called a dual optimal solution if it solves the minimization problem in (Dual).

Corollary 1 (“Saddle-point” conditions). Suppose X ⊂Rn is finite and let (ν̄,{ψ̄i}i) be a

pair of optimal primal and dual solutions, with ψ̄i convex on Xi. Then the following conditions are

necessary:

1. Πiν̄(xi) ∈ [µi (∂ψ̄i(xi)∖∪x′
i
≠xi∂ψ̄i(x

′
i)) ,µi (∂ψ̄i(xi))] ,∀i ∈ [n],∀xi ∈Xi

2. ∫X ∑i ψ̄i(xi)dν ≤ ∫X ∑i ψ̄i(xi)dν̄,∀ν ∈P(X ).

If the µis are absolutely continuous, then the two conditions are sufficient for ν̄ and {ψ̄i}i to be

primal and dual optimal. In addition, condition 1. is equivalent to:

Πiν̄(xi) =µi [∂ψ̄i(xi)] ,∀i ∈ [n],∀xi ∈Xi, (6)

The second necessary condition in Corollary 1 is an important subproblem in the study of com-

plexity which is examined in Section 4.1. The first necessary condition provides a way to estimate

the primal optimal marginals Πiν̄ using the corresponding input marginals µi and dual optimal

solutions ψ̄i. In (6), a dual optimal solution on hand can in fact exactly specify Πiν̄ (see Corollary

3) when the input marginals are absolutely continuous.
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2.4. The MDM Primal

In this section, we examine (Primal) - both its objective and solutions. First, regarding the objec-

tive, we establish that (†) is a generalization of a form provided in Natarajan et al. (2009), as

it relaxes the absolute continuity assumption made therein. Second, all primal optimal solutions

are measurable selections from xOPT (c̃), for any distribution optimal to (1). Consequently, (Pri-

mal) does not exhibit a unique optimal solution in general. Third, we demonstrate the manner in

which absolutely continuous µi gives rise to a number of useful structural properties on the optimal

solutions of (Primal) by effectively ensuring that argmaxx∈X c̃
⊺x is a singleton. It yields “marginal

uniqueness” as well as a justification for the computation of “persistency” pursued in the works

Bertsimas et al. (2006) and Natarajan et al. (2009).

2.4.1. Primal Objective Form With (†), Lemma 2 immediately yields the following gener-

alization of Natarajan et al. (2009)’s Theorem 1, which will facilitate discussions around upcoming

examples. Towards presenting the generalized statement, we introduce the following notation. Let

xi − ei for xi ∈ Xi, denote the largest element in Xi that is less than but not equal to xi; we let

xi − ei ∶=−∞, if no such largest element exists.

Corollary 2 (Theorem 1, Natarajan et al. (2009)). Let X ⊂Rn be finite and {µi}
n
i=1 be n

Borel probability measures over R. Then,

max
θ∈Γ(µ1,...,µn)

Ec̃∼θZ(c̃) = max
ν∈P(X)

∑
i

∑
xi∈Xi

xi∫
Πiν((−∞,xi])

Πiν((−∞,xi−ei])
F −1
µi

(t)dt. (7)

In particular, for any ν̄ solving the concave maximization problem (7), we can construct a maxi-

mizing joint distribution θ∗ν̄ ∈Γ(µ1, . . . ,µn).

2.4.2. Primal Solutions as Measurable Selections of xOPT (c̃) From (2), any primal

optimal solution ν̄ is the probability law to a random vector x̃ that is coupled to a c̃ whose own

probability law θ∗ solves (1); further, these two random vectors satisfy the relation x̃ ∈ xOPT (c̃) -

making x̃ a measurable selection of xOPT (c̃). We emphasize that the probability law ν̄, however, is

distinct from the probability law of xOPT (c̃). Crucially, the set xOPT (c̃) is in general not a singleton

and so for any x ∈X , it holds that ν̄(x) ≤ θ∗(x ∈ xOPT (c̃)), without equality necessarily holding. We

illustrate with the following example on finite-support input marginals.



Chen et al.: Distributionally Robust Linear and Discrete Optimization with Marginals
Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) 13

Example 2.1 Let X = {(0,0),(0,1),(1,0)} ⊂R2, and assume c̃1, c̃2 both take values 1 and 0 with

probabilities 1/3 and 2/3 respectively. It can be verified that the unique θ∗ = argmax
θ∈Γ(µ1,...,µn)

Ec̃∼θZ(c̃) =

1/3 ⋅ 1(1,0) + 1/3 ⋅ 1(0,1) + 1/3 ⋅ 1(0,0). Then the MDM Primal has an uncountable collection of opti-

mal solutions {νε1,ε2 = (1/3 + ε1)1(1,0) + (1/3 + ε2)1(0,1) + (1/3 − ε1 − ε2)1(0,0) ∶ ε1, ε2 ≥ 0, ε1 + ε2 ≤ 1/3}.

Towards interpreting this family of solutions, we define on the probability space ([0,1),B,λ),

c̃(ω) = (1,0) ⋅ 1[0,1/3)(ω) + (0,1) ⋅ 1[1/3,2/3)(ω) + (0,0) ⋅ 1[2/3,1)(ω), implying xOPT (c̃(ω)) = {(1,0)} ⋅

1[0,1/3)(ω) + {(0,1)} ⋅ 1[1/3,2/3)(ω) + {(1,0),(0,0),(0,1)} ⋅ 1[2/3,1)(ω). Then any measurable selec-

tion x∗ of xOPT (c̃) has a corresponding probability law νε1,ε2 for some ε1 and ε2 from the con-

structed c̃ ∼ θ∗. For example, the measurable selection x∗(ω) = (1,0) ⋅ 1[0,1/3)∪[2/3,2/3+ε1)(ω) + (0,1) ⋅

1[1/3,2/3)∪[2/3+ε1,2/3+ε1+ε2)(ω)+ (0,0) ⋅1[2/3+ε1+ε2,1)(ω) has νε1,ε2 as law when ε1, ε2 ≥ 0, ε1 + ε2 ≤ 1/3.

2.4.3. Primal Solutions under Absolutely Continuous Marginals When the input

marginals {µi}i are assumed to be absolutely continuous, we recover the setting of Natarajan et al.

(2009). In this section, we establish two structural properties to the set of primal optimal solu-

tions under this assumption: (1) marginal uniqueness; (2) separability. The motivation to study

the behavior of the random vector xOPT (c̃) = (xOPT1 (c̃),xOPT2 (c̃), . . . ,xOPTn (c̃)) has been extensively

discussed in prior work. For example, it can encode a consumer’s random choice as part of a random

utility model (Natarajan et al. (2009), Mishra et al. (2014)) or it can represent a set of “critical”

arcs to a network with stochastic arc lengths (Bertsimas et al. (2006)).

Marginal Uniqueness Recall that Example 2.1 establishes that there may be multiple (even

uncountably many) primal optimal solutions in general, even in the case of a unique c̃ ∼ θ∗ solving

(1); after all, there are multiple measurable selections when xOPT is a multi-valued mapping. The

assumption of absolutely continuous marginals corrects this to some degree: while there may still

be multiple primal optimal solutions (see example in EC.3.1.4), all their marginals agree.

Corollary 3 (Marginal Uniqueness in Primal Optimality). Suppose X ⊂Rn is finite and

that the Borel probability measures µ1, . . . ,µn are all absolutely continuous. If ν̄ and τ̄ are both

primal optimal solutions, then Πiν̄ =Πiτ̄ for all i.
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This result justifies the use of the primal formulation as a discrete choice model in Natarajan et al.

(2009)’s, in which X ⊆ {0,1}n denotes the possible assortments of items that can be selected and

c̃i ∼µi represents the random utility an agent has for item i, with Z(c̃) ∶=max
x∈X

c̃⊺x being the utility

an agent receives upon choosing the utilitiy-maximizing item. Indeed, as the Πiν̄ characterize the

probability that option i is chosen, i.e., they form the choice probabilities. Corollary 3 indicates

that all primal optimal probability measures over X yield the same choice probabilities (see Section

EC.2.2 for a generalization to bundle selection).

Separability and Persistency The next result that follows from absolutely continuous

marginals will establish the existence of a separable function that generates the unique primal

optimal marginals. In the domain of choice modeling, this is interpreted as the existence of an

(representative) agent whose decision to choose item i depends only on their utility for item i.

Proposition 1 (Transport Maps and Persistency). Suppose X ⊂ Rn is finite and that the

Borel probability measures µ1, . . . ,µn are all absolutely continuous. Then there exists a measurable

function x∗ ∶Rn→X that takes the form x∗(c) = (x∗1(c1), . . . ,x
∗
n(cn)) and satisfies x∗(c) ∈ xOPT (c)

for all c ∈⨉
n
i=1 supp(µi), such that for any primal optimal solution ν̄ ∈P(X ),

Pc̃∼θ∗(x
OPT
i (c̃) = ξi) =Pc̃∼θ∗(x

∗
i (c̃) = ξi) =Pc̃i∼µi(x

∗
i (c̃i) = ξi) =Πiν̄(ξi),∀ξi ∈Xi,∀i ∈ [n], (8)

where θ∗ ∈Γ(µ1, . . . ,µn) is any optimal solution to MDM (1).

We conclude the section by making several remarks on the relation to “persistency”. The proba-

bility Pc̃∼θ∗(x
OPT
i (c̃) = ξi), for any distribution θ∗ solving (1), is referred to as a persistence value in

Natarajan et al. (2009), Bertsimas et al. (2006). In (8), it is shown that these values are precisely

the unique primal optimal marginals. More precisely, we see that the x∗i component function is

a transport map taking µi into Πiν̄, the unique i-th primal optimal marginal. We remark that

this separability structure may not exist in the absence of absolutely continuous marginals - for

example, consider c̃1 = 1/2 w.p.1 and c̃2 ∼Unif(0,1). If X = {(1,0),(0,1)}, then the optimal value

of x1 must depend on c̃2. However, if both c̃1, c̃2 ∼ Unif(0,1), then by Corollary 2, the optimal
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ν̄ places 1/2 probability on each of the two elements of X , and it can be verified that x1(c1) ∶=

1c1>1/2, x2(c2) ∶=1c2>1/2 satisfy equation (8) of Proposition 1. We refer the reader to the EC.3.1.6 for

the proof of Proposition 1, which outlines explicitly how to construct x∗ and EC.3.1.7 for examples

illustrating persistency and separability.

3. The MDM Dual and Computational Complexity

In this section, we formalize the computational complexity of the MDM optimization problem (1).

The problem is specified by the combination of a marginal and polytope class.

Marginal Class M We let M = (µ1,µ2, . . .) denote the set of measures. Our results about

computational complexity hold if the marginal measures are all finite-support and input in explicit

form. More generally, we allow for each µn to be any Borel probability measure on R, and assume

the input of µi in the form of a (first-order) oracle Oi that upon given a function ψi, evaluates the

expectation function as well as provides a subgradient, as formalized below.

Assumption 1. For each measure µi ∈M, let Ec̃i∼µi [∣c̃i∣] <∞. Given any ψi ∶Xi→R, the function

F (ψi) ∶= ∫ maxxi∈Xi
c̃ixi −ψi(xi)dµi (as well as a subgradient) can be obtained efficiently - granted

via oracle access, or computed efficiently (in the case of finite-support).

Polytope Class Π∗ For a polytope Q = conv(X ) we consider both the cases where:

1. X is explicitly input as a list of vectors {x1,x2, . . . ,xm} ⊂Rn, with given integer m, in which

case we say Q is given as a V-polytope;

2. We are given conv(X ) as a polyhedron, input in the form {x ∶Ax ≤ b}, where A is a matrix

with m rows and n columns and b is a vector with m entries, in which case we say Q is given as

an H-polytope.

If for each n ∈N, Pn is a family of polytopes in Rn, then the collection of all these families forms

a polytope class, (P1,P2, . . .), denoted generically by Π∗, and specifically by ΠV or ΠH if the entire

collection of polytopes is in V or H representation respectively. For any polytope Q in n decision

variables that is from this collection, it will be understood implicitly that Q ∈Pn.
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Problem MDM(MΠ∗)

Definition 2. Let a collection of measures M = (µ1,µ2, . . .) and family of polytopes Π∗ be given.

Then MDM(MΠ∗) will denote the following optimization problem:

Instance: Positive integer n, a polytope Q from Π∗ in n variables.

Question: Compute Z∗ = sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c) ∶=max
x∈Q

c̃⊺x].

One example that we will consider isM = (µ1,µ2, . . .) consisting of finite-support measures, where

µn ∶= (1−pn)1−1+pn11 for pn ∈ [0,1]. In addition, let ΠH be the class of parallelotopes in Rn, for all

n. Analytically, the parallelotopes of Rn are of the form c + ∑
m
i=1[−x

i,xi], where x1, . . . ,xm ∈Rn are

linearly independent vectors (m ≤n), and c ∈Rn so that we call (c,x1, . . . ,xm) the ρ - representation.

In the case of parallelotopes, passage between ρ− and H-representations can be done in polynomial

time (Bodlaender et al. (1990)) so we may regard them as equivalent. As we will see later, for this

specific class of problems, computing the bound, equiv., the expectation of Z with respect to an

extremal θ, is NP-hard. But we emphasize that though this expectation can be hard, Z itself will

be regarded as efficient, which will be later exploited in Section 4.2.

Remark 1 (Z(⋅) is Efficient). If Π∗ =ΠV , then for any Q, Z(c) =max(c⊺x1, . . . , c⊺xm) for some

finite collection of vectors {x1, . . . ,xm} in some dimension n - clearly computable in polynomial (in

inputs n and m) time. On the other hand, if Π∗ = ΠH , then for any Q, Z(⋅) will be the support

function, so there exists a polynomial (in inputs n and Q) time algorithm to compute Z(c) for any

c (Khachiyan (1980)).

MDM Dual and its Separation Problem We begin by identifying the separation problem

for the MDM Dual, which will allow us to understand the complexity of MDM(MΠ∗).

Proposition 2. Suppose (µ1,µ2, . . . ,µn) are Borel probability measures on R
n such that

Ec̃i∼µi [∣c̃i∣] <∞ for all i, and let X ⊂Rn be finite. Then:

Z∗
= min
ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi (9)

s.t.
n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) ≤ 0,∀ν ∈P(X )
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The proof can be found in EC.3.2.1. With (9) in view, it is revealed that we may solve the problem

MDM(MΠ∗) with the ellipsoid method, realizing its theoretically favorable complexity, if:

1. The subgradients to the objective function ∑
n
i=1 ∫ ψ

∗
i (c̃i)dµi can be efficiently obtained for any

dual solution {ψi}i.

2. The MDM separation problem:

max
ν∈P(X)

n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) =max
x∈X

n

∑
i=1

ψi(xi), (10)

where X is the set of extreme points to Q, can be solved efficiently for any dual solution {ψi}i.

While the first condition is ensured by Assumption 1, the second condition concerns efficiently

solving the separation problem in the size of the input: n and Q. Under these considerations,

by the equivalence of separation and optimization, we can analyze the computational complex-

ity for MDM(MΠ∗) by equivalently analyzing the computational complexity of the separation

problem (10).

Definition 3. Given a family of polytopes Π∗ and a collection M satisfying Assumption 1, we

say MDM(MΠ∗) is “efficient”, “efficiently computable”, “tractable”, or “poly-time solvable” if

there exists an efficient algorithm to solve the separation problem (10) for any dual solution {ψi}i.

Recalling from Theorem 1 that we may restrict the set of dual solutions ψi to be convex, and

taking into account (10)’s right hand side, we see that the MDM separation problem amounts to

maximizing additively separable convex functions over a polytope. The problem of maximizing the

1-norm of a vector over polytopes is known to be NP-hard (Mangasarian and Shiau (1986)). It

remains so when restricted to the class of parallelotopes (Bodlaender et al. (1990)). By setting ψi

to absolute value functions, we obtain a reduction that establishes NP-hardness in the following

theorem.

Theorem 2. Let M satisfy Assumption 1. Then:

• MDM(MΠV ) is polynomial-time solvable for any collection of V-polytopes ΠV .
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• MDM(MΠH) is NP-hard in general. More precisely, it is NP-hard whenM consists of finite-

support marginal measures and ΠH is the collection of all H-represented parallelotopes in Rn for

arbitrary n, with ρ representation having c = 0 and x1, . . . ,xm ∈ {−1,0,1}n.

The statement in Theorem 2 formalizes results in Meilijson (1991) and Lai and Robbins (1976) to

general V-polytopes. Theorem 2 complements the NP-hardness results for computing the worst-

case bounds in the distributionally robust optimization literature. Closely related to the work,

Agrawal et al. (2012) show that when µ1, . . . ,µn are measures concentrated on {0,1}, and Z is

a function on {0,1}n, then the problem of computing supθ∈Γ(µ1,...,µn)Ec̃∼θ [Z(c̃)] is NP-hard, even

when Z is monotone and submodular using a reduction from the MAX-CUT problem. Meanwhile,

Bertsimas et al. (2010) proved that a distributionally robust linear optimization problem with a

given mean and covariance matrix is NP-hard using a reduction from the 2-norm maximization

over a polytope.

4. Sufficient Conditions for Tractability: The MDM Dual and Supermodularity
of Z

As discussed in the previous section, MDM(MΠ∗) is computationally challenging even when M

consists of finite-support measures and when Π∗ is the class of H-represented parallelotopes. It

is natural to investigate conditions on Π∗ for which MDM(MΠ∗) is tractable - equivalently, for

which the MDM Separation problem is tractable - assuming Assumption 1 on M holds. We next

discuss two types of sufficiency conditions on Π∗: 1.) when the MDM Separation Problem can be

solved efficiently in the size of the input of n and Q ∈Π∗; 2.) the presence of supermodularity makes

for a straightforward characterization of the extremal coupling. Following this, we will compare

and contrast the conditions.

4.1. Sufficiency via 0/1 Formulation

From the left hand side of (10), we observe that the decision space is the collection of marginals

{{Πiν}
n
i=1 ∶ ν ∈P(X )} to all possible joint distributions ν (and not necessarily the ν itself). Theorem

3 show that if this collection can be encoded with a particular polyhedral structure, then the

separation problem reduces to linear programming.
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Theorem 3 (0/1 Formulation of Separation Problem). Let X be a finite point set. Suppose

there exists a 0/1 polytope P ⊆ [0,1]B, where B is some finite set, such that the family of all possible

collections of marginals {(Π1ν,Π2ν . . .Πnν) ∶ ν ∈ P(X )} is in bijection with P such that for any

y ∈P , the corresponding marginals (Π1ν,Π2ν . . .Πnν) are given by

Πiν(ξi) = ∑
S∈Bi(ξi)

y(S),∀i ∈ [n],∀ξi ∈Xi, (11)

where the Bi(ξi) ⊆ 2B, and y(S) ∶=∑s∈S ys. Then

max
ν∈P(X)

n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) =max
y∈P

n

∑
i=1

∑
xi∈Xi

ψi(xi) ∑
S∈Bi(xi)

y(S).

In particular, the separation problem (10) reduces to a linear program over a 0/1 polytope.

It is useful to interpret the identification of the 0/1 polytope P and set functions Bi as identifying

a probability space with a structured collection of events such that for any X− valued random

variable x̃ on this space, its marginals x̃i have their sigma algebras specified by Bi, i.e., Bi(ξi) is

essentially the collection of events for which x̃i = ξi ∈Xi. Inherently, Xi will need to be identified, or

in fact it suffices to efficiently identify, for each i, a superset X ′
i ⊃Xi (see EC.2). We stress that the

pieces P and Bi need not be unique, as we will see in Section 5.1. While these can be identified

sometimes naturally from 0/1 extended formulations (when they exist), it is not always possible

(more discussion on this connection is provided in Section 4.1.2). Theorem 3 and Proposition

2 indicate that MDM(MΠ∗) is polynomial time solvable, if there exists an efficient routine to

identify and formulate a compact (polynomial in size of input) P and Bi(⋅), given input from Π∗.

This brings us to the following corollary.

Corollary 4. Let Π∗ be a collection of polytopes (all in V or H representation). Suppose there

exists a routine such that for arbitrary input integer n and polytope Q (in n variables) from Π∗

(with notation X denoting the extreme points), we can efficiently identify a compact polytope P

and Bi(⋅) ∶Xi→ 2B described in Theorem 3. Then MDM(MΠ∗) is efficient, assuming Assumption

1 on M = (µ1, . . . ,µn).
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We next highlight the use of Corollary 4 by briefly noting how three polytope families fit into its

framework. The reader is referred to the EC on how the objects P and Bi can be constructed

for these positive cases. We then explore some negative cases, as well as show how some common

techniques like binary expansions and extended formulations fail to satisfy Corollary 4.

4.1.1. Polytope Families Satisfying Sufficiency in Corollary 4 In this section, we aim

to illustrate the scope of the sufficiency condition of Corollary 4. More precisely, we will show

that both the class of V-polytopes and 0/1 H-polytopes, for which MDM can be solved efficiently

(see Meilijson and Nadas (1979), Lai and Robbins (1976), Haneveld (1986), Weiss (1986)) falls

under the purview of Corollary 4. We will also prove that a particular class of H-polytopes (not

necessarily 0/1) called L♮ convex also satisfies Corollary 4.

Corollary 5 (V- and H-polytopes). If Π∗ is either a collection of V-polytopes or 0/1 H-

polytopes, then Π∗ satisfies the conditions of Corollary 4.

In fact, in the case of V-polytopes, letting P be the probability simplex suffices. For previous

work on bounds with marginals on specific V-polytopes, we refer the reader to Meilijson (1991) and

Lai and Robbins (1976). As such, these results can be derived from Corollary 5. Many optimization

problems on graphs where the decisions are commonly framed with 0/1 H-polytopes have a tractable

MDM, just as discussed in previous distributionally robust work in PERT networks, shortest path,

maximum flow and network reliability problems (Meilijson and Nadas (1979), Haneveld (1986),

and Weiss (1986)). Owing to the fact that they use 0/1 H-polytopes, their results also follow from

Corollary 5. Similar tractability results were provided for combinatorial optimization problems in

the settings of Bertsimas et al. (2010, 2004, 2006) in which only the marginal moments are known.

We next examine a special class of integral polytopes that are not necessarily 0/1, called L♮ convex

polytopes, and show that this class satisfies the conditions of Corollary 4. This class of polytopes

can arise in dual formulations of network flow problems (Veinott Jr (1989)). We begin with an

analytical characterization of L♮ convex polytopes. Consider a directed graph (V = {1, . . . ,n},A), an

integer-valued distance function d ∶V ×V →Z∪{+∞}, and collections of bounds {li}
n
i=1 ⊂Z∪{−∞},
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{ui}
n
i=1 ⊂Z∪{+∞}. Let X = {x ∈Zn ∶ xi −xj ≤ dij ∀(i, j) ∈A, li ≤ xi ≤ ui ∀i ∈ {1, . . . ,n}}. A set of this

form is known as an L♮ convex set. It is nonempty if and only if d satisfies the triangle inequality:

dik ≤ dij + djk, for all i, j,k ∈ V . Its convex hull is an integral polyhedron (e.g. see Murota (2003))

that when bounded we identify as an L♮ convex polytope. When assuming conv(X ) is bounded,

observe that for any i, li ∶= max
k∶(k,i)∈A

{lk − dki} > −∞ and ūi ∶= minj∶(i,j)∈A{uj + dij} < +∞, so without

loss of generality, let us assume that {li}
n
i=1 ⊆Z, {ui}

n
i=1 ⊆Z.

Definition 4.1 (L♮ convex polytope) Let A ⊆ [n]× [n], {li}
n
i=1 ⊆Z, {ui}

n
i=1 ⊆Z, {dij}(i,j)∈A ⊆Z.

Then Q = {x ∈Rn ∶ xi −xj ≤ dij ∀(i, j) ∈A, li ≤ xi ≤ ui ∀i ∈ {1, . . . ,n}} is an L♮ convex polytope.

Note that we may efficiently obtain from any H-representation of a L♮ convex polytope the A ⊆

[n]×[n], {li}
n
i=1 ⊆Z, {ui}

n
i=1 ⊆Z, and{dij}(ij)∈A ⊆Z. The following corollary states that Π comprised

of this type of input will satisfy the sufficiency condition described in Corollary 4.

Corollary 6 (L♮ convex polytope). If ΠH is a collection of L♮ convex polytopes in H-

representation, then ΠH satisfies the conditions of Corollary 4.

Indeed, given A ⊆ [n]× [n], {li}
n
i=1 ⊆Z, {ui}

n
i=1 ⊆Z, and{dij}(ij)∈A ⊆Z, we may invoke Corollary 4 by

setting P = {y ∈Rn×[l,u]Z
+ ∶∑xi∈[li,ui]Z

yi,xi = 1 ∀i, ∑
u
s=t yi,s+∑

t−dij−1

s=l yjs ≤ 1 ∀(i, j) ∈A, t = l, l+1, . . . ,u},

and letting B = {1, . . . ,n}× [l,u]Z, Bi(ξi) = {(i, ξi)} for ξi ∈Xi. We refer the reader to EC.3.3.4 for

a proof that follows from Möhring et al. (2001) and the integrality of the stable set polytope.

4.1.2. On 0/1 Extended Formulations In this section, we briefly comment on the use of

extended formulations (Conforti et al. (2010)) to invoke Corollary 4 - namely, in constructing a P

and Bi. We call a polyhedron Pext = {(x,y) ∶Ax+Bz ≤ b} an extended formulation for the set X if

projx(Pext) = conv(X ) =∶Q. If additionally the auxilliary variables lie in a 0/1 polytope, then we

call the formulation 0/1. Indeed, in the case of the V and L♮ convex polytope families covered in

Section 4.1.1, there exist natural 0/1 extended formulations whose projections onto the y-variables

yield the respective 0/1 polytopes P we formulated. But in general the existence of 0/1 extended

formulations may not outright provide a certificate of tractability. Particularly, we discuss how just
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using binary expansions is not sufficient and how parallelotopes that have compact 0/1 extended

formulations are still intractable with MDM (Theorem 2).

In previous studies concerned with marginal information, like in Natarajan et al. (2009) and

Mak et al. (2015), the technique of binary expansion was considered in the case of X ⊂Zn. The

following example demonstrates that this does not in general provide a 0/1 polytope P of desired

form outlined in Theorem 3. Consider the following L♮ convex polytope Q = {x ∶ x1−x2 ≤ 1,0 ≤ x ≤ 2}.

Then the polytope P = {y ∈ [0,1]{1,2}×{0,1,2} ∣(∑j y1,j ⋅ j, ∑j y2,j ⋅ j) ∈Q} ⊋ conv(P ∩Z{1,2}×{0,1,2}), as

y defined by y1,0 = 1/2, y1,1 = 0, y1,2 = 1/2, y2,0 = 1, y2,1 = 0, and y2,2 = 0, is a member of the former

and not the latter. Hence, the binary expansion constraints in P do not lead to the desired form

for Theorem 3.

Similarly, the existence of a compact 0/1 extended formulation does not guarantee the effi-

cient construction of a P and Bi(⋅) for Corollary 4. For example, given parallelotope Q =

∑
m
i=1[−x

i,xi], where x1, . . . ,xm ∈Rn are linearly independent vectors, we have Q = Projx({(x,y) ∶

x = 2[x1 x2 . . . xm]y − [x1 +x2 + . . .+xm] , y ∈ [0,1]m}). While P = [0,1]m is a 0/1 polytope, the

sufficiency condition of Corollary 4 cannot hold by Theorem 2.

4.2. Sufficiency via Sublattice Structure

We now discuss a second sufficiency condition on Π∗, motivated naturally by Lemma 2. Lemma

2 states that when Z(c) is supermodular, the monotone coupling presents a worst-case coupling.

The significance is that this reduces the multi-dimensional integral to a single dimensional integral

calculation. In particular, when the marginals µ1, . . . ,µn are all finite-supported, and the support

function Z(c) ∶= max
x∈X

c⊺x over X is supermodular, then upon formulating the monotone coupling

θmon of the marginals (poly-sized support), computation of Z∗ amounts to simply computing

Ec̃∼θmon [Z(c̃)]. This is efficiently computable by Remark 1. So, towards identifying a sufficiency

condition on Π∗, we discuss conditions on X which yield a supermodular support function Z(c).

For a broader study on necessary and sufficient conditions for supermodularity in parametric

optimization, we refer the interested reader to Chen et al. (2021). The next result follows from the
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known fact that polyhedral sublattices admit supermodular support functions (see Theorem 8.1,

Murota (2003)).

Corollary 7. Let ΠV and ΠH be a collection of V- and H-polytopes respectively.

• If every polytope in ΠV has input vertex set X forming a sublattice, then MDM(MΠV ) is

efficient, assuming M = (µ1,µ2, . . .) consists of finite-support marginals.

• If every polytope in ΠH forms a sublattice, then MDM(MΠH) is efficient, assuming M =

(µ1,µ2, . . .) consists of finite-support marginals.

4.2.1. On Identifying Polyhedral Sublattices In Corollary 7, we distinguish the two types

of input because a finite set X forming a sublattice does not in general imply that conv(X ) is

a sublattice (see Example 4.1). Checking the sublattice structure of X in the case of V-polytope

input can be clearly done efficiently. As for the decision problem of whether a given H-polytope

input forms a polyhedral sublattice or not, we refer the reader to Veinott Jr (1989) and Queyranne

and Tardella (2006) for an efficient routine, as well as a number of convenient characterizations

(e.g., bimonotone linear inequalities, generalized node-arc incidence matrices). Finally, we remark

that though sublattice structure is sufficient, it is not necessary for a polytope’s support function

to be supermodular. The following provides such an example.

Example 4.1 Consider the polytope in R3 generated by the set X comprised of: (0,0,0)⊺,(0,1,1)⊺,

and (1,2,1)⊺. While X forms a sublattice, conv(X ) does not. Yet, the support function is super-

modular (shown in EC.3.3.6, using a characterization by Shioura and Tamura (2015)).

4.3. Comparison of Sufficiency Conditions

Broadly speaking, the two previous sections described two different approaches: (1) identify an

efficient reduction of the MDM (dual) separation problem to a compact linear program - Corollary

4; (2) identify when the monotone coupling is optimal - Corollary 7. We conclude this section by

comparing and contrasting the two classes of Π∗ that are captured by the sufficiency conditions. In

doing so, we will compare the value of the dual form with that of the prior work on supermodularity,

with respect to MDM’s complexity.
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We emphasize that Corollary 7 does not subsume Corollary 4. For an illustrative summarization

of the results of this section, we refer the reader to Figure 1. In this Venn diagram, we have a

circle for each of the two corollaries that form the sufficiency conditions we have discussed. Further,

we have added two additional circles for the class of V- and H-polytopes. Each dot labeled “X”

signifies a Π∗ consisting of polytopes of type “X”. As well, we note that while Corollary 4 uses

Assumption 1, Corollary 7 makes the stronger assumption of finite support marginals. In terms

of similarities, the two conditions intersect at the class of L♮ convex polytopes. Indeed, L♮ convex

polytopes are closed under ∧ and ∨ (Murota (2003)). As well, by Theorem 2, when ΠH consists of

all the parallelotopes of all dimensions, it will satisfy neither the sufficiency framework of Corollary

4 nor Corollary 7. Finally, we will see in the next section that the permutahedron presents a ΠH

class satisfying Corollary 4 while simultaneously failing to provide supermodular support functions

Z. It remains an open question as to whether or not there is a polytope class that satisfies Corollary

7 but not Corollary 4.

Corollary 4 Corollary 7

Π∗

L♮ convexPermutahedron

Parallelotope

0/1 H Polytope

V Polytope

Figure 1 A Venn Diagram illustrating the family of polytopes Π∗ that invoke Corollary 7 and/or Corollary 4.

5. Applications of Polynomial Time Solvable Instances

This section focuses on applications that involve polytope classes forming tractable MDM(MΠ)

problems. In a particularly illustrative application, the appointment scheduling problem can call

upon many results of the previous section for its study. We will show in detail how the desired P of
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Corollary 4 can be constructed and/or the identification of the desired supermodularity property

for Corollary 7 to apply.

We refer the interested reader to EC.2 for other application problems: (1) resource allocation with

scheduling; (2) choice bundling; and (3) project scheduling with random, irregular starting time

costs. The resource allocation with scheduling problem explores the permutahedron, which poses

as an example Π∗ that satisfies Corollary 4 but not Corollary 7. In the choice bundling problem,

we explore the application of L♮ convex polytopes (tractable by Corollary 6) in modeling item

dependencies/complementarities, and we demonstrate how choice probabilities can be computed

via Corollary 1’s saddle point conditions. Finally, in the last problem of EC.2, we explore the

application of L♮ convex polytopes (tractable by Corollary 6) in modeling precedence constraints

among jobs.

5.1. Appointment Scheduling

The appointment scheduling problem (see Gupta and Denton (2008)) is an interesting applica-

tion where the results apply. In the simplest version of this problem, a schedule is decided upon

upfront with the goal of minimizing the total waiting time incurred by all the patients who see a

doctor in a day and any possible overtime of the doctor. While the actual time that each patient

spends with the doctor is uncertain at the time of the scheduling, it is common to have partial

distributional information on the individual patient processing times, that might be leveraged on

to develop an optimal appointment schedule (cf. Kong et al. (2013), Mak et al. (2015)). Con-

sider n patients who arrive in a fixed order {1,2, . . . ,n} and need to be scheduled in a given

time interval [0,T ]. We assume that for any patient i, the distribution µi of the service time

c̃i with the doctor is known. The dependence among the distribution of the patients is however

unknown. The decision variables are the time interval assigned to each patient i, denoted by si.

Let S = {s ∈Rn ∶∑n
i=1 si ≤T, si ≥ 0 ∀i ∈ [n]}.

We are interested in the problem of minimizing the worst-case (over all distributions consistent

with the marginals) the expected weighted (positive integer weights di) sum of wait times of the n
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patients seen by one doctor, plus any overtime weighted by an integer γ:

The problem is formulated as: Z∗ ∶=min
s∈S

sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(s, c̃)] , where:

Z(s, c̃) =min
n

∑
i=1

diwi +γwn+1

s.t. w1 = 0, wi+1 ≥ 0, ∀i = 1, . . . ,n,

wi+1 ≥wi + c̃i − si, ∀i = 1, . . . ,n,

or

Z(s, c̃) =max
n

∑
i=1

(c̃i − si)xi

s.t. xi −xi−1 ≥−di, ∀i = 2, . . . ,n,

xn ≤ γ, xi ≥ 0, ∀i = 1 . . . ,n.

(12)

5.1.1. Exploiting a 0/1 Formulation in MDM Appointment Scheduling To properly

account for the effect of the scheduling decision variables si in the inner MDM problem, observe

that max
θ∈Γ(µ1,...,µn)

Ec̃∼θ[Z(s, c̃)] = min
{ψi∶Xi→R}n

i=1
max
ν∈P(X)

∑
i

(∫ ψidΠiν +∫ ψ∗
i (c̃i − si)dµi) , where µi − si

denotes the measure on R induced by the random variable c̃i − si, when c̃i ∼ µi. Define the set

X ∶=Extr ({x ∈Rn+ ∶ xi −xi−1 ≥−di ∀i = 2, . . . ,n, xn ≤ γ}). As X turns out to be a bounded L♮ convex

set, Corollary 6 can provide the desired P representation of Corollary 4. Alternatively this set X has

also been well-characterized in previous works (see Zangwill (1966), Zangwill (1969)), providing a

different P to invoke Corollary 4 (see Mak et al. (2015) for this in MMM), demonstrating different

approaches to solve this problem.

5.1.2. Exploiting Supermodularity in MDM Appointment Scheduling In this section

we show that the “worst” possible realization of the patient processing times (c̃1, . . . , c̃n) occurs when

all these values simultaneously take larger or smaller values. This follows from supermodularity

which in turn follows from sublattice structure.

Proposition 3. For any s, Z(s, c̃) is the support function of a polytope that forms a sublattice;

hence, it is supermodular in the c̃ variables. Therefore, the monotone coupling provides a worst-case

coupling.

When the marginals are finite-support, the problem then reduces to solving the compact LP given

by min
s∈S

Ec̃∼θmon [Z(s, c̃)], where θmon denotes the monotone coupling of the marginals and is

independent of the decision s.
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EC.1. On Infinite X

So that the reader may understand the motivation behind the focus on finite X , as well as get a

sense as to why assuming finiteness is without loss of generality, we comment here on cases when

X is infinite: (1) an unbounded polyhedron, or (2) a compact subset of Rn.

EC.1.1. X is an Unbounded Polyhedron

When P ⊆Rn is a polyhedron, P = conv (Extr(P )) + (0+)P , where Extr(P ) is the finite set of

extreme points and (0+)P is the recession cone. The following result indicates that the study is

nontrivial if and only if the marginal measures and the polyhedron satisfy a joint condition.

Proposition EC.1. Let µ1, . . . ,µn be marginal measures on R, P a polyhedron not necessarily

bounded, and C = [(0+)P ]
∗

be the polar cone to the recession cone. Then

Z∗
= sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [sup
x∈P

c̃⊺x] <+∞ ⇐⇒ supp(µ1)× supp(µ2)× . . .× supp(µn) ⊂C,

where supp(µi) denotes the support of measure µi.

We begin with the following observation:

infθ∈Γ(µ1,...,µn)θ (C) = 1 ⇐⇒ supθ∈Γ(µ1,...,µn)E [supx∈X c̃
⊺x] <+∞,

which is merely stating the elementary fact that Z∗ is finite if and only if all possible marginal

couplings c̃ are concentrated in the polar of the recession cone.

⇐∶ If supp(µ1)× supp(µ2)× . . .× supp(µn) ⊂C, then clearly infθ∈Γ(µ1,...,µn)θ (C) = 1.

⇒ : Next suppose Z∗ = supθ∈Γ(µ1,...,µn)E [supx∈P c̃
⊺x] <+∞, equivalently, that infθ∈Γ(µ1,...,µn)θ (C) =

1. Suppose for the sake of a contradiction that there exists a point x ∈⨉
n
i=1 supp(µi)∩[R2∖C]. The

complement of C, R2 ∖C, is open, which means that by the product topology on Rn there exist

open intervals Vi ∋ xi such that ⨉
n
i=1Vi ⊂R

n ∖C. By the definition of support, each Vi is of positive

µi measure. Therefore, the independent coupling yields (µ1⊗µ2⊗ . . .⊗µn)(⨉
n
i=1Vi) =Πn

i=1µi(Vi) > 0,

meaning infθ∈Γ(µ1,...,µn)θ (C) = 1, a contradiction.
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As this result indicates, as long as the input marginal measures and polyhedron satisfy the

necessary and sufficient geometrical condition, then Z∗ is finite. This is precisely because then any

choice of coupling c̃ will present a random linear cost vector such that supx∈P c̃
⊺x = supx∈Extr(P ) c̃

⊺x

with probability one. In other words, assuming the condition, it is enough to study finite X , if only

because Extr(P ) is finite.

EC.1.2. X is a Compact set

In Section 2.2, Theorem 1 shows that when X is finite, a primal-dual formulation holds. In fact

mere compactness is already sufficient to establish a minimax theorem (interchange of infsup and

supinf). So we state and prove a slightly more general form of Theorem 1 in Section EC.3.1.2.

EC.2. Additional Applications

EC.2.1. Ranking with Applications to a Scheduling Problem

We now discuss an application of this ranking formulation to the problem of allocating resources

to jobs to minimize the sum of completion times on a single machine. Assume that we are given a

set of n jobs, each with random duration c̃i that is processed on a single machine. The objective

function of interest is the sum of completion times. Consider the problem of allocating resources

to these jobs which reduces the time to do the jobs. However this resource allocation has to be

done before knowing the true realization of the job durations or the arrival (priority) sequence

of the jobs. The optimization problem is to allocate the resources to minimize the expected sum

of completion times allowing for the worst-case joint distribution of job times and a worst-case

arrival sequence of jobs. This problem is formulated as: Z∗ ∶= min
t∈T

sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(t, c̃)] . Here

Z(t, c̃) is the optimal value to the linear optimization problem: Z(t, c̃) ∶= max
x∈Xperm(n)

n

∑
i=1

(c̃i − ti)
+xi,

where t is the reduction in the individual job times which is assumed to lie in a polyhedral set

T , and Xperm(n) ∶= {x ∶ [n]↣ [n]} is the set of all permutations on [n] ∶= {1,2, . . . ,n}. Equivalently,

Xperm(n) can be viewed as the set of extreme points to the permutahedron Pperm(n) in Rn which

is defined by the set of inequalities: ∑i∈S xi ≥
∣S∣(∣S∣+1)

2
,∀S ⊂ [n],S ≠φ and ∑

n
i=1xi =

n(n+1)

2
.
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As a first observation, we note that in MDM for this example, we find a case of submodularity

and not supermodularity as desired to invoke Corollary 7.

Proposition EC.2. For any t ∈Rn, maxx∈Xperm∑
n
i=1(c̃i − ti) ⋅xi is monotone, submodular in the c̃

variables. Consequently, Z(t, c̃) is monotone, submodular in the c̃ variables.

Proof: As the statement concerns any fixed t, for the sake of notation, we absorb t into c,

considering ci − ti as a whole by replacing it with ci. As well, we will write Z(c) instead of Z(t, c).

So we will show that F (c) ∶=maxx∈Xperm∑
n
i=1(ci) ⋅ xi is monotone, submodular, before then going

on to establish that Z(c) ∶=F (c+) is monotone, submodular.

Regarding monotonicity of F , this is clear. As for submodularity on Rn, this is equivalent to the

satisfaction of the decreasing differences property. As a result, we need only seek to verify that for

any pair of distinct indices i, j ∈ {1,2, . . . ,n} such that i < j, ci, c
′
i, cj, c

′
j ∈R with ci ≤ c

′
i and cj ≤ c

′
j,

and for any ĉij = (c1, . . . , ci−1, ci+1 . . . , cj−1, cj+1, . . . , cn) ∈R
n−2, that

Fĉij(ci, c
′
j)−Fĉij(ci, cj) ≥Fĉij(c

′
i, c

′
j)−Fĉij(c

′
i, cj), (EC.1)

where Fĉij ∶R
2→R is the function F with all arguments other than the i− th and j − th argument

held fixed to those values given in ĉij.

We now establish (EC.1) to argue for the submodularity of F . Let c ∈ Rn be given, as well

as a number c′j ≥ cj, for some fixed 1 ≤ j ≤ n. Without loss of generality, we will assume that

c1 ≤ c2 ≤ . . . ≤ cn. Let r ∶=max{k ∶ ck ≤ c
′
j}. We will characterize the difference in F caused by the

transition of vector c to c̄ ∶= (c1, c2, . . . , cj−1, c
′
j, cj+1, cj+2, . . . , cn) and then (in r−j swaps) to the vector

with increasing components (c1, c2, . . . , cj−1, cj+1, cj+2, . . . , cr, c
′
j, cr+1, . . . , cn). This total difference will

reflect the change in F upon swapping out cj for c′j.

To facilitate the argument, it will be useful to let σ0 denote the identity permutation, and then

developing the collection {σl}r−jl=1 of permutations inductively by σl+1(k) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σl(j + l+1) k = j + l

σl(j + l) k = j + l+1

σl(k) o.t.w.
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In words, we are making one successive swap after another as we define the next permutation. The

net effect of these successive swaps is to carry c′j from the j-th position to the r-th position in r− j

steps. Importantly, c̄σl(j+l) = c
′
j, for all l. We observe that

Fĉij(ci, c
′
j)−Fĉij(ci, cj) = [

n

∑
k=1

c̄σ0(k) ⋅k−
n

∑
k=1

ck ⋅k]+
r−j−1

∑
l=0

[
n

∑
k=1

c̄σl+1(k) ⋅k−
n

∑
k=1

c̄σl(k) ⋅k]

= (c′j − cj) ⋅ j +
r−j−1

∑
l=0

[c̄σl+1(j+l+1) ⋅ (j + l+1)+ c̄σl+1(j+l) ⋅ (j + l)− c̄σl(j+l+1) ⋅ (j + l+1)− c̄σl(j+l) ⋅ (j + l)]

= (c′j − cj) ⋅ j +
r−j−1

∑
l=0

[c̄σl(j+l) ⋅ (j + l+1)+ c̄σl(j+l+1) ⋅ (j + l)− c̄σl(j+l+1) ⋅ (j + l+1)− c̄σl(j+l) ⋅ (j + l)]

= (c′j − cj) ⋅ j +
r−j−1

∑
l=0

[c̄σl(j+l) − c̄σl(j+l+1)]

= (c′j − cj) ⋅ j +
r−j−1

∑
l=0

[c′j − cj+l+1] = (c′j − cj) ⋅ j +
n

∑
k=j+1

max(c′j − ck,0).

This last expression is nonincreasing as a function of ci for any i ≠ j, as desired, establishing the

submodularity of F .

Finally, we show that F being submodular in c implies that Z(c) = F (c+) is submodular in c.

This follows from

F ([x∨ y]+)+F ([x∧ y]+) =F (x+ ∨ y+)+F (x+ ∧ y+) ≤F (x+)+F (y+) ∀x,y ∈Rn,

as [x∨ y]+ = x+ ∨ y+, [x∧ y]+ = x+ ∧ y+. ◻

The combination of monotonicity and submodularity is of note because this then means that Z∗

can be approximated within e/(e−1) by computing the expectation with respect to the independent

coupling. Indeed, this is the subject of the study conducted in Agrawal et al. (2012), which has

something to say about the practice in stochastic optimization in which stochastic quantities are

assumed to be independently distributed.

But fortunately because the Permutahedron is well-studied and admits an extended formulation

(see Conforti et al. (2010)) that informs the construction of a 0/1 polytope P as in Theorem 3, we

can do better than approximate. We can derive an exact form for Z∗.
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Proposition EC.3. If µ1, . . . ,µn are Borel measures on R and X is the set of extreme points to

the Permutahedron, then min
t∈T

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [ max
x∈Xperm(n)

n

∑
i=1

(c̃i − ti)
+xi] can be formulated as

min
n

∑
j=1

αj +
n

∑
i=1

βi +
n

∑
i=1

Ec̃i∼µi[max
j∈[n]

{(c̃i − ti)
+
⋅ j −dij}]

s.t. t ∈ T , αj +βi ≥ dij, ∀i, j.

(EC.2)

In particular, if Π = (P1,P2, . . .) with Pn =Pperm(n) then Π satisfies the conditions of Corollary 4.

Proof: Observe that if x is a permutation, then we can define an associated 0/1 permutation

matrix Y ∈ {0,1}n×n via Yi,j = 1 ⇐⇒ x(j) = i, i.e., x = (1, . . . ,n) ⋅ Y . Let X ′ be the set of such 0/1

permutation matrices, which is clearly in bijection with Xperm. Next, Birkhoff’s theorem tells us

that the Birkhoff polytope {Y ∈ [0,1]n×n ∶∑iYij = 1 ∀j, ∑j Yij = 1 ∀i} is in fact conv(X ′); in

other words, conv(X ′) can be formulated as a 0/1 polytope in n2 variables {yij}i,j∈[n]. Thus, we

set B = [n]× [n], Bi(xi) = {(i,xi)} for all i,xi ∈ [n], and P as the Birkhoff polytope. This implies

that the separation problem (10) to max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [ max
x∈Xperm(n)

n

∑
i=1

(c̃i − ti)
+xi] can be formulated as

a set of primal and dual linear programs:

max
{yij}

n
i,j=1

n

∑
i=1

n

∑
j=1

ψi(j)yij = min
{αj}

n
j=1,{βi}

n
i=1

n

∑
j=1

αj +
n

∑
i=1

βi

s.t. ∑
i

yij = 1, ∀j, s.t. αj +βi ≥ψi(j), ∀i, j,

∑
j

yij = 1, ∀i,

yij ≥ 0, ∀i, j.

Combining this with Theorem 1, min
t∈T

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [ max
x∈Xperm(n)

n

∑
i=1

(c̃i − ti)
+xi] can be formulated

as:

min
t∈T ,dij

max
∑i yij=1,∑j yij=1,y≥0

n

∑
i=1

n

∑
j=1

dijyij +
n

∑
i=1

Ec̃i∼µi[max
j∈[n]

{(c̃i − ti)
+
⋅ j −dij}],

with which we arrive at the form

min
n

∑
j=1

αj +
n

∑
i=1

βi +
n

∑
i=1

Ec̃i∼µi[max
j∈[n]

{(c̃i − ti)
+
⋅ j −dij}]

s.t. t ∈ T ,

αj +βi ≥ dij, ∀i, j.

◻
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To conclude this example, we emphasize that according to Proposition EC.2 when ΠH consists

of Permutahedra, it does not satisfy Corollary 7. Hence, demonstrating that Corollary 4 and 7 do

indeed capture different classes of polytopes.

EC.2.2. Choice of Bundle

In Section 5.1, when the goal was to obtain a scheduling decision, neither the MDM’s primal nor

dual variables were of particular interest. Rather, it was enough to be able to characterize the

MDM quantity that formed the inner problem. And we did this in two ways - one using the MDM

dual form and one using supermodularity. But in this section, we consider a problem in which we

will actually be interested in the primal and dual variables to MDM.

In prior works Natarajan et al. (2009) and Mishra et al. (2014), the MDM choice model took

the form

sup
θ∈Θ(F0,F1,...,Fn)

Eε̃∼θ [max
x∈X

n

∑
j=1

(vj −pj + ε̃j)xj] , (EC.3)

where vj, pj, and εj denote, respectively, the nominal utility, price, and random shock of alternative

j. And X consists of the possible decisions x ∈ {0,1}n, which encode choices. In Natarajan et

al (2009), X = {x ∈ {0,1}n ∣
n

∑
j=1
xj ≤ 1}, for which it is shown that any primal solution’s marginals

{πiν}
n
i=1 represents the choice probabilities by the consumer. But this X models a consumer that

is only interested in at most one item.

Towards modeling a consumer that may choose more than one item in a setting where items may

exhibit dependencies or complementarity, we can take inspiration from the L♮ convex polytope for

X . Specifically, consider X =Extr({x ∣0 ≤ xj ≤ 1,xi −xj ≤ 0,∀(i, j) ∈A}), where A denotes the arc

set in a dependence graph, which captures the dependence among items. For instance, if (i, j) ∈A,

item j must be chosen if item i is selected. According to the tractability conditions in Section 4,

under Assumption 1, (EC.3) can model the choice probability of bundles and it is tractable. From

Theorem 3, we can reformulate max
ν∈P(X)

∑
n
i=1∑xi∈Xi

ψi(xi)Πiν(xi) as

maxy∈P ∑
n
i=1ψi1yi1 +ψi0yi0 (EC.4)
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where P =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

y

RRRRRRRRRRRRRRRRR

yi1 + yi0 = 1,∀i = 1, . . . ,n

yi1 + yj0 ≤ 1,∀(i, j) ∈A.

⎫⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎭

Therefore, (EC.3) can be reformulated as

min
{ψij}

max
y∈P

∑
n
i=1ψi1yi1 +ψi0yi0 +

n

∑
i=1

E [max{c̃i −ψi1,−ψi0}] (EC.5)

Note that the second term in (EC.5) can be formulated as

(ψi1 −ψi0)Fi(ψi1 −ψi0)−ψi1 + ∫
ψi1−ψi0

cidFi(ci) (EC.6)

Hence (EC.5) can be reformulated as

min
{ψij}

max
y∈P

∑
n
i=1−(ψi1 −ψi0)yi0 + (ψi1 −ψi0)Fi(ψi1 −ψi0)+

∞

∫
ψi1−ψi0

cidFi(ci) (EC.7)

By replacing ψi1 − ψi0 as ηi and taking dual of the inner maximization problem, we can reduce

(EC.7) to the following convex optimization problem in ηi.

min
{ηi}i,{λi}i,{µij}(i,j)∈A

n

∑
i=1
λi + ∑

(i,j)∈A

µij +
n

∑
i=1
ηi1Fi(ηi)+

∞

∫
ηi

cidFi(ci)

s.t. λi + ∑
j∶(i,j)∈A

µij ≥ 0,∀i = 1, . . . ,n

λj + ∑
i∶(i,j)∈A

µij ≥−ηj,∀j = 1, . . . ,n

(EC.8)

The dual formula provides a tractable formula for (EC.3) but loses the information of the persis-

tence value, which is Πiν under the absolutely continuity assumption. Fortunately, according to

the “Saddle-point” conditions in Corollary 3, we in fact can obtain the persistence value Πiν(xi) =

µi∂ηi(xi). Specifically, Πiν(1) = µi∂ηi(1) = µi([ηi,∞)) = 1 − Fi(ηi). With the {Πiν} obtainable in

this way, we have the likelihood that any alternative i will be selected amongst the bundle that

the consumer selects.

EC.2.3. Bounds for Project Scheduling with Random, Irregular Starting Time Costs

In this section, we discuss an extension of the polynomial time complexity results in Möhring

et al. (2001) for project scheduling problems with irregular starting time costs to the case where

randomness is incorporated in the cost function. Consider a set of jobs denoted by N = {1, . . . ,n}
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with a fixed time horizon T̄ = {0,1, . . . ,T} in which all job starting times need to be scheduled. A job

j ∈N is assumed to incur a random cost c̃j(t) if it is started at time t. Let Sj denote the start time

of the job j. For example, the random cost might be defined as c̃j(Sj) = c
0
j(Sj)ε̃j where c0

j(Sj) is a

deterministic cost function of the start time and ε̃j is a random cost term for job j. The precedence

constraints among two jobs i and j are denoted by the constraints Sj ≥Si−dij where dij ∈ (−∞,∞)

is an integer number imposing a time lag between the jobs. Assume the integer processing time

of each job j is denoted by pj. Then this can capture an ordinary precedence constraint that job

j is started only after job i by incorporating the constraint Sj ≥ Si + pi. The precedence among

the jobs is denoted by the digraph G = (N,A) where A = {(i, j)∣dij >−∞}. We assume that there is

no directed cycle of positive length in the graph, to prevent conflicts in scheduling. Assume that

Γ(µ1, . . . ,µn) is the set of distributions for the random terms ε̃1, . . . , ε̃n. The optimization problem

is to solve:

inf
θ∈Γ(µ1,...,µn)

E[minS∈S
n

∑
j=1

c̃j(Sj)] , (EC.9)

where S is the set of feasible starting time vectors. We remark that because the c0
j are arbitrary

functions, the monotone coupling can indeed be suboptimal here.

Remark EC.1. Consider

min
S1,S2

ε1
√
S1

+ ε2S
1/3
2

s.t. 1 ≤S1 ≤ 3

1 ≤S2 ≤ 2

S1 ≤S2,

where the deterministic cost functions are defined by

c0
1(S1) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
√
S1

S1 ∈ [1,3]

+∞ otw

and c0
2(S2) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

S1/3
2 S2 ∈ [1,2]

+∞ otw

Then it is easy to verify that the monotone coupling yields an expected value of ≈ 0.980, while the

anti-monotone yields a smaller expected value at ≈ 0.853. △
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With the above remark suggesting that there is no standard analytical characterization of the

optimal coupling, we proceed with using the dual formulation of Theorem 1 and the extended

formulation technique we illustrated in Section 4.

For a feasible schedule F , let xF be defined as

xFjt ∶=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1, if job j is started in period t,

0,otherwise.

Let X ∶= {xF ∶F is a feasible schedule} be the extreme points to the “time-indexed polytope” Q =

conv{xF ∶ F is a feasible schedule} = conv(X ). The start time for a job j is then defined as Sj =

∑
T
t=0 txjt. Then the inner scheduling problem of minimum cost in this case can be formulated as

an integer program:

min
n

∑
j=1

ε̃jc
0
j

s.t. c0
j =∑

T
t=0 c

0
j(t)xjt ∀j = 1, . . . ,n

T

∑
t=0

xjt = 1, ∀j = 1, . . . ,n,

T

∑
s=t

xis +
t+dij−1

∑
s=0

xjs ≤ 1, ∀(i, j) ∈A,t = 0, . . . ,T,

xjt ∈ {0,1}, ∀j = 1, . . . ,n, t = 0, . . . ,T.

The linear programming relaxation of this integer program provides integral x solutions (see

the proof of Corollary 6). In other words, conv(X ) is a 0/1 polytope; hence, by Corollary 5,

MDM(MΠ) is efficient, assuming Assumption 1 on the marginals and Π is comprised of the 0/1

time-indexed polytopes.

EC.2.3.1. Tractable Reformulation for Project Scheduling with Random, Irregular

Starting Time Costs To illustrate the tractable computational form for the project scheduling

problem:

inf
θ∈Γ(µ1,...,µn)

E[minS∈S
n

∑
j=1

c̃j(Sj)]

=− sup
θ∈Γ(µ1,...,µn)

E[−minS∈S
n

∑
j=1

c̃j(Sj)]
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=− sup
θ∈Γ(µ1,...,µn)

E[maxS∈S
n

∑
j=1

−c̃j(Sj)]

=−minψjt
maxx∈conv(X)

n

∑
j=1

T

∑
t=0

ψjtxjt +
n

∑
j=1

Eε̃j∼µj [max
x̂j∈Xj

{−ε̃j ⋅
T

∑
t=0

c0
j(t)x̂jt −

T

∑
t=0

ψjtx̂jt}]

=− min
(ψjt,λj ,γ

t
ij

)∈Q

n

∑
j=1

λj + ∑
(i,j)∈A,t=0∶T

γtij +
n

∑
j=1

Eε̃j∼µj [max
x̂j∈Xj

{−ε̃j ⋅
T

∑
t=0

c0
j(t)x̂jt −

T

∑
t=0

ψjtx̂jt}],

where

Q ∶= {ψ,λ,γ ∶ λj + ∑
(i,t)∶(j,i)∈A,t=0,...s

γtji + ∑
(i,t)∶(i,j)∈A,t∈[(s−dij+1)∨0,T ]

Z

γtij ≥ψjs,∀j ∈ {1, . . . ,n},∀s ∈ {0, . . . ,T},

γtij ≥ 0,∀(i, j) ∈A,t ∈ {0, . . . ,T}},

and for each j, the integrand term

max
x̂j∈Xj

{−ε̃j ⋅∑
T
t=0 c

0
j(t)x̂jt −∑

T
t=0ψjtx̂jt} =

max
T

∑
t=0

(−ε̃jc
0
j(t)−ψjt)x̂jt

s.t.
T

∑
t=0

x̂jt = 1, ∀j = 1, . . . ,n,

T

∑
s=t

x̂is +
t+dij−1

∑
s=0

x̂js ≤ 1, ∀(i, j) ∈A,t = 0, . . . ,T,

x̂jt ≥ 0, ∀j = 1, . . . ,n, t = 0, . . . ,T.

has an equivalent dual minimization form:

min
{αj′}nj′=1,{β

t
ij′}(i,j′)∈A,t=0∶T

n

∑
j′=1

αj′ + ∑
(i,j′,t)∶(i,j′)∈A,t∈{0,...,T}

βtij′

s.t. αj′ + ∑
(i,j′,t)∶(j′,i)∈A,t∈{0,...,s}

βtj′i + ∑

(i,j′,t)∶(i,j′)∈A,t∈[(s−dij′+1)∨0,T ]
Z

βtij′ ≥ 0, ∀j′ ≠ j, s ∈ {0, . . . ,T}

αj + ∑
(i,t)∶(j,i)∈A,t∈{0,...,s}

βtji + ∑
(i,t)∶(i,j)∈A,t∈[(s−dij+1)∨0,T ]

Z

βtij ≥−ε̃jc
0
j(s)−ψjs, ∀s ∈ {0, . . . ,T}

βtij′ ≥ 0 ∀(i, j′) ∈A,t ∈ {0, . . . ,T}

◻

EC.3. Proofs and Examples

EC.3.1. Section 2 Proofs and Examples

EC.3.1.1. Example: Monotone Coupling Not Always Optimal In the absence of super-

modularity, the monotone coupling may not be an extremal coupling. Consider letting X =
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{(−1,0,0),(0,−1,0),(0,0,−1)} and µ1,µ2,µ3 = 1/3 ⋅11+2/3 ⋅10. Then the optimal coupling is found

in: (c̃1, c̃2, c̃3) = (1,0,0), (0,1,0) and (0,0,1) each with probability 1/3 with expected value of 0. By

contrast, the monotone coupling yields an expected value of −1/3, indicating its suboptimality.

EC.3.1.2. Proof of Theorem 1

Theorem 1: (Primal-Dual Formulation of MDM) Let X ⊂ Rn be compact, Z(c) ∶=

maxx∈X c
⊺x. Let there be given n Borel probability measures {µi}

n
i=1 over R. Then

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] = max
ν∈P(X)

∑
i

max
γi∈Γ(µi,Πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] . (†)

If, in addition, Ec̃i∼µi [∣c̃i∣] <∞ for all i, then

= max
ν∈P(X)

min
{φi∈L

1(R,µi)}
n
i=1

n

∑
i=1
∫ φ∗i (xi) dπiν(xi)+∫ φi(ci) dµi(ci)

= inf
{φi∈L

1(R,µi)}
n
i=1

max
ν∈P(X)

n

∑
i=1
∫ φ∗i (xi) dπiν(xi)+∫ φi(ci) dµi(ci).

And if X is finite, then

= max
p∈RX+ ,∑x∈X px=1

min
{ψi∶Xi→R}n

i=1
∑
x∈X

px(
n

∑
i=1

ψi(xi))+
n

∑
i=1

Ec̃i∼µi [max
xi∈Xi

c̃ixi −ψi(xi)] (Primal)

= min
{ψi∶Xi→R}n

i=1
max

p∈RX+ ,∑x∈X px=1
∑
x∈X

px(
n

∑
i=1

ψi(xi))+
n

∑
i=1

Ec̃i∼µi [max
xi∈Xi

c̃ixi −ψi(xi)] , (Dual)

where, in particular, the infimum in (Dual) is attained (“inf” to “min”). Finally, in all the infimum

(/or minimum) statements, the ψi and φi may be imposed to be convex (as defined in Section

2.1.1).

Proof:

sup
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] =max
θ∈Γ

Ec̃∼θ [max
x∈X

c̃⊺x] = max
(c̃,x̃)∶c̃∼θ∈Γ,x̃∼ν∈P(X)

Ec̃∼θ [c̃⊺x̃] (2)

= max
{(c̃i,x̃i)}

n
i=1∶c̃i∼µi,x̃∼ν∈P(X)

n

∑
i=1

E(c̃i,x̃i) [c̃ix̃i] (3)

= max
ν∈P(X)

n

∑
i=1

max
γi∈Γ(µi,πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] ( †)

= max
ν∈P(X)

n

∑
i=1

min
φi∈L

1(R,µi)
∫ sup

ci∈R

{cixi −φi(ci)} dπiν +∫ φi dµi (4)

= inf
{φi∈L

1(R,µi)}
n
i=1

max
ν∈P(X)

n

∑
i=1
∫ sup

ci∈R

{cixi −φi(ci)} dπiν +∫ φi dµi, (5)
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The attainment of the supremum in the left hand side of (2) is due to the weak-* compactness

of Γ(µ1, . . . ,µn), along with Z being a bounded, continuous function. Equation (4) follows from

Lemma 1 and the integrability assumption (note −∣ci∣ ⋅ ∣maxξ∈X ξi∣ ≤ cixi ≤ ∣ci∣ ⋅ ∣maxξ∈X ξi∣). Finally,

Sion’s Minimax Theorem (Corollary 3.3 of Sion (1958) ) grants equation (5). When X is finite,

the infimum in (Dual) is attained, because L(⋅, ⋅) is “upper closed concave-convex” and hence is

necessarily the Lagrangian of a convex program (see Theorem 36.5 in Rockafellar (1997)), whose

dual program has a feasible solution in the relative interior (i.e., Slater’s Condition / dual “strong

consistency”) (Corollary 30.5.2 in Rockafellar (1997)). ◻

EC.3.1.3. Proof of Corollary 1

Corollary 1 (“Saddle-point” conditions) Suppose X ⊂Rn is finite and let (ν̄,{ψ̄i}i) be a

pair of optimal primal and dual solutions, with ψ̄i convex on Xi. Then:

1. Πiν̄(xi) ∈ [µi (∂ψ̄i(xi)∖∪x′
i
≠xi∂ψ̄i(x

′
i)) ,µi (∂ψ̄i(xi))] ∀i ∈ [n],∀xi ∈Xi

2. ∫X ∑i ψ̄i(xi)dν ≤ ∫X ∑i ψ̄i(xi)dν̄, ∀ν ∈P(X ).

If the µi are absolutely continuous, then the two conditions are sufficient for ν̄ and {ψ̄i}i to be

primal and dual optimal; in addition, 1. becomes equivalent to:

Πiν̄(xi) =µi∂ψ̄i(xi), ∀i ∈ [n],∀xi ∈Xi

Proof: Observe that L({ψ̄i}
n
i=1, ν̄) ≤L({ψi}

n
i=1, ν̄) if and only if

∑
xi∈Xi

ψi(xi) ⋅Πiν̄(xi)+∫ max
xi∈Xi

{c̃i −ψi(xi)}dµi

is minimized in ψi at ψ̄i. For notation’s sake, let Fc̃i(ψi) ∶= maxxi∈Xi
{c̃i − ψi(xi)}, and f(ψi) ∶=

∫ maxxi∈Xi
{c̃i −ψi(xi)}dµi. Then, letting 1xi denote the unit vector in RXi with 1 at xi,

∂Fc̃i(ψi) = conv(−1xi ∶ c̃i ∈ ∂ψi(xi)) ⊂R
Xi

so that by Theorem 7.47 of Shapiro et al. (2014) yields

∂f(ψi) =∫ ∂Fc̃i(ψi)dµi
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implying

Projxi∂f(ψi) = [−1,0] ⋅µi (∂ψ̄i(xi)∩ [∪x′
i
≠xi∂ψ̄i(x

′
i)])−µi (∂ψ̄i(xi)∖∪x′i≠xi∂ψ̄i(x

′
i)) .

Then the optimality of ψ̄i being equivalent to

0 ∈Πiν̄ +∂f(ψ̄i)

implies that for any xi ∈ Xi, Πiν̄(xi) ∈ −Projxi∂f(ψi), as desired. Condition 2 is equivalent to

L({ψ̄i}
n
i=1, ν̄) ≥L({ψ̄i}

n
i=1, ν). ◻

EC.3.1.4. Example: Nonunique θ∗ with Absolutely Continuous Marginals Let X =

{(−1,1),(1,1),(−1.− 1),(1,−1)}, c̃1 ∼Unif[−1,1], c̃2 ∼Unif[−1,1]. Then on the probability space

((−1,1),B,λ), with λ denoting Lebesgue measure, we can define two mappings

(c1(ω), c2(ω)) = (ω,−ω)

and

(c1(ω), c2(ω)) = (ω,ω).

It is easy to see that both mappings induce measures on R2 that are consistent with the given

marginals. As well, they both solve (1). In the first coupling, xOPT is the northwest and south-

east points with equal probability. In the second coupling, xOPT is the northeast and southwest

points with equal probability. But the marginal probability laws to both xOPT are indeed equal,

as guaranteed by Corollary 3.

EC.3.1.5. Proof of Corollary 3

Corollary 3 (Marginal Uniqueness in Primal Optimality) Suppose X is finite and that

the Borel probability measures µ1, . . . ,µn are all absolutely continuous. If ν̄ and τ̄ are both primal

optimal solutions, then Πiν̄ =Πiτ̄ for all i.

Proof: Let {ψ̄i}i be a dual optimal solution. Then, with (ν̄,{ψ̄i}i) and (τ̄ ,{ψ̄i}i) both being

pairs of primal-dual optimal solutions, Corollary 3 follows from Corollary 1. ◻
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EC.3.1.6. Proof of Proposition 1

Proposition 1. Suppose X ⊂Rn is finite and that the Borel probability measures µ1, . . . ,µn are

all absolutely continuous. Then there exists a measurable function x∗ ∶Rn→X that takes the form

x∗(c) = (x∗1(c1), . . . ,x
∗
n(cn)) and satisfies x∗(c) ∈ xOPT (c) for all c ∈⨉

n
i=1 supp(µi), such that for any

primal optimal solution ν̄ ∈P(X ),

Pc̃∼θ∗(x
∗
i (c̃) = ξi) =Pc̃i∼µi(x

∗
i (c̃i) = ξi) =Πiν̄(ξi), ∀ξi ∈Xi, ∀i ∈ [n], (8)

where θ∗ ∈Γ(µ1, . . . ,µn) is any optimal solution to MDM (1).

Proof: Let ν and γi be optimal to the problem

max
ν∈P(X)

∑
i

max
γi∈Γ(µi,Πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] . (†)

Then let x̃ ∼ ν be a random vector. Next, with each component random variable x̃i, and using the

fact that γi ∈Γ(µi,Πiν), we form the random vectors (c̃i, x̃i) ∼ γi. Each of these yields a conditional

distribution c̃i∣∣x̃i . Finally, we couple these independently (any coupling works in fact) to form the

conditional random vector c̃∣∣x̃ ∶= c̃1∣∣x̃1⊗ c̃2∣∣x̃2⊗ . . .⊗ c̃n∣∣x̃n . With x̃ and c̃∣∣x̃, we have a random vector

c̃, whose probability law we will denote with θ∗. It is clear that θ∗ ∈Γ(µ1, . . . ,µn). Therefore,

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ [Z(c̃)] ≥Ec̃∼θ∗ [Z(c̃)] ≥E(c̃,x̃) [c̃
⊺x̃] =

n

∑
i=1

E(c̃i,x̃i) [c̃ix̃i] = max
ν∈P(X)

∑
i

max
γi∈Γ(µi,Πiν)

E(c̃i,x̃i)∼γi [c̃ix̃i] .

By Theorem 1, we establish tightness of the above inequalities so that not only is θ∗ optimal

to maxθ∈Γ(µ1,...,µn)Ec̃∼θ [Z(c̃)] but also Ec̃∼θ∗ [Z(c̃)] = E(c̃,x̃) [c̃
⊺x̃]. Hence, x̃ ∈ argmaxx∈X c̃

⊺x with

probability 1.

We define, for each i, x∗i (ci) ∶= xi when ci ∈ supp(c̃i∣∣x̃i=xi), so that by construction,

Pc̃∼θ∗(x
∗
i (c̃) = ξi) =∫ P (x∗i (c̃i) = ξi∣∣x̃i) dΠiν =∫ 1x̃i=ξi dΠiν =Πiν(ξi).

Recalling that by Corollary 3, all marginals to primal optimal solutions are the same, we have

established (8) for all primal optimal solutions. To show that x∗(c̃) ∈ xOPT (c̃), we note that by the

construction of c̃∣∣x̃,

P (x∗(c̃) = x̃) =P (x∗i (c̃i) = x̃i ∀i) =∫ P (x∗i (c̃i) = x̃i ∀i∣∣x̃)dν =∫

n

∏
i=1

P (x∗i (c̃i) = x̃i∣∣x̃i)dν =∫ 1dν = 1,
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so that x∗(c̃) ∈ argmaxx∈X c̃
⊺x with probability 1.

◻

EC.3.1.7. Example: On Primal Optimal Solutions and Persistency Consider now

when µ1, . . . ,µn are not absolutely continuous but in fact finite-support measures. For a first exam-

ple, consider n = 1, µ1 = 10, and X = {0,1}. Then any distribution over X can solve (7). Let

us consider one in particular in ν̄ defined by ν̄(0) = ν̄(1) = 1/2. Then it is clear that no solution

mapping (i.e., a measurable selection of xOPT ) x∗ exists such that

Pc̃∼θ∗(x
∗
(c̃) = 0) = ν̄(0), Pc̃∼θ∗(x

∗
(c̃) = 1) = ν̄(1).

However, if we were to consider ν̄ =10, then there does exist such a mapping x∗, defined by x∗ ≡ 0.

This might lead one to ask, in the case of µ1, . . . ,µn that are not absolutely continuous, will

there always exist a primal optimal ν̄ such that a measurable selection of xOPT , call it x∗, of form

x∗(c) = (x∗1(c1), . . . ,x
∗
n(cn)) can be defined to yield the “persistence value” statements? The follow-

ing example indicates that the answer is no. Consider n = 2, X = {(0,1),(1,0)},

c̃1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 w.p.1/4

2 w.p.1/4

3 w.p.1/2

, c̃2 =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1.5 w.p.1/5

2.5 w.p.4/5

Then the unique optimal ν̄ to (7) is ν̄ = 1/2 ⋅ 1(0,1) + 1/2 ⋅ 1(1,0). By inspection, we find that the

unique θ∗ is given by: (c̃1, c̃2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1,2.5) w.p.1/4

(2,2.5) w.p.1/4

(3,1.5) w.p.1/5

(3,2.5) w.p.3/10

Any solution mapping x∗ maps all (c1, c2) ∶ c1 < c2 to (0,1) and all (c1c2) ∶ c1 > c2 to (1,0), with

arbitrary decision for the case of c1 = c2. So an example solution mapping x∗ would involve:

x∗(c1, c2) =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(0,1); (c1, c2) ∈ {(1,2.5),(2,2.5)}

(1,0); (c1, c2) ∈ {(3,1.5),(3,2.5)}

, so that x∗#θ∗ = ν̄. But, x∗ is not of the form

x∗(c) = (x∗1(c1), . . . ,x
∗
n(cn)).
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△

EC.3.2. Section 3 Proofs and Examples

EC.3.2.1. Proof of Proposition 2

Proposition 2. The dual formula min
{ψi∶Xi→R}n

i=1
sup

ν∈P(X)

L({ψi}i, ν) is equivalent to

min
ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi

s.t.
n

∑
i=1

ψi(xi) ≤ 0,∀x ∈X .

Proof: From Theorem 1, we have

max
θ∈Γ(µ1,...,µn)

Ec̃∼θ[Z(c̃)] = min
ψi∶Xi→R

max
ν∈P(X)

n

∑
i=1
∫ ψ∗

i (c̃i)dµi +∫ [
n

∑
i=1

ψi(xi)]dν(x)

= min
ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi + max
ν∈P(X)

∑
x∈X

[
n

∑
i=1

ψi(xi)]ν(x)

= min
ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi + max
ν∈P(X)

n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi),

which can be reformulated as

min
θ,ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi + θ (EC.10)

s.t.
n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) ≤ θ,∀ν ∈P(X )

What’s more, we can further modify (EC.10) as

min
ψi∶Xi→R

n

∑
i=1
∫ ψ∗

i (c̃i)dµi

s.t.
n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) ≤ 0,∀ν ∈P(X )

To see it, denote an arbitrary feasible solution to (EC.10) as ((Ψ̄i)i, θ̄). Then ((Ψ̄i)i −

θ̄/n,0) is also feasible to (EC.10) and generates the same objective value. To see it, note

∑
n
i=1∑xi∈Xi

(ψ̄i(xi)− θ̄/n)Πiν(xi) ≤ 0 holds. Hence it is feasible to (EC.10). In addition, it gener-

ates an objective value
n

∑
i=1
∫ max

xi
{cixi − (Ψ̄i(xi)− θ̄/n)}dµi, which is equal to

n

∑
i=1
∫ Ψ̄∗

i (c̃i)dµi + θ̄.

Therefore, it is equivalent to solve (9). ◻
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EC.3.2.2. Proof of Theorem 2

Theorem 2 Computing Z∗ in MDM for the class of linear optimization problems given discrete

marginal distributions and an H-polytope is NP-hard.

Proof: Assume that each c̃i is a random variable taking values in the set {−1,1} where c̃i = 1

with probability pi and −1 with probability 1−pi. Given a realization of the vector c, we associate

with it the set S = {i ∈ [n] ∶ ci = 1} and Sc = {i ∈ [n] ∶ ci =−1}. The corresponding objective function

of the linear program is given as:

Z(S) =max{∑
i∈S

xi −∑
i∈Sc

xi ∶Ax ≤ b} .

Given the input probabilities p1, . . . , pn ∈ [0,1] and an H-polytope, MDM is formulated as:

max ∑
S⊆[n]

pS max{∑
i∈S

xi −∑
i∈Sc

xi ∶Ax ≤ b}

s.t. ∑
S⊆[n]∶S∋i

pS = pi, ∀i ∈ [n],

∑
S⊆[n]

pS = 1,

pS ≥ 0, ∀S ⊆ [n],

(EC.11)

where the decision variables are the probabilities of the scenarios denoted by pS for S ⊆ [n]. The

dual of this linear program is given as:

min y0 + ∑
i∈[n]

piyi

s.t. y0 +∑
i∈S

yi ≥max{∑
i∈S

xi −∑
i∈Sc

xi ∶Ax ≤ b} , ∀S ⊆ [n].

(EC.12)

The separation problem for the dual linear program is as follows: Given a set of values y0, y1, . . . , yn,

verify if:

y0 +∑
i∈S

yi ≥max{∑
i∈S

xi −∑
i∈Sc

xi ∶Ax ≤ b} , ∀S ⊆ [n], (Separation)

else find a violated inequality. Given the equivalence of separation and optimization, it suffices to

show that the separation problem is NP-hard. Towards this end, let yi = 0 for all i ∈ [n]. Then the

separation problem is to verify that

y0 ≥max{∑
i∈S

xi −∑
i∈Sc

xi ∶Ax ≤ b} , ∀S ⊆ [n],
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which is equivalent to

y0 ≥ max
x∶Ax≤b

max
S⊆[n]

∑
i∈S

xi −∑
i∈Sc

xi,

= max
x∶Ax≤b

∣∣x∣∣1.

The right hand side corresponds to 1-norm maximization over polytopes which is known to be NP-

hard (see Mangasarian and Shiau (1986)), implying that the problem of computing Z∗ is NP-hard.

◻

EC.3.3. Section 4 Proofs and Examples

EC.3.3.1. Proof of Theorem 3

Theorem 3: Sufficiency via 0/1 Formulation Let X be a finite point set. Suppose there

exists a 0/1 polytope P ⊆ [0,1]B, where B is some finite set, such that the family of all possible

collections of marginals {(Π1ν,Π2ν . . .Πnν) ∶ ν ∈P(X )} is in bijection with P in which to any y ∈P ,

the corresponding marginals (Π1ν,Π2ν . . .Πnν) are given by

Πiν(ξi) = ∑
S∈Bi(ξi)

y(S) ∀i ∈ [n],∀ξi ∈Xi, (11)

where the Bi(ξi) ⊆ 2B. Then

max
ν∈P(X)

n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) =max
y∈P

n

∑
i=1

∑
xi∈Xi

ψi(xi) ∑
S∈Bi(xi)

y(S).

In particular, the separation problem (10) reduces to a linear program over a 0/1 polytope.

Proof: Clearly (11) implies that

max
ν∈P(X)

n

∑
i=1

∑
xi∈Xi

ψi(xi)Πiν(xi) =max
y∈P

n

∑
i=1

∑
xi∈Xi

ψi(xi) ∑
S∈Bi(xi)

y(S).

◻

Remark EC.2 (Inexact Projections Xi). In the dual formulation of Theorem 1, for any i the

potential function ψi is defined on Xi. In practice, we may not be able to identify Xi precisely.
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What if the best we have is an approximation in the form of a superset X ′
i ⊇Xi? This actually does

not cause complications, as it remains true that

min
{ψi∶Xi→R}n

i=1
sup

ν∈P(X)

∑
i
∫ ψidΠiν +∫ maxxi{c̃ixi −ψi(xi)}dµi

= min
{ψi∶X

′
i
→R}n

i=1
sup

ν∈P(X)

∑
i
∫ ψidΠiν +∫ maxxi{c̃ixi −ψi(xi)}dµi.

This follows because the potential functions ψi in both formulations above may be assumed to

be convex; further, if x′i ∉ Xi, then Πiν(x
′
i) = 0 for all primal optimal ν ∈ P(X ). More precisely,

extending the definition of ψi from Xi to X ′
i - in a manner that preserves convexity - can only result

in increasing ψ∗
i (if any change at all) pointwise. And with ψi(x

′
i) ⋅Πiν(x

′
i) = 0, for any x′i ∈X

′
i ∖Xi,

we see that no such extension could help with minimization.

△

EC.3.3.2. Proof of Corollary 4

Corollary 4 Let Π = (P1,P2, . . .) be a collection of polytopes. Suppose there exists a routine such

that for arbitrary inputs n and Q ∈Pn (with X ∶=Extr(Q)), we may efficiently identify the polytope

P as well as the Bi(⋅) ∶Xi→ 2B described in Theorem 3. Then MDM(MΠ) is efficient, assuming

Assumption 1 on M = (µ1, . . . ,µn).

Proof: With the hypothesized routine on hand, the separation problem always reduces to a

linear program. ◻

EC.3.3.3. Proof of Corollary 5

V- and H-Polytopes If Π is either a collection of V-polytopes or 0/1 H-polytopes, then Π satis-

fies the conditions of Corollary 4.

Proof: We begin by assuming Π is a collection of V-polytopes. Let n and V-polytope Q ∈ Pn

be given in the form of the list of points X = Extr(Q) = {x1, . . . ,xm}. If we let B ∶= {1, . . . ,m},

F ∶= {S ⊂B ∶ ∣S∣ = 1}, and ϕ ∶F →X defined by ϕ(S) ∶=G ⋅χS, where χS ∈ {0,1}B denotes the 0/1

characteristic vector of the set S ⊂B, and G is the n×m matrix formed by appending the elements
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of X together as columns, then clearly to any ν ∈P(X ) there is a unique P ∈P(F) - and vice versa.

And to every P ∈P(F) there is a unique y ∈ P =∆m−1 ∶= {y ∈Rm ∶ y ≥ 0,∑i yi = 1} - and vice versa.

Further,

Πiν(ξi) = ∑

j∶x
j
i
=ξi

yj ∀i ∈ [n],∀ξi ∈Xi.

So upon identifying Bi(ξi) ∶= {S ∈F ∶S = {j},xji = ξi} for all ξi ∈Xi (which is a matter of sorting the

i− th row of G), we establish satisfaction of the hypothesis of Theorem 3. This identification of P

and Bi(⋅) being efficient in the input list X and integer n, we complete the argument by appealing

to Corollary 4.

Next, we assume Π be a collection of 0/1 H-polytopes. Let n and H-polytope Q ∈Pn be given in

the form of a linear system of inequalities Q = {x ∶Ax ≤ b}, where by assumption X ∶=Extr(Q) ⊆

{0,1}n. For the sake of notation, let [n] ∶= {1, . . . ,n}. If we let B ∶= [2n], then to every collection

(Π1ν,Π2ν, . . . ,Πnν) of marginals for some ν ∈P(X ) is a unique member of P = {y = (y+, y0) ∈ [0,1]n×

[0,1]n ∶ y+ ∈Q,y0 =1n −y
+} - and vice versa. Indeed, if ν ∈P(X ), then (y+, y0) ∶= (∑x∈X ν(x) ⋅x,1n −

∑x∈X ν(x) ⋅x) is the unique member of P that satisfies

Πiν(1) = ∑
x∈X ∶xi=1

ν(x) = y+i , Πiν(0) = ∑
x∈X ∶xi=0

ν(x) = 1− y+i = y
0
i = yn+i i = 1, . . . ,n.

Conversely, if y = (y+, y0) ∈P , then y+ =∑x∈X ν(x) ⋅x, for some ν ∈P(X ); while there may be more

than one such ν, the collection of summands ∑x∈X ∶xi=1 ν(x) =∶ Πiν(1) is unique across all such

ν, as desired. To conclude, upon identifying Bi(1) ∶= {i}, Bi(0) = {n + i}, we establish that the

hypothesis of Theorem 3 holds. With the identification of the Bi(⋅) and P being obviously efficient

and compact in the input polytope Q and integer n, we complete the argument by appealing to

Corollary 4. ◻

EC.3.3.4. Proof of Corollary 6

Corollary 6 L♮ convex polytopes can be represented as an H-polytope that satisfies the suffi-

ciency condition described in Theorem 3, hence Z∗ is efficiently computable with any collection of

marginals µ1, . . . ,µn that satisfy Assumption 1.
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Proof: Let G = (V,A), d ∶ V × V → Z ∪ {+∞} (satisfying the triangle inequality) and {li}
n
i=1 ⊂

Z∪ {−∞}, {ui}
n
i=1 ⊂Z∪ {+∞} be given as in the above for the characterization of X . Define u ∶=

maxiui and l ∶=mini li. We claim that

xi −xj ≤ dij ∀(i, j) ∈A ⇐⇒ [xi ∈ {t, . . . ,u} Ô⇒ xj ∉ {l, . . . , t−dij −1}] ∀(i, j) ∈A,∀t ∈ [l,u]∩Z.

The “only if” direction is clear. The “if” direction is also clear, as given an (i, j) ∈ A, xi ∈

{xi, . . . ,u} Ô⇒ xj ∉ {l, . . . ,xi −dij −1}, by hypothesis. Hence, xj ≥ xi −dij, as desired.

Using indicator functions, we can view the equivalence just as well in the form:

xi −xj ≤ dij ∀(i, j) ∈A ⇐⇒
u

∑
s=t

1xi=s +

t−dij−1

∑
s=l

1xj=s ≤ 1 ∀(i, j) ∈A,∀t ∈ [l,u]∩Z

Additionally, since xi =∑
ui
x̄i=li

x̄i ⋅ yi,x̄i , we have found an extended form of the kind in Theorem 3,

with

P ∶= {y ∈Rn×[l,u]Z
+ ∶ ∑

xi∈[li,ui]Z

yi,xi = 1 ∀i,
u

∑
s=t

yi,s +
t−dij−1

∑
s=l

yjs ≤ 1 ∀(i, j) ∈A, t = l, l+1, . . . ,u},

where we have set B = {1, . . . ,n}× [l,u]Z, with u and l efficiently identifiable. Further, using this

form, the projections Xi can be identified efficiently using linear programming, and Bi(x̄i) can be

identified with the singleton {(i, x̄i)}.

What remains is to show that P is an integral polytope. The basis of the following line of

argument is described succinctly in Möhring et al. (2001), and we take the steps to elaborate

on it here for the sake of completeness. Towards this end, we will construct an undirected graph

Ḡ = (V̄ , Ā) for analysis. For each i ∈V and t ∈ {l, . . . ,u}, there is a node xi,t. For every (i, j) ∈A and

t ∈ {l, . . . ,u}, draw an edge between node xi,t and each of the nodes xj,s, for l ≤ s ≤ t−dij − 1. Also,

for each i ∈ V , draw edges to make the collection of nodes {xi,s}s∈[l,u]∩Z a clique. This completes

the construction of the undirected graph.

Next, we will assign an orientation to the edges to show that this graph has a transitive orienta-

tion. To do this, for (i, j) ∈A, let the edge between nodes xi,t and xj,t′ (where t′ ≤ t−dij−1) be drawn

from xi,t towards xj,t′ . Let the edges among the clique {xi,s}s∈[l,u]∩Z be drawn from xi,s towards
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xi,t if and only if s ≥ t. Now, we verify the transitivity. Observe that by the triangle inequality of

d, for (i, j),(j,k) ∈A,

[xi,t→ xj,t′] ∧ [xj,t′ → xk,t′′] Ô⇒ [t′ ≤ t−dij −1] ∧ [t′′ ≤ t′ −djk −1] Ô⇒ t′′ ≤ t−dik−2 < t−dik−1 Ô⇒ xi,t→ xk,t′′ ,

where u→ v denotes the existence of a directed edge from node u towards node v in the oriented

graph. Further, for (i, j) ∈A,

xi,t→ xi,t′ ∧ xi,t′ → xj,t′′ Ô⇒ t′ ≤ t ∧ t′′ ≤ t′ −dij −1 Ô⇒ t′′ ≤ t−dij −1 Ô⇒ xi,t→ xj,t′′ .

This suffices to conclude that the orientation exhibits transitivity in this directed graph, making

G a comparable graph. Then, by Mirsky’s theorem, Ḡ is a perfect graph. By an established result,

perfectness yields that the 0/1 stable set polytope for Ḡ is characterized by the following collection

of facet-defining inequalities: {z ∈RV̄
+ ∶∑v∈K zv ≤ 1}, where K ⊂ V̄ is some maximal clique in Ḡ.

Observe that for arbitrary (i, j) ∈A and t ∈ {l . . . ,u}, the collection of nodes {xi,s}
u
s=t ∪ {xj,s}

t−dij−1

s=l

forms precisely a maximal clique- further, it is clear that all maximal cliques of Ḡ are of this form.

Hence, we can view P as a face of the stable set polytope of Ḡ, concluding it is integral (as the

stable set polytope is integral), as desired. ◻

EC.3.3.5. Proof of Corollary 7

Corollary 7 Let Π = (P1,P2, . . .) either be a collection of V-polytopes for which any member

Q ∈Pn has its input vertex set X be a sublattice, or let Π be a collection of H-polytopes for which

any member Q ∈Pn is a sublattice. Further, suppose the function Z(c) is efficiently computable over

all Q ∈Pn. Then MDM(MΠ) is efficient, assuming finite-support marginals in M = (µ1, . . . ,µn).

Proof: For the V-polytope case:

Define the function δX (x) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 x ∈X

+∞ x ∉X

. It follows that

δX (x∨ y)+ δX (x∧ y) ≤ δX (x)+ δX (y) ∀x,y ∈X
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is equivalent to X being closed under the lattice operations ∨ and ∧. So, δX is submodular. And

since Z is the Legendre-Fenchel conjugate of δX , Z is consequently supermodular (see Murota

(2003)), as desired.

For the H-polytope case:

Let X denote the set of extreme points to an arbitrary H-polytope. Observe that Z = δ∗X =

δ∗∗∗X = δ∗conv(X)
. By hypothesis, conv(X ) is a sublattice, so as similarly argued already, δconv(X) is

submodular, meaning its conjugate, Z, is supermodular, as desired. ◻

EC.3.3.6. Example 4.1 Consider the polytope in R3 generated by the set X comprised of:

(0,0,0)⊺,(0,1,1)⊺, and (1,2,1)⊺. If Z is the support function to this polytope, then to verify that

it is supermodular, by Theorem 3.14 of Shioura and Tamura (2015), it suffices to check that for

any x, argmaxax
⊺a−Z(a) = {a ∶Aa ≤ β}, where A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

α⊺1

. . .

α⊺m

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

is composed of row vectors αi ∈R
3
+ ∪R

3
−.

The case of x ∉ conv(X ) is trivially true, so we focus on the case of x ∈ conv(X ) =∶Q, for which

argmaxax
⊺a−Z(a) = {a ∶ x⊺a =Z(a)}.

• x ∈ ri(Q) Ô⇒ {a ∶ x⊺a =Z(a)} = {a ∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 2 1

1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

a =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

}

• x =λ(0,0,0)⊺ + (1−λ)(0,1,1)⊺ for some λ ∈ (0,1)

Ô⇒ the tangent cone TQ(x) = cone((0,1,1)
⊺,−(0,1,1)⊺,(1,1,0)⊺)

⇐⇒ {a ∶ x⊺a =Z(a)} = {a ∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 1

0 −1 −1

1 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

a ≤

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

}

• x =λ(0,1,1)⊺ + (1−λ)(1,2,1)⊺ for some λ ∈ (0,1)

Ô⇒ the tangent cone TQ(x) = cone((1,1,0)
⊺,−(1,1,0)⊺,−(1,2,1)⊺)

⇐⇒ {a ∶ x⊺a =Z(a)} = {a ∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 0

−1 −1 0

−1 −2 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

a ≤

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

}
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• x =λ(0,0,0)⊺ + (1−λ)(1,2,1)⊺ for some λ ∈ (0,1)

Ô⇒ the tangent cone TQ(x) = cone((1,2,1)
⊺,−(1,2,1)⊺,(0,1,1)⊺)

⇐⇒ {a ∶ x⊺a =Z(a)} = {a ∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 2 1

−1 −2 −1

0 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

a ≤

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

}

• At x = (0,0,0)⊺, TQ(x) = cone((0,1,1)
⊺,(1,2,1)⊺)

• At x = (0,1,1)⊺, TQ(x) = cone(− (0,1,1)⊺,(1,1,0)⊺)

• At x = (1,2,1)⊺, TQ(x) = cone(− (1,2,1)⊺,−(1,1,0)⊺)

Therefore, with the (necessary and) sufficient condition satisfied for all x ∈Q, we conclude that the

support function Z to Q is indeed supermodular by Theorem 3.14 of Shioura and Tamura (2015).

However, (1/2,1,1/2)⊺,(0,1,1)⊺ ∈Q and yet (1/2,1,1/2)⊺ ∨ (0,1,1)⊺ = (1/2,1,1)⊺ ∉Q, meaning Q is

not a sublattice.

EC.4. Computational Experiments

In this section, we use appointment scheduling problem as an example to illustrate the performance

of MDM. Mak et al. (2015) have studied the appointment scheduling problem considered in this

paper with marginal moments. We use the MMM(k) model to denote their model, where the first k

moments are provided in the ambiguity set. They show that MMM for any k ≥ 2 can be formulated

as an SDP using the univariate polynomial optimization technique proposed by Bertsimas and

Popescu (2005). Compared to their model, MDM assumes more information on the uncertainties.

We would like to examine the value of incorporating more information on uncertainties by com-

paring MDM with MMM. In particular, we evaluate and compare the performance of the robust

solutions from MDM and MMM, respectively when the distributions of the service durations are

known and independent.

Our experimental setup is based on Mak et al. (2015). Namely, we consider the case of n = 5 jobs,

and assume that the duration of each job independently follows a probability distribution. Three

types of probability distributions including normal, gamma, and log-normal are tested. Under each

type of probability assumption, we generate our random problem instances as follows:
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(a) Normal (b) Log-Normal (c) Gamma

Figure EC.1 Performance Comparison Between MDM Solution and MMM Solution

• Randomly generate 2000 instances each by sampling:

— Mean1 mi ∼U[3,6] and standard deviation σi =mi ⋅ ε, with parameter ε ∼U[0,0.3],

— Planning horizon T =∑imi + (0.5) ⋅
√
∑iσ

2
i .

For each instance, we generate 5000 samples for each job duration from a pre-specified probability

distribution (normal/ gamma/ log-normal). Based on the samples, we can approximate (??) using

the sample mean for the uni-variate expectation in the second term. Besides, we can get the

empirical moments (up to the fourth moment in this study) from the samples, which serve as inputs

of the MMM(4) model as the benchmark. For each robust solution (from either MDM or MMM), we

evaluate its sample-average performance by re-generating 5000 samples from the aforementioned

distribution. The comparison is based on this simulated cost.

We plot the empirical cumulative distribution function of the simulated costs of the solutions

from the MDM and MMM(4) models for the 2000 randomly generated problem instances in Figure

EC.1. As the figures illustrate, MDM can present a sizeable reduction of the expected waiting

time over MMM(4). The mean of the relative reduction for the three cases are 6.61% (Normal),

8.07% (Log-Normal), 8.03% (Gamma). The results show that incorporating the whole marginal

distribution indeed helps to mitigate the conservativeness of the robust solution compared to the

robust model considering only marginal moments information.


