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1 Introduction

Traffic equilibrium models are fundamental to the analysis of transporta-
tion systems. The inputs to such models are the network topology, origin-
destination (OD) pairs, demands of OD pairs and link performance func-
tions. The goal is to estimate the equilibrium link flows. Daganzo and Sheffi
(1977) relaxed the perfect information assumption of the user equilibrium
(Wardrop, 1952) and proposed a stochastic user equilibrium (SUE) with a
discrete choice model to capture randomness in user route choice behav-
ior. However, traffic networks have a huge number of routes. A common
approach is to generate a smaller set of plausible routes with respect to
some criteria (Bekhor et al., 2006). These algorithms fall in the class of
deterministic methods, and ignore the effect of congestion. While there has
been much focus on developing route based SUE models,there are compu-
tational drawbacks due to the possibility of large choice sets. One approach
in this context is to assume a sequential Markovian decision-making process
where the route choice of a user is determined by successive link choices
that is made independently of how the users reached the current node (see
Akamatsu (1996, 1997); Bell (1995)). Evaluating the steady state flows in
this Markov chain allows the system planner to evaluate all routes without
explicitly generating them. However, this idea has attracted lesser atten-
tion than the route based models due to the difficulty in computing the
choice probabilities and its implementation has been primarily limited to
the multinomial logit (MNL) model and some of its variants. In the traffic
assignment literature, the MNL model has received particular criticism for
its independently and identically distributed (i.i.d) error term assumption
(Sheffi, 1985). Baillon and Cominetti (2008) develop the Markovian choice
model to allow for a general distribution on the error terms and propose a
convex optimization formulation to compute the traffic equilibrium flows.
However, it is not clear if this formulation is efficiently solvable for instances
beyond the multinomial logit. Furthermore, an underlying assumption is
that the probability distribution of the error terms in the link utilities is
known to the system planner, which in practice is rarely the case.

In this paper, we propose a distributionally robust optimization perspec-
tive by relaxing the assumption that the distribution of the error terms of
the link utilities is known to the system planner. The main contributions of
the paper are as follows:

(a) We define a new Markovian marginal distribution model (referred to as
M-MDM) and propose a convex optimization formulation to compute
the link choice probabilities. This formulation can recreate the entropy
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formulation that was first developed in Akamatsu (1996, 1997); and the
Recursive Logit model (Fosgerau et al., 2013) and Nested Recursive
Logit model (Mai et al., 2015), which have been shown to be useful on
real traffic networks.

(b) Unlike the logit based models, the new model relaxes the i.i.d error
assumption and allows for using new families of marginal distributions
such as, logistic, student-t or normal, while preserving computational
tractability. Our model also does not need the joint distribution to
be completely specified which might itself be complicated to specify,
but rather only the marginal distributions of link utilities need to be
specified. This results in lower computational and cognitive burden on
the system planner. We showcase the flexibility of the model in incor-
porating heterogeneity at the link level and the shape of the marginal
distribution thereby capturing a wider range of user choice behavior.

(c) We propose a distributionally robust optimization traffic equilibrium
using the marginal distribution model (referred to as MTE-MDM). For
this model, we develop a new convex optimization formulation and use
optimization methods to compute the equilibrium flows. We provide
examples of marginal distributions under which the equilibrium flow
is provably efficiently computable. Our experiments indicate that the
solution approach is applicable to large traffic networks.

2 Markovian Choice

In a Markovian choice model, a user chooses one of the links emanating from
a node irrespective of how she reached that node. This choice behavior is
fundamentally different from traditional route choice in the sense of spatial
knowledge (see Maher and Hughes (1997)). The Markovian choice fits the
situations where the user is capable of linking locations, but lacks an over-
all understanding of the spatial organization; while route choice represents
the behavior of more professional users having a proper spatial knowledge,
such as taxi drivers (see also Gould (1989); Kuipers (1978); Mark and Mc-
Granaghan (1986); Stern and Leiser (1988)).

Another difference is related to the overlapping route problem. Consider
the loop hole network in Figure 1 where the numbers in brackets are the
expected link costs. There are three routes with equal travel costs. It is
intuitive to expect the choice probability of upper route to be 1/3 when
x = 0, and 1/2 when x = 100 (see Baillon and Cominetti (2008)). In route
choice models, this overlapping effect cannot be modeled unless correlation is
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Figure 1: Loop hole network.

captured. Under Markovian choice, the overlapping problem can be handled
by using different choices of distributions of the error terms in link costs.
In order to illustrate, consider the same example with given expected costs,
but also assume that the observed choice probability of the upper route is
0.40 and that of the lower routes are 0.25 and 0.35. Our model provides
the flexibility to capture such choice behavior by relaxing the identical error
term assumption and allowing heterogeneity at the link level. Note that the
multinomial logit model cannot capture this effect.

2.1 Notation

Let G = (N,A) denote a directed traffic network with a set of nodes N and
a set of links A, where W is the set of OD pairs and D ⊆ N is the set of
destination nodes in the set of OD pairs. We define Gd = (Nd ∪ {d}, Ad) as
the subnetwork for destination d, where Ad is the subset of links (i, j) ∈ A for
which i is reachable from an origin o such that (o, d) ∈W without visiting d,
and destination d is reachable from j. The subset Nd contains all tail nodes
of links in Ad. Finally, we let N+

d (i) denote the out-neighbourhood of node
i and N−d (i) denote the in-neighbourhood of node i in Gd (see Figure 2).
The choice at a node is independent of the previous nodes the user visits.
The uncertainty in the choice behavior is introduced by modelling the link
cost of arc (i, j) as a random variable which is equal to tij − ε̃dij where tij
is the deterministic cost of travelling on the link and ε̃dij is a random utility
error term of using the link towards destination d. That term captures the
preference of the user that is unobservable to the system planner. Let wdj
denote the expected minimum cost of travelling from node j to destination
d. A Markovian choice model for the users travelling towards destination d

4



Figure 2: Illustration of network terminology.

is characterized as the solution to the following system of equations:

wdi = Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, ∀i ∈ Nd, (1)

wdd = 0, (2)

where θid is the joint distribution of the error terms {ε̃dij ; j ∈ N
+
d (i)}. The

error terms of the links emanating from two different nodes are assumed to
be independent, while the error terms of the links exiting a particular node
might be correlated. The corresponding conditional link choice probability
of selecting link (i, j) at node i is defined as:

pdij = Pθid

{
j = argmin

k∈N+
d (i)

{
tik − ε̃dik + wdk

}}
, ∀(i, j) ∈ Ad.

Let Rd be the set of routes with destination d. This set might be countably
infinite to allow for the possibility of cycles. Let δij,r be the number of times
link (i, j) is used in a route r. Then, route choice probabilities are given by
pr =

∏
(i,j)∈Ad

(pdij)
δij,r ,∀r ∈ Rd, d ∈ D; and the route flows by yr = hdor · pr,

where or is the origin of route r and hdo is the demand of the OD pair (o, d).
Finally, we define xdij =

∑
r∈Rd:(i,j)∈r yr,∀(i, j) ∈ Ad as the flow towards a

designated destination; and fij =
∑

d∈D:(i,j)∈Ad
xdij ,∀(i, j) ∈ A as the total

link flow.

2.2 Literature Review

Building on the earlier work of Dial (1971), Akamatsu (1996, 1997) and
Bell (1995) proposed the Markovian logit model. In this model, the random
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utility error terms ε̃dij are assumed to be i.i.d Gumbel random variables with
a dispersion parameter β. This model is also sometimes referred to as the
Recursive Logit model (see Fosgerau et al. (2013)). In this model, a closed
form expression for the conditional link probability expression in the wdj
variables is given as follows:

pdij =
exp

[
−β
(
tij + wdj

)]
∑

k∈N+
d (i)

exp
[
−β
(
tik + wdk

)] , ∀(i, j) ∈ Ad. (3)

Solving for the Markovian logit model reduces to solving the following set
of nonlinear equations in the wdj variables:

wdi = − 1

β
ln

 ∑
j∈N+

d (i)

exp
[
−β
(
tij + wdj

)] , ∀i ∈ Nd, (4)

wdd = 0. (5)

A straightforward approach to solve this system of nonlinear equations is to
convert it to a system of linear equations through an exponential transfor-
mation of the wdj variables (see Fosgerau et al. (2013) for such an approach).
Recently, Mai et al. (2015) extended this to Nested Recursive Logit model
that allows for correlations among the error terms. However this model is
much harder to solve as there is no straightforward transformation of the
system of nonlinear equations to a system of linear equations.

Baillon and Cominetti (2008) proposed a general Markovian Traffic Equi-
librium (MTE) model for the congested case with general distributions. Let
τij(fij) be a strictly increasing continuous cost function which defines the
cost of a link as a function of its flow fij . Then the MTE is defined as the
solution to a fixed point problem in the variables (fij , tij , w

d
i , x

d
ij , n

d
i ) where
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ndi is the number of users at node i moving towards destination d as follows:

tij = τij (fij) , ∀(i, j) ∈ A,

wdi = Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, ∀i ∈ Nd, d ∈ D,

wdd = 0, ∀d ∈ D,

ndi = hdi +
∑

k∈N−d (i)

xdki, ∀i ∈ Nd, d ∈ D,

xdij = ndi · Pθid

{
j = argmin

k∈N+
d (i)

{
tik − ε̃dik + wdk

}}
, ∀(i, j) ∈ Ad, d ∈ D,

fij =
∑

d∈D:(i,j)∈Ad

xdij , ∀(i, j) ∈ A.

Under mild assumptions on the distribution of the random utilities which
is denoted by θ, the authors showed that the MTE exists and is unique.
Furthermore, the link costs at equilibrium are obtained as the solution to
the following unconstrained convex optimization formulation:

Z (θ) = max
t

∑
d∈D

∑
i∈Nd

hdi · wdi (t)−
∑

(i,j)∈A

∫ tij

0
τ−1
ij (ω)dω, (6)

where wdi (t) is a concave and smooth function of the link costs and is implic-
itly defined in (1)-(2). The equilibrium link flow is given as fij = τ−1

ij (t∗ij)
where t∗ij is the unique optimal solution in the convex optimization formula-
tion (6). The application of this model has however been primarily restricted
to the logit model. This largely stems from the challenge in computing the
choice probabilities for general distributions. Furthermore in link based
models, the system planner also needs to solve a set of nonlinear equations
in the wdj variables unlike the route based models; hence, it is not clear if
this formulation is efficiently solvable in theory. Another important assump-
tion that is implicitly made in the model but is itself subject to scrutiny is
that the system planner has complete knowledge on the distribution of the
random utilities. In this paper, we derive a new class of Markovian traffic
equilibrium models which relaxes this assumption while at the same time
preserving computational tractability.

A related class of link based methods uses an efficiency criterion sim-
ilar to the STOCH approach of Dial (1971). Maher (1998) developed an
efficient method to find the equilibrium under the logit assumption. The
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methods in this class allow for efficient stochastic network loading with the
cost of being restrictive in routes that can be used by the commuters. Ma-
her (1992) and Maher and Hughes (1997) proposed a stochastic network
loading method with normal error terms, referred as the Stochastic As-
signment Model (SAM) where users follow a dynamic choice process. This
approach has similarities with M-MDM having normal marginals; except
that SAM uses Clark’s approximation (Clark, 1961) to dynamically build
an approximate joint distribution, while M-MDM uses a robust optimization
approach.

2.3 Distributionally Robust Markovian Traffic Equilibrium

To provide a distributionally robust perspective on the MTE, we start by re-
formulating (6) as a constrained convex optimization problem in the decision
variables (tij , w

d
i ) as follows:

Z (θ) = max
t,w

∑
d∈D

∑
i∈Nd

hdi · wdi −
∑

(i,j)∈A

∫ tij

0
τ−1
ij (ω)dω (7)

s.t. wdi ≤ Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, ∀i ∈ Nd, d ∈ D, (8)

wdd = 0, ∀d ∈ D. (9)

Note that at optimality, the inequalities in (8) will be tight as hdi > 0.
However an important assumption in the model is that the joint dis-

tribution of the error terms is known to the system planner. For a joint
distribution θid with continuous marginals, Sklar’s theorem (Sklar, 1959)
shows that it can be represented in terms of the univariate marginal dis-
tribution functions and a copula which describes the dependence structure
between the variables as follows:

θid = Cid(F
d
ij ; j ∈ N+

d (i)),

where F dij are the marginal distributions of the error terms ε̃dij for j ∈ N+
d (i)

and Cid(·) : [0, 1]|N
+
d (i)| → [0, 1] is a copula function. A wide range of copula

functions has been developed to represent positive and negative correlation
structures and to incorporate tail dependency, which provides modeling flex-
ibility depending on the available data. On the other hand, it is not clear
if the corresponding traffic equilibrium problem is efficiently solvable in all
these cases. Furthermore, it is sometimes unclear a priori, what the right
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choice of copula for the link utility error terms is. As a result, it is very com-
mon in the literature to assume independence among the link error terms
and use the Gumbel marginal distributions to recreate the logit formula
for tractability purposes, or generalizations to models such as nested logit
have been developed. In this paper, we propose a distributionally robust
optimization perspective to deal with this issue where only the marginal
distributions are specified, but the copula is not specified. Computationally,
our model has the advantage that there is no need to specify a high dimen-
sional copula for the system modeler. Further, similar to the copula based
approach, it allows for a very wide range of marginal distribution families,
beyond Gumbel distributions. For example, normal distributions have been
proposed previously when the number of route users is sufficiently large
(see Watling (2006)). Other traffic researchers have proposed that travel
time distributions are often skewed (see Polus (1979); Castillo et al. (2013,
2014)) and used distributions such as lognormal or gamma to model the
travel link utilities. Furthermore, in a network with a few but serious traffic
incidents, travel times might be significantly different from normal, having
heavy tails (Fosgerau and Fukuda, 2012). To capture such situations, heavy
tailed marginals such as student-t with parameter 2 can be used. Similarly,
when different types of users; say business and leisure drivers use the links,
it is natural to use a bimodal distribution such as the mixture of two normal
distributions to model the link utilities. On the other hand, the limitation
of the model is that by accounting for the worst-case distribution, our result
might in some cases be over conservative. It is natural to ask for what types
of correlation structures, the proposed framework provides a reasonable fit.
In our simulations (see Section 6.1.4), we observe that the model provides
accurate link flow predictions when there is a negative correlation among
the error terms; such as the cases where each individual has a strong pref-
erence for a certain link over others and also provides good predictions for
independent distributions. On the other hand, in instances where there is
a strong positive correlation among the link utilities, the accuracy of our
model’s predictions is lower. In such cases, it seems more reasonable to use
an appropriately chosen copula.

We now provide a distributionally robust formulation for the MTE which
relaxes this assumption as follows. Suppose that the joint distribution θid of
the error terms {ε̃dij ; j ∈ N

+
d (i)}, is not completely known. Rather it is only

known to lie in a set of joint distributions Θid. Then the distributionally
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robust Markovian traffic equilibrium is formulated as follows:

max
t,w

∑
d∈D

∑
i∈Nd

hdi · wdi −
∑

(i,j)∈A

∫ tij

0
τ−1
ij (ω)dω (10)

s.t. wdi ≤ Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, ∀θid ∈ Θid,∀i ∈ Nd, d ∈ D,

(11)

wdd = 0, ∀d ∈ D, (12)

where (11) enforces that the constraint is valid for all joint distributions in
the set Θid. Since the seminal work of Scarf (1958) on the minmax newsven-
dor problem, there has been significant progress in developing robust and
distributionally robust optimization techniques for network flow problems.
The applications studied include network design (see Atamturk and Zhang
(2007)), dynamic empty container repositioning (see Erera and Savelsbergh
(2009)), vehicle routing (see Carlsson and Delage (2013)), path based traffic
equilibrium models (see Ahipaşaoğlu et al. (2015, 2016) and Ordóñez and
Stier-Moses (2010)) and the traveling salesperson problem (see Carlsson and
Behroozi (2017)).

3 Markovian Marginal Distribution Model (M-MDM)

In this section, we introduce a new discrete choice model for a single desti-
nation with a fixed link cost and extend the model to the congested case in
the next section. We make the following assumptions.

A1 Random utility error terms of the links that emanate from two different
nodes are independent of each other.

A2 The joint distribution θid of the random error terms {ε̃dij ; j ∈ N
+
d (i)}

that emanate from a node is only known to lie in a set of distribu-
tions with given marginal distributions. This set of distributions is
designated as Θid.

A3 The random utility error term of each link has a finite first moment,
namely Eθid [|ε̃dij |] < ∞ for all θid ∈ Θid. The support of the random
error term is either the whole real line (−∞,∞), or the semi-infinite
interval (ε,∞), where ε is the minimum value for the corresponding
error term. The cumulative distribution function is strictly increasing
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on the support and is continuous with a probability density function
f(.) > 0 on the support.

Assumption A3 on the marginals is satisfied by a wide range of distribu-
tion families, such as the exponential, normal, student-t, logistic, Gumbel
and gamma distributions to name a few. Consider the node i where the link
costs tij and the expected costs to go from nodes j ∈ N+

d (i) denoted by wdj
are known. In MDM, the minimum expected cost at node i is calculated as
follows:

wdi = min
θid∈Θid

Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, (13)

and pdij = Pθ∗id{j = argmink∈N+
d (i){tik− ε̃

d
ik+wdk}}, where θ∗id is the extremal

distribution in (13). For fixed values of wdj , Mishra et al. (2014) provided
an equivalent reformulation as a convex minimization problem over finite
dimensional choice probabilities as follows:

wdi = min
pd
i


∑

j∈N+
d (i)

(
(tij + wdj )p

d
ij −

∫ 1

1−pdij
F dij

(−1)
(ω)dω

)
: pd

i ∈ ∆d
i

 ,

where ∆d
i is a unit simplex defined as follows:

∆d
i =

pd
i :

∑
j∈N+

d (i)

pdij = 1, pdij ≥ 0,∀j ∈ N+
d (i)

 .

Under the assumptions on the marginal distributions, this is a strictly convex
optimization problem over the unit simplex and the choice probabilities are
strictly positive. The Karush-Kuhn-Tucker (KKT) optimality conditions
are:

pdij = 1− F dij
(
λdi + tij + wdj

)
, ∀j ∈ N+

d (i), (14)

1 =
∑

j∈N+
d (i)

[
1− F dij

(
λdi + tij + wdj

)]
, (15)

where λdi is the dual variable corresponding to the equality constraint
∑

j p
d
ij =

1. The choice probabilities in this case are easily computed by an efficient
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line search method over the single variable λdi using the condition (15). Al-
ternatively, the minimum expected cost and the optimal value of the dual
variable is obtained by solving the following concave maximization problem:

wdi = max
λdi

−λdi −
∑

j∈N+
d (i)

∫ ∞
λdi +tij+wd

j

[
1− F dij(ω)

]
dω

 . (16)

It is easy to verify again that under the assumptions, there exists a unique
λdi satisfying the normalization condition (15), which is an optimality con-
dition that arises from (16). We now generalize the result to the Markovian
Marginal Distribution Model (M-MDM) as follows.

Definition 1. Given the link cost vector t, the link choice probabilities of
M-MDM, for the users moving towards destination d are characterized as
the solution of the following system of equations in the variables wdi :

wdi = min
θid∈Θid

Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
∀i ∈ Nd, (17)

wdd = 0, (18)

where:

pdij = Pθ∗id

{
j = argmin

k∈N+
d (i)

{
tik − ε̃dik + wdk

}}
, ∀(i, j) ∈ Ad, (19)

and θ∗id is the extremal distribution in (17).

It is important to note that there exists at most one solution for the M-
MDM system (see Appendix A.1). Next, we propose an equivalent convex
optimization reformulation to solve the system of equations in M-MDM and
compute the probabilities.

Proposition 1. Given a link cost vector t, the conditional link choice prob-
abilities of the users moving to destination d in M-MDM is calculated as:

pdij = 1− F dij
(
λdi + tij + wdj

)
, ∀(i, j) ∈ Ad,

where the values of λdi and wdi are obtained from the optimal solution to the
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following convex optimization problem:

Z∗d (t) = max
wd,λd

∑
i∈Nd

hdi · wdi (20)

s.t. wdi ≤ −λdi −
∑

j∈N+
d (i)

∫ ∞
λdi +tij+wd

j

[
1− F dij (ω)

]
dω, ∀i ∈ Nd,

(21)

wdd = 0. (22)

Proofs of propositions and lemmas are presented in Appendix A. By
Proposition 1, link choice probabilities under M-MDM can be obtained as
the solution to a convex program. Constraint (21) involves one dimensional
integrals, which can be efficiently calculated for a wide range of distribution
families. One such family is the student-t distribution with two degrees of
freedom. In the following lemma, we show that the problem can be solved
in polynomial time for this special case.

Lemma 1. For the special case where the marginals have student-t distri-
bution with two degrees of freedom, the problem in (20)-(22) can be refor-
mulated as a second-order cone programming model.

The KKT optimality conditions of the M-MDM formulation are equiv-
alent to the constraints of a network flow problem where hdi units enter the
network at node i ∈ Nd, and

∑
i∈Nd

hdi units leave the network from node

d. Let xdij be the flow on link (i, j), and ndi be the outflow from node i.

Using the substitution xdij = ndi · pdij , the KKT optimality conditions can

be rewritten as
∑

j∈N+
d (i) x

d
ij −

∑
k∈N−d (i) x

d
ki = hdi ,∀(i, j) ∈ Ad. The choice

process can be considered as a Markov chain where nodes are the states and
destination d is the single absorbing state. Let Qd be an |Nd| × |Nd| matrix
where (i, j)th entry of the matrix, Qd

ij , is equal to pdij if (i, j) ∈ Ad and zero

otherwise. Since pdij > 0, Qd is sub-stochastic; and I − Qd is nonsingular
(Kemeny et al., 1960), where I is the identity matrix of size |Nd|. The fun-
damental matrix of the Markov chain is Md =

∑∞
n=0(Qd)n = (I −Qd)−1,

where Md
ij is the expected number of times a user entering the system at

node i visits node j before reaching the destination. Then, ndi can be ex-
pressed as follows:

ndi =
∑
o∈Nd

hdo ·Md
oi, ∀i ∈ Nd. (23)
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Now consider the M-MDM recursion (17). Given optimal link choice prob-
abilities pdij , the expression can be rewritten using the primal MDM formu-
lation as follows:

wdi =
∑

j∈N+
d (i)

(
tij · pdij −

∫ 1

1−pdij
F dij

(−1)
(ω) dω

)
, ∀i ∈ Nd,

wdi = wdi +
∑

j∈N+
d (i)

pdij · wdj , ∀i ∈ Nd.

Here, wdi corresponds to the instantaneous cost and the second term calcu-
lates the expected cost from the downstream nodes. In matrix form, the
system can be expressed as Wd = Wd + QdWd which is equivalent to the
following expression:

wdi =
∑
j∈Nd

Md
ij · wdj ∀i ∈ Nd. (24)

Using equations (23) and (24), the optimal objective function value of M-
MDM given the link choice probabilities can be expressed as follows (see
Appendix A.4):

∑
i∈Nd

hdi · wdi =
∑
i∈Nd

∑
j∈N+

d (i)

tij · xdij − ndi ∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω) dω

 .

Using the KKT conditions and the alternative expression of the objective
function, we can reformulate the M-MDM problem in flow variables.

Proposition 2. Given a link cost vector t, the link choice probabilities of
the users moving towards destination d in M-MDM is calculated by:

pdij =
xdij

ndi
, ∀(i, j) ∈ Ad,

where the unique values of xdij and ndi are obtained from the optimal solution
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to the following convex optimization problem:

Z∗d (t) = min
xd,nd

∑
(i,j)∈Ad

tij · xdij − ndi ∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω)dω

 (25)

s.t.
∑

j∈N+
d (i)

xdij = ndi , ∀i ∈ Nd, (26)

∑
k∈N−d (i)

xdki + hdi = ndi , ∀i ∈ Nd, (27)

xdij ≥ 0, ∀(i, j) ∈ Ad. (28)

3.1 Special Case: Multinomial Logit

In this section, we show that for special instances of the marginal distri-
butions, M-MDM reduces to the multinomial logit model and some of its
extensions. We do this by showing the equivalence of a special instance
of Proposition 2 with an entropy maximization problem that was first pro-
posed in Akamatsu (1996) for the Markovian logit model with independent
and identical Gumbel random variables:

Zd

(
θ

(G)
d , t

)
= min

x

∑
(i,j)∈Ad

xdij · tij +
1

β

∑
(i,j)∈Ad

xdij · lnxdij

− 1

β

∑
i∈Nd

 ∑
j∈N+

d (i)

xdij

 · ln
 ∑
j∈N+

d (i)

xdij

 (29)

s.t.
∑

j∈N+
d (i)

xdij −
∑

k∈N−d (i)

xdki = hdi , ∀i ∈ Nd,

(30)∑
i∈N−d (d)

xdid =
∑
i∈Nd

hdi , (31)

xdij ≥ 0, ∀(i, j) ∈ Ad.
(32)

We now provide an alternative derivation of this model from our result.

Proposition 3. Let θ
(G)
d be the joint distribution of independent and iden-

tical Gumbel random error terms with dispersion parameter β; and Θ
(E)
d be
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the set of all joint distributions of the random error terms with exponential
marginals having location parameter −1/β and scale parameter 1/β, where:

F dij (ω) = 1− exp (−1− βω) , ∀ω ≥ − 1

β
, (i, j) ∈ Ad.

Then, the M-MDM formulation given in (25)-(28) reduces to the Markovian
logit formulation given in (29)-(32) with

Z
∗(E)
d (t) = Zd

(
θ

(G)
d , t

)
.

Similarly, it is possible to show the equivalence of the model in the ex-
pected cost variables with the formulation for the Markovian logit model
studied in Fosgerau et al. (2013) and given by the equations (4)-(5). Let λdi
be the optimal dual variable. Substituting the cumulative distribution func-
tion, we obtain the following choice probability expression for exponential
marginals:

pdij = exp
(
−1− βλdi

)
· exp

(
−β
(
tij + wdj

))
, ∀(i, j) ∈ Ad.

The normalization condition (15) provides a closed form expression for λdi :

∑
j∈N+

d (i)

pdij = 1 =⇒ λdi =
1

β
ln

 ∑
j∈N+

d (i)

exp
(
−β
(
tij + wdj

))− 1

β
.

Substituting λdi in the choice probability expression, we obtain:

pdij =
exp

(
−β
(
tij + wdj

))
∑

k∈N+
d (i) exp

(
−β
(
tik + wdk

)) , ∀(i, j) ∈ Ad.

Finally, substituting the cumulative distribution function in the recursive
equation, we obtain the following:

wdi = −λdi −
exp

(
−1− βλdi

)
β

∑
j∈N+

d (i)

exp
(
−β
(
tij + wdj

))

= − 1

β
ln

 ∑
j∈N+

d (i)

exp
(
−β
(
tij + wdj

)) ,

which is exactly the expected minimum cost expression of the Markovian
logit model given in (4).
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Corollary 1. When the marginal distribution of the random error term
ε̃dij is exponential with location parameter −1/βi and scale parameter 1/βi,
the M-MDM system of equations given in (17)-(18) reduces to the system of
equations in the Nested Recursive Logit model proposed by Mai et al. (2015).

The proof follows directly from Proposition 3 by using node specific dis-
persion parameters βi instead of identical β. The Nested Recursive Logit
model aims to model the correlation among the links by allowing hetero-
geneity in the node level. M-MDM generalizes this model by relaxing the
identically distributed assumption and allows heterogeneity in the link level.

4 Markovian Traffic Equilibrium with MDM

In congested traffic networks, users’ choices affect the link costs and hence,
link choices towards different destinations are interdependent. The equilib-
rium flow is then obtained as the solution to a fixed point problem defined
as follows.

Definition 2. Let pdij(t) be the link choice probabilities obtained by M-MDM
for given link cost vector t. The Markovian traffic equilibrium under this
model, termed as MTE-MDM, is characterized as the solution to the follow-
ing fixed point problem in the variables (fij , tij , x

d
ij , n

d
i , p

d
ij):

ndi = hdi +
∑

k∈N−d (i)

xdki, ∀i ∈ Nd, d ∈ D, (33)

xdij = ndi · pdij(t), ∀(i, j) ∈ Ad, d ∈ D, (34)

fij =
∑

d∈D:(i,j)∈Ad

xdij , ∀(i, j) ∈ A, (35)

tij = τij (fij) , ∀(i, j) ∈ A. (36)

Conditions (33)-(34) are equivalent to the flow conservation constraints
(26)-(27) in M-MDM. Therefore, the M-MDM formulation given in (25)-
(28) can be naturally extended to handle congestion by using the link cost
functions. We make the following additional assumption in this section for
the congested network case.

A4 The link cost function τij(.) is strictly increasing with τij (f) > t0ij ≥ 0,

for any positive flow f > 0; where t0ij is the free flow travel cost of link
(i, j).
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One such function that is commonly used is the Bureau of Public Roads
(BPR) cost function which accounts for congestion as follows:

τij(fij) = t0ij

[
1 + αij

(
fij
qij

)γij]
, ∀(i, j) ∈ A,

where qij is the capacity, and αij and γij are constants. Therefore, fij/qij
serves as a measure of congestion.

Proposition 4. Under assumptions A1-A4, the equilibrium link flows for
the MTE-MDM is obtained as the unique optimal solution to the following
convex optimization problem:

Z∗ = min
x,n,f

∑
(i,j)∈A

∫ fij

0
τij(ω)dω −

∑
d∈D

∑
(i,j)∈Ad

ndi

∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω)dω (37)

s.t.
∑

j∈N+
d (i)

xdij = ndi , ∀i ∈ Nd, d ∈ D, (38)

∑
k∈N−d (i)

xdki + hdi = ndi , ∀i ∈ Nd, d ∈ D, (39)

∑
d∈D:(i,j)∈Ad

xdij = fij , ∀(i, j) ∈ A, (40)

xdij ≥ 0, ∀(i, j) ∈ Ad, d ∈ D. (41)

Furthermore, the link choice probabilities at equilibrium are:

pdij =
xdij

ndi
, ∀(i, j) ∈ Ad, d ∈ D.

The MTE-MDM flows can alternatively be obtained by solving a convex
optimization problem using the cost variables in the dual formulation:

Z∗ = max
w,λ,t

∑
d∈D

∑
i∈Nd

hdi · wdi −
∑

(i,j)∈A

∫ tij

0
τ−1
ij (ω) dω (42)

s.t. wdi ≤ −λdi −
∑

j∈N+
d (i)

∫ ∞
λdi +tij+wd

j

[
1− F dij (ω)

]
dω, ∀i ∈ Nd, d ∈ D,

(43)

wdd = 0, ∀d ∈ D. (44)
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The dual formulation allows to compare MTE-MDM formulation and
MTE (Baillon and Cominetti, 2008) formulation given in (7)-(9). The MTE
formulation is convex under mild assumptions and can be applied to general
error distributions. However, solving it is hard due to the computation of
multidimensional integrals in the expectation (constraint (8)). This has lim-
ited the application of the model to the multinomial logit with i.i.d Gumbel
error terms, for which this expectation has a closed form expression. On
the other hand, the constraint (43) involves only one dimensional integrals,
which is significantly less complex. This leads to tractable solution algo-
rithms as we discuss next.

5 Solution Algorithm

In this section, we show that a fixed point iteration can be used to find the
choice probabilities for a given link cost vector. These iterations include
a step to solve the MDM problem using a line search method over the
dual variables. The equilibrium flows can be obtained by integrating the
proposed stochastic network loading method within the method of successive
averages (MSA) algorithm (Powell and Sheffi, 1982). However, MSA might
suffer from sublinear convergence rate, and hence, we also present a gradient
descent algorithm with an efficient line search.

Consider the Markovian choice model for a given link cost vector. We
define the function ϕdi (w) as follows:

ϕdi

(
wd
)

= min
θid∈Θid

Eθid

[
min

j∈N+
d (i)

{
tij − ε̃dij + wdj

}]
, ∀i ∈ Nd,

where wdd is fixed to zero. Since the solution of the M-MDM system is
unique, there exists a fixed point ϕd

(
wd*

)
= wd* . Next, consider the

sequence wd(n) defined as follows:

w
d(n)
d = 0, ∀n ∈ {0, 1, . . . } ,

w
d(0)
i = sdi , ∀i ∈ Nd,

w
d(n)
i = ϕi

(
wd(n-1)

)
, ∀i ∈ Nd, n ∈ {1, 2, . . . } ,

where sdi is the shortest path distance from node i to destination d with
respect to arc costs tij−E[ε̃dij ]. The following lemma shows that the sequence
monotonically converges to the fixed point.
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Lemma 2. Define the expected cost at t, wdi (t), as:

wdi (t) = −λdi (t)−
∑

j∈N+
d (i)

∫ ∞
λdi (t)+tij+wd

j (t)

[
1− F dij (ω)

]
dω, ∀i ∈ Nd, d ∈ D,

and wdd(t) = 0,∀d ∈ D. Consider the unique fixed point wd* and the sequence
wd(n) defined above. The following inequalities hold:

wd∗i ≤ s
d
i , ∀i ∈ Nd,

w
d(n)
i ≤ wd(n−1)

i , ∀i ∈ Nd, n ∈ {1, 2, . . . } .

Then, the sequence wd(n) converges to wd*.

Using Lemma 2, we propose a stochastic network loading algorithm for
M-MDM (Algorithm 1). The algorithm has three main steps. First, shortest
path distances are calculated for the given cost vector. Second, fixed point
iterations are carried out in the inner loop in lines 6-13. This step involves
solution of the MDM problems, which can be obtained by line search algo-
rithms. An efficient method is the Ridder’s method (Ridders, 1979) that
does not require the computation of the derivative. For the distributions
where the cumulative distribution function values can be efficiently calcu-
lated, the method converges quadratically (Kiusalaas, 2013); while simula-
tion techniques might be required for open form distributions. Third, linear
systems of size |Nd| need to be solved (line 16). For termination, we use the
following stopping condition with sufficiently small ε1:

max
i∈Nd

{
w
d(n−1)
i − wd(n)

i

w
d(n−1)
i

}
≤ ε1.

In the following lemma, we show that computational cost of calculating
the objective function value and the gradient of the MDM-MTE formulation
(42)-(44) is a single stochastic network loading with Algorithm 1.

Lemma 3. Consider the following unconstrained reformulation of (42)-
(44):

Z∗ = max
t

Z (t)
∆
=
∑
d∈D

∑
i∈Nd

hdi · wdi (t)−
∑

(i,j)∈A

∫ tij

0
τ−1
ij (ω) dω. (45)

Let f (t) be the flow vector obtained by stochastic network loading at t; and
τ−1(t) = (τ−1

ij (tij))(i,j)∈A. The gradient of the problem (45) at t is given by:

∇Z (t) = τ−1 (t)− f (t) . (46)
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Algorithm 1 M-MDM Loading Algorithm

Input: t
1: procedure M-MDM(t)
2: Find shortest path distances sdi ,∀i ∈ Nd, d ∈ D for arc costs t.
3: for each d ∈ D do
4: w

d(0)
i = sdi , ∀i ∈ Nd

5: n = 0
6: while stopping condition is not satisfied do
7: n = n+ 1.
8: c

d(n)
ij = tij + w

d(n−1)
j

9: for each i ∈ Nd do

10: find λ
d(n)
i s.t.

∑
j∈N+

d (i)

[
1− F dij

(
λ
d(n)
i + c

d(n)
ij

)]
= 1

11: w
d(n)
i = −λd(n)

i −
∑

j∈N+
d (i)

∫∞
λ
d(n)
i +c

d(n)
ij

[
1− F dij(ω)

]
dω

12: end for
13: end while
14: pdij = 1− F dij

(
λ
d(n)
i + tij + w

d(n)
j

)
15: Qd

ij =

{
pdij , if (i, j) ∈ Ad and j 6= d,

0, otherwise.

16: Md =
(
I−Qd

)−1

17: nd =
(
Md

)ᵀ
hd

18: xdij = ndi · pdij , ∀(i, j) ∈ Ad
19: end for
20: fij =

∑
d∈D:(i,j)∈Ad

xdij , ∀(i, j) ∈ A
21: end procedure
Output: f = (fij)(i,j)∈A
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In the numerical examples, we used the BPR function for which a closed
form expression for the integral (45) is available. For more complex func-
tions, the partial linearization approach proposed by Lee et al. (2009) can
be adopted. Algorithm 1 can be integrated within the MSA framework;
however, MSA algorithm is known to suffer from sublinear convergence. Al-
ternatively, using Lemma 3, we consider the projected gradient algorithm
given in Algorithm 2. Since the function value and gradient are available
after stochastic network loading, an efficient line search can be implemented.
The algorithm performs backtracking line search satisfying the sufficient in-
crease (Armijo) condition within lines 8-11 (we used parameters c = 0.0001
and ρ = 0.9). For the initial step size of the backtracking line search (α),
we obtained the best performance by interpolating a quadratic to current
and previous function values, and the directional derivative. The projection
operator π projects each tij into (t0ij ,∞) where t0ij is the free flow travel cost.
Finally, we use the following stopping condition in our experiments:

rmse =
∑

(i,j)∈A

(
f

(n)
ij − f

(n−1)
ij

)2
≤ ε2.

It is known that the convergence rate of the gradient descent method with
backtracking line search is at least linear (Boyd and Vandenberghe, 2004). In
our experiments, gradient descent algorithm outperformed MSA (see Section
6.2.1).

6 Computational Experiments

In this section, we investigate the user choice behavior in M-MDM, and
equilibrium flows in MTE-MDM for small and large traffic networks1. In
our experiments we use real networks of Sioux Falls, Winnipeg, and Austin
(the topology, link characteristics, and OD demands of these networks are
obtained from Bar-Gera’s Traffic Assignment Test Problem website2). Char-
acteristics of these networks are summarized in Table 1.

1All experiments are carried out with the open-source software, seSue, provided in
http://people.sutd.edu.sg/~ugur_arikan/seSue/.

2See https://github.com/bstabler/TransportationNetworks
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Algorithm 2 MTE-MDM Algorithm

1: procedure MTE-MDM
2: Find a feasible flow vector f0; set t0 = τ (f0) and set k = 0.
3: Perform M-MDM(tk), get function value Zk and gradient ∇Zk at tk.
4: Set dk = ∇Zk.
5: while stopping condition is not satisfied do
6: Set α = α and tk+1 = π(tk + αkdk).
7: Perform M-MDM(tk+1), get function value Zk+1 at tk+1.
8: while Zk+1 < Zk + cα∇Zᵀ

kdk do
9: Set α = ρα and tk+1 = π(tk + αdk).

10: Perform M-MDM(tk+1), get function value Zk+1 at tk+1.
11: end while
12: Obtain the gradient ∇Zk+1 from M-MDM(tk+1) result.
13: Set dk = ∇Zk+1.
14: Set k = k + 1.
15: end while
16: Return the flow vector f obtained by M-MDM(tk) result.
17: end procedure

Table 1: Characteristics of the networks.

Sioux Falls Winnipeg Austin

Number of nodes 24 1,040 7,388
Number of links 76 2,836 18,961
Number of OD pairs 528 4,344 1,080,603
Number of destinations 24 138 1,117
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Figure 3: Four-node network with single OD pair (1,4) where n corresponds
to the number of times the middle set of links are used.

6.1 Choice Behavior under M-MDM

6.1.1 Relaxing the Independence Assumption

Consider the four-node network in Figure 3 taken from Akamatsu (1996)
with a single destination node 4, where the numbers next to the arcs repre-
sent the deterministic link costs. Note that there are infinitely many routes
in this network due to the presence of the cycle between nodes 2 and 3. In
a route based model considering all routes, we have:

∞∑
n=0

(
pa(n) + pb(n) + pc(n) + pd(n)

)
= 1,

where pr is the choice probability of route r.
The Recursive Logit (RL) model assumes a joint distribution θG with

i.i.d Gumbel random variables. M-MDM does not assume independence;
instead it calculates the choice probabilities with respect to an extremal
joint distribution minimizing the expected cost over the set of all joint dis-
tributions satisfying the given marginals. Let ΘG be the set of all joint
distributions with Gumbel marginals, i.e.,

Fij (ω) = exp [− exp (−γ − βω)] ,

where γ is the Euler’s constant. The behavioral difference between the
RL and M-MDM with Gumbel marginals can be interpreted analytically.
Since θG ∈ ΘG, the optimal expected cost of the M-MDM is smaller than
that of the RL. The expected costs are bounded above by the deterministic
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Figure 4: Effect of independence assumption on link choice probabilities.

shortest path costs, sdi . Therefore, RL assignment is closer to deterministic
assignment than the M-MDM. We calculate the choice probabilities of the
network in Figure 3 for different values of the dispersion parameter, β ∈
{0.5, 1.0, 1.5, 2.0}. Figure 4 represents the choice probabilities of the links
(1, 2), (2, 4), and (3, 4), which are on the shortest paths from nodes 1, 2 and
3 to the destination, respectively. As discussed above, the RL model assigns
a greater portion of the flow to the deterministic shortest routes.

6.1.2 Incorporating Scale Heterogeneity and Overlapping Routes

We first experiment with the model M-MEM defined by exponential marginals
where the error variances are scaled with respect to the free flow link costs
as follows:

Fij (ω) = 1− exp

(
−1− ω

νi · t0ij

)
, ∀ω ≥ νi · t0ij , (i, j) ∈ A. (47)

The random error term ε̃ij has mean zero and standard deviation νi · t0ij .
This model is suitable under the assumption that longer links are subject to
greater error variance. We use νi = ν ∈ {0.1, 0.2, 0.3, 0.4}, and compare the
link choice probabilities in M-MEM with the Nested Recursive Logit model
(NRL) where the variances are scaled in the same manner, except that error
variance is equal for the links emanating from the same node. Figure 5
illustrates the choice probabilities p12, p24 and p34 for different values of ν.
For small values of ν, the majority of the users choose the shortest route;
while the choice probabilities of the links on the shortest routes decrease
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Figure 5: Effect of link specific standard deviation on link choice probabili-
ties.

as the coefficient of variation increases. Furthermore, we observe that the
probabilities of these links are less in the M-MEM when compared with
the logit model. The reason for this is that the logit model scales all error
variances at node i with respect to the link with smallest cost due to the
identically distributed assumption. This underestimates the variance in the
longer links, and hence favors the shortest link. On the other hand, M-
MEM assigns the variance of each link separately and provides more accurate
variance scaling.

We next discuss how the model can deal with overlapping routes. Let

s
d(0)
i be the shortest path distance from node i to destination d with re-

spect to free flow link costs. Consider the M-MEM defined by exponential
marginals where the error terms are scaled with respect to shortest path
distances to the destination as follows:

Fij (ω) = 1− exp

−1− ω

νi ·
(
t0ij + s

d(0)
j

)
 , ∀ω ≥ νi · t0ij , (i, j) ∈ A.

(48)

It is worth noting that the error distributions are now both link and des-
tination specific. We test the model on the loop hole network presented
in Figure 1 and compare the results with the path size logit (PSL) model
(Ben-Akiva and Bierlaire, 1999) which handles the overlapping problem by
incorporating the path size attributes. Figure 6 plots the upper route choice
probabilities with respect to the length of the overlapping section. When
x = 0 we obtain three independent routes, and both models assign a one
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Figure 6: M-MEM and PSL assignment in loop hole network.

third choice probability to each; as x increases, the overlapping routes are
penalized and more users prefer the upper route.

Suppose the observed fraction of users choosing the upper route is 0.40;
while those for routes bc and bd are 0.25 and 0.35, respectively. Note that
lower routes have equal deterministic costs; and the log likelihood estimation
of a model such as NRL (see Mai et al. (2015)) would estimate the route
choice probabilities as (0.40, 0.30, 0.30). On the other hand, this behavior
can be captured by the M-MDM. In the estimated model, error terms of
the links b and c have higher variance than that of link d. This case, where
more users choose the link with equal expected cost but a lower variance,
may be observed when the users desire to make sure that they arrive at their
destination on time.

6.1.3 Incorporating Tail Behavior

We investigate the effect of the shape of the marginal distributions on equi-
librium flows on the Winnipeg network using exponential, normal and logis-
tic marginals (MTE-MEM, MTE-MNM and MTE-MLM, respectively) with
standard deviation scaled with respect to shortest distance to destination.
We also calculate the flows with the NRL model scaled in the same manner,
except that all arcs emanating from the same node are assigned equal vari-
ance due to the identically distributed assumption. For each pair of these
models, we count the number of links with a flow difference falling in the
intervals [−500,−300), [−300,−100), [−100, 100), [100, 300), [300, 500]. The
graph illustrated in Figure 7 represents the similarity in the equilibrium
link flows. We observe that the NRL and MTE-MEM result in similar
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Figure 7: Pairwise comparison of equilibrium link flows.

equilibrium flows, while the effect of scale heterogeneity is still observed
to some extent. Note that all three MTE-MDM models have equal means
and variances, and the differences observed in equilibrium flows stem from
the tail behavior. This effect is most significant between exponential and
normal marginals; while equilibrium flows with logistic marginals mostly lie
between these two models.

6.1.4 Simulated Data Experiment on Grid Network

In order to understand the dependency structure of the extremal joint dis-
tribution minimizing the expected minimum utility (13), we use the grid
network having a single OD pair (1, 9) presented in Figure 8. Mean and
standard deviation of perceived link costs are set to 10 and 3, respec-
tively. We assume that the links emanating from the same node have mul-
tivariate normal distribution with correlation ρ. We simulate users link
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Figure 8: Grid network.

choices and obtain the split to the routes with respect to different de-
pendency structures. Due to the symmetry of the network, we will have
p12 = p14 = p56 = p58 = 0.5, p23 = p47 and p25 = p45. Since p25 = 1 − p23,
we can express the system behavior with single link choice probability p23.
Figure 9a plots p23 against ρ. We predict the split by using the M-MDM
with normal marginals (M-MNM) having the same mean and standard de-
viation. As illustrated in the figure, M-MNM predicts p23 very close to the
observed choice probabilities when the error terms are negatively correlated,
while the gap increases as ρ increases. Next, we repeat the experiment with
normal error terms having heterogeneous standard deviations. In this case,
we can define the system behavior with p12, p23, p47 and p56. Simulation
results are illustrated in Figure 9b. M-MNM predictions for this case are
p12 = 0.51, p23 = 0.30, p47 = 0.33, p56 = 0.50. We again observe that the
predictions are very close to the observed split when ρ is close to -1, and
fairly good for ρ < 0. These results suggest that the proposed model is more
suitable to the cases where the error terms are believed to be negatively cor-
related. We can observe such situations when the individual has a strong
preference for a certain alternative over the others; i.e., a favorite or familiar
alternative.

6.2 Convergence Behavior of the Algorithm for MTE-MDM

In this section, we study the convergence performance of Algorithm 2 to cal-
culate the MTE-MDM flows. We compare the results with MSA integrated
with the proposed network loading method (Algorithm 1), and finally inves-
tigate the effect of parameters on convergence.
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(a) Identical error terms. (b) Heterogeneous error terms.

Figure 9: Link choice probabilities obtained by simulations.

Figure 10: Convergence behavior of Algorithm 2 on Sioux Falls network.

6.2.1 Effect of the Line Search Method

We start by investigating the convergence behavior of the MSA in addition
to the gradient descent method (GD) integrated with a backtracking line
search and the stochastic network loading method proposed in Algorithm
1. Note that computation time is directly related with the number of SNL
calls for both methods.

We first use the small network of Sioux Falls with exponential marginals.
Figure 10 plots the number of SNL calls and total time to find the equilib-
rium against the tolerance ε2. We observe that MSA performs well when
ε2 ≤ 0.01; however, solution time increases drastically when higher accuracy
is required; while GD converges significantly faster. We observe a similar re-
sult with the experiments on the Winnipeg network, as illustrated in Figure
11.
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Figure 11: Convergence behavior of Algorithm 2 on Winnipeg network.

Next, we test the model on the Austin network with the GD algorithm.
Single SNL call (Algorithm 1) on this network takes around 35 minutes.
We have been able to obtain the equilibrium flows in 102 SNL calls. The
errors against SNL iterations are plotted in Figure 12. The figure also plots
iterations of the MSA algorithm. The missing points for GD algorithm
correspond to SNL calls within the backtracking algorithm, assignments of
which are not accepted due to the Armijo condition. Finally, we investigate
the distribution of the solution time to the subprocedures. Recall that the
SNL method in Algorithm 1 has three main components: (i) shortest path
distance calculation (SPA), (ii) inner loop (IL), and (iii) solving the linear
system (LS). Figure 13 presents the distribution of computational time spent
for different components. As expected, the overhead cost of the algorithm,
presented as other, reduces as the network size increases. We also observe
that the shortest path and inner loop calculations scale well. On the other
hand, solving the linear system becomes the bottleneck on large networks.

Different approaches need to be considered for a comparison with route
based models. One approach is to generate predetermined choice sets for
OD pairs, treating these choice sets as if they were the actual choice sets.
Considering that the network has more than a million OD pairs, size of
the choice sets needs to be kept sufficiently small to obtain equilibrium
flows efficiently. However, in this case, the equilibrium flows significantly
depend on the predetermined choice sets. Frejinger et al. (2009) also argue
that parameter estimates with this approach are not consistent since the
values significantly depend on the generated choice sets. On the other hand,
Fosgerau et al. (2013) show that the link based RL model can be consistently
estimated, which makes the Markovian model theoretically superior to route
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Figure 12: Root mean square error (RMSE) against SNL calls in Austin
network.

Figure 13: Distribution of solution time to subprocedures.
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based models. Furthermore, we observe in Figure 13 that solution time on
large networks significantly depends on the computation time of the linear

system Md =
(
I−Qd

)−1
. For the numerical results in this paper, we used

the solver in MATLAB. As discussed in Fosgerau et al. (2013), iterative
methods can be used for very large networks (Saad and Van Der Vorst,
2001).

Finally, we investigate the effect of solving MDM problems on the com-
putational performance. Note that the RL or NRL models use a closed form
expression to calculate choice probabilities and expected costs in the inner
loop of Algorithm 1. The M-MDM, on the other hand, uses root finding
techniques. Therefore, the additional cost of using the M-MDM that gener-
alizes RL and NRL is directly related with IL component of the algorithm.
Figure 13 reveals that this additional computational cost is not significant
with respect to the total computational time.

6.2.2 Effect of Parameters

In this section, we experiment the effect of distribution parameters on con-
vergence performance of Algorithm 2. Markovian models might be consid-
erably more complex than the route based SUE models, due to the recursive
relation of the expected minimum costs. In particular, the recursion might
diverge when the error variance is sufficiently large. We observe in our ex-
periments on the small network that the choice probabilities of cyclic routes
increase as the expected minimum costs decrease. On the other hand, exe-
cution time of these steps is much faster when the expected costs are close to
the deterministic shortest path cost, or when majority of the users follow the
deterministic shortest routes. Similar issues are discussed by several authors
(see Akamatsu (1996); Wong (1999); Baillon and Cominetti (2008); Fosgerau
and Bierlaire (2009); Si et al. (2010)). Therefore, understanding the effect
of the distribution parameters on convergence rate is crucial. In our ex-
perimental setup, we first find the parameters that result in zero expected
minimum cost at each node. This represents the farthest setting from the
deterministic choice while we constraint the costs to be nonnegative. Then,
we test settings that are closer to the deterministic choice to understand the
sensitivity of the solution approach to the parameters. We use the M-MEM
choice model within the equilibrium model. Let β

i
be a lower bound on the

dispersion parameter that guarantees nonnegative instantaneous expected

33



minimum cost for the logit model:∑
j∈N+

d (i)

exp
(
−β

i
· t0ij
)

= 1, ∀i ∈ Nd.

We set the scale parameter of the exponential marginals to Bij = Bi =
(α1 · βi)−1, and vary α1 in the range {1.25, 1.50, 1.75, 2.00}. Note that as
α1 increases, the error variances decrease. We allow non-zero means and
calculate upper bounds on the location parameters, Ai, for every Bi to
guarantee nonnegative expected costs as follows:

Ai = argmax
a∈R


∑

j∈N+
d (i)

exp

(
a− t0ij
Bi

)
≤ exp (−1)

 , ∀i ∈ Nd.

We set the location parameters of the exponential marginals to Aij = Ai =
−Bi+α2(Ai+Bi), for α2 ∈ {−1.0,−0.5, 0.0, 0.5}. The model reduces to the
traffic equilibrium with the Nested Recursive Logit model when α2 = 0. All
combinations of α1 and α2 guarantee nonnegative costs. Finally, note that
as α2 increases, the expected costs decrease for given variance. Due to the
discussion above, we expect the solution time to increase as α1 decreases
and α2 increases. We use the GD algorithm for NRL model utilizing closed
form choice probability and expected minimum cost expressions to compare
the convergence performance of the MTE-MDM.

We carry out the experiment on the networks of Sioux Falls and Win-
nipeg. The results are summarized in Table 2. The columns with header
Iter represent the number of SNL calls, (s) and (m) represent seconds and
minutes, and the rightmost column represents the NRL solution time for the
Winnipeg network. The effect of the distribution parameters on the conver-
gence rate is not significant for the small network. On the other hand, we
observe an increase in the number of SNL calls and solution time as α2 in-
creases for the Winnipeg network. Interestingly, the effect of variance on the
solution performance is less significant. This is due to the parameter settings
that guarantee nonnegative costs which protects the M-MDM algorithm
against divergence. Finally, the average solution time of the MTE-MDM for
Winnipeg network is 9.42 minutes, while that of the NRL model is 7.31 min-
utes. Therefore, we conclude that the proposed equilibrium model provides
modeling flexibility with a reasonable additional computational burden.
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Table 2: Convergence behavior of Algorithm 2.

Sioux Falls Winnipeg Winnipeg (NRL)
α1 α2 Iter. Time(s) Iter. Time(m) Time(m)

2.00 -1.0 72 1.44 59 6.66
-0.5 150 3.01 78 6.63
0.0 122 2.45 95 9.50 6.50
0.5 101 2.02 116 11.67

1.75 -1.0 128 2.57 77 7.56
-0.5 136 2.73 88 7.78
0.0 103 2.06 98 10.11 6.78
0.5 93 1.86 110 11.36

1.50 -1.0 161 3.23 85 9.11
-0.5 101 2.02 88 9.41
0.0 91 1.82 104 10.60 7.78
0.5 82 1.64 113 10.03

1.25 -1.0 79 1.58 93 8.37
-0.5 87 1.74 98 10.23
0.0 77 1.54 103 9.95 8.18
0.5 75 1.50 113 11.71
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7 Conclusion

Baillon and Cominetti (2008) proposed the Markovian Traffic Equilibrium
model assuming complete knowledge on the distribution of the random util-
ities. Despite the convexity of the MTE formulation, the application of the
model has been primarily restricted to the logit model due to the challenge
in computing choice probabilities and expected minimum costs for general
choice models. In this paper, we have developed a distributionally robust
Markovian choice model (M-MDM) and Markovian traffic equilibrium model
(MTE-MDM) under the assumption that the joint distribution of the error
terms is not known. We develop an equivalent convex optimization reformu-
lation and an efficient solution algorithm to obtain the M-MDM link choice
probabilities and equilibrium flows. We show that the Markovian logit model
can be recreated by the M-MDM for a particular choice of the marginals.
Moreover, it provides further flexibility by relaxing the i.i.d assumption and
incorporating different tail behavior. We present the results of a compre-
hensive experimentation to illustrate the modeling flexibility, as well as the
convergence performance of the MTE-MDM model. The results indicate
that the model provides computational tractability for calculating the dis-
tributionally robust traffic equilibrium in large traffic networks. We believe
that the flexible nature of the model and the practicality of the solution
approach makes MTE-MDM interesting for future research.
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A Proofs

A.1 Uniqueness of M-MDM Solution

To see the uniqueness of the solution to the M-MDM system (17)-(18), note
that the right-hand-side of the M-MDM recursion (17), and hence, wdi , is
componentwise nondecreasing in wdj , ∀j ∈ N+

d (i). Under Assumption A3,

it is componentwise increasing. Suppose that wd(1) and wd(2) are two

solutions. Let δdi = w
d(1)
i − wd(2)

i , and let δ = maxi∈Nd
{δdi } ≥ 0. Let i ∈ Nd

be a node where the maximum difference is attained, i.e., w
d(1)
i −wd(2)

i = δ.
By definition of δ, we have δdj ≤ δ, ∀j ∈ N+

d (i). Strict monotonicity of
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wdi in wdj implies that δdj = δ, ∀j ∈ N+
d (i). Moving forward in the same

manner, we can show that δdj = δ for all j reachable from node i including
the destination. Then, the boundary condition implies that δ = 0. Thus we
have δdi = 0,∀i ∈ Nd, implying that there is at most one solution.

A.2 Proof of Proposition 1

Solution. The Lagrangian function of the formulation (20)-(22) is given be-
low:

L =
∑
i∈Nd

hdi · wdi −
∑
i∈Nd

wdi · ndi −
∑
i∈Nd

λdi · ndi

−
∑

(i,j)∈Ad

ndi

∫ ∞
λdi +tij+wd

j

[
1− F dij (ω)

]
dω,

where ndi is the dual variable corresponding to constraint (21). The KKT
optimality conditions are as follows:

∂L

∂λdi
= 0 =⇒ ndi = ndi

∑
j∈N+

d (i)

[
1− F dij

(
λdi + tij + wdj

)]
, ∀i ∈ Nd,

∂L

∂wdi
= 0 =⇒ ndi = hdi +

∑
k∈N−d (i)

ndk

[
1− F dki

(
λdk + tki + wdi

)]
, ∀i ∈ Nd.

For any origin node o, i.e., (o, d) ∈ W , we have hdo > 0 and, therefore, the
second KKT condition implies that ndo > 0. Then, the summation in the
right-hand-side of the first KKT condition (for node o) must be equal to
one. In other words, λdo solves the MDM optimality condition (15). Since
MDM choice probabilities are strictly positive, there will be a positive flow
into each node that is adjacent to o. The same reasoning can be used to
show that ndi > 0,∀i ∈ Nd and to conclude that all λdi ’s solve the MDM
optimality conditions (15) for all ∀i ∈ Nd. The right-hand-side of constraint
(21) is componentwise increasing in wdj . Monotonicity and the fact that we
are maximizing the objective function imply that the constraint holds at
equality for the optimal solution. Then, the optimal values of wdi and λdi
solve the M-MDM system of equations (17)-(19).
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A.3 Proof of Lemma 1

Solution. Consider problem (20)-(22) where F dij(t) = 0.5 + 0.5t(2 + t2)−0.5.
In this special case, constraint (21) can be reformulated as follows:

2wdi ≤ −2λdi +
∑

j∈N+
d (i)

(
adij − bdij

)
, ∀i ∈ Nd,

adij = λdi + tij + wdj , ∀(i, j) ∈ Ad,√
adij + 2 ≤ bdij , ∀(i, j) ∈ Ad,

and hence, the problem can be represented as a second-order cone program-
ming model.

A.4 Derivation of Primal M-MDM Objective Function

Given the link choice probabilities, and using (23) and (24), we can express
the optimal objective function value of the dual M-MDM formulation (20)-
(22) as follows:∑

i∈Nd

hdi · wdi =
∑
i∈Nd

hdi
∑
j∈Nd

Md
ij · wdj

=
∑
j∈Nd

wdj
∑
i∈Nd

hdi ·Md
ij

=
∑
j∈Nd

ndj · wdj

=
∑
i∈Nd

ndi
∑

j∈N+
d (i)

(
tij · pdij −

∫ 1

1−pdij
F dij

(−1)
(ω) dω

)

=
∑
i∈Nd

∑
j∈N+

d (i)

tij · xdij − ndi ∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω) dω

 .

A.5 Proof of Proposition 2

Solution. Let ϕ(xd,nd) =
∑

(i,j)∈Ad
ϕij(x

d
ij , n

d
i ) represent the objective func-

tion where:

ϕij(x
d
ij , n

d
i ) =

tij · xdij − ndi ∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω)dω

 .
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This is the perspective of the function ϕ0
ij(x) defined as:

ϕ0
ij(x) =

(
tij · x−

∫ 1

1−x
F dij

(−1)
(ω)dω

)
,

such that ϕij(x
d
ij , n

d
i ) = ndiϕ

0
ij(x

d
ij/n

d
i ). Since the function ϕ0

ij(x) is strictly
convex under the assumptions on the marginal distribution, the perspective
of the function denoted by ϕij(x

d
ij , n

d
i ) is also strictly convex. This implies

that ϕ(xd,nd) is strictly convex. Furthermore the constraints are convex
and hence it is a convex optimization problem with a unique optimal solu-
tion. The KKT optimality conditions of the formulation are given below:

xdij

ndi
= 1− F dij

(
λdi + tij + wdj

)
, ∀(i, j) ∈ Ad,

wdi = −λdi −
∑

j∈N+
d (i)

∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω)dω −
xdij

ndi
F dij

(−1)

(
1−

xdij

ndi

)
= −λdi −

∑
j∈N+

d (i)

∫ ∞
λdi +tij+wd

j

[
1− F dij (ω)

]
dω, ∀i ∈ Nd,

where λdi and wdi are the dual variables corresponding to constraints (26)
and (27), respectively. By constraint (26), λdi satisfies the normalization
condition (15). Therefore, the KKT conditions are equivalent to the M-
MDM system of equations.

A.6 Proof of Proposition 3

Solution. The exponential distribution satisfies the assumption on marginals,

A3. Substituting the inverse cumulative distribution function F dij
(−1)

(ω) =
−(1 + ln(1− ω))/β in the objective function (25), the integral is calculated
as follows:∫ 1

1−
xd
ij

nd
i

F dij
(−1)

(ω)dω =
1

βndi

(
−xdij · lnxdij + xdij · lnndi

)
,

and the objective function simplifies to the following:

∑
(i,j)∈Ad

(
tij · xdij +

xdij · lnxdij
β

−
xdij · lnndi

β

)
.

39



Constraints (26) and (27) can be expressed as a single constraint by substi-
tuting ndi in the objective function. Using substitution ndi =

∑
j∈N+

d (i) x
d
ij ,

the last term in the objective function can be expressed as follows:

− 1

β

∑
(i,j)∈Ad

xdij · lnndi = − 1

β

∑
i∈Nd

∑
j∈N+

d (i)

xdij · ln

 ∑
j∈N+

d (i)

xdij


= − 1

β

∑
i∈Nd

 ∑
j∈N+

d (i)

xdij

 · ln
 ∑
j∈N+

d (i)

xdij

 .

Then, the M-MDM formulation reduces to the Markovian logit model given
in (29)-(32).

A.7 Proof of Proposition 4

Solution. Let λdi , w
d
i and tij be the dual variables corresponding to con-

straints (38), (39) and (40), respectively. Then, the KKT optimality condi-
tions of the convex optimization problem are as follows:

tij = τij (fij) , ∀(i, j) ∈ A,
xdij

ndi
= 1− F dij

(
λdi + tij + wdj

)
, ∀(i, j) ∈ Ad, d ∈ D,

wdi = −λdi −
∑

j∈N+
d (i)

∫ ∞
λdi +tij+wd

j

[
1− F dij (ω)

]
dω, ∀i ∈ Nd, d ∈ D.

The last two optimality conditions solve the M-MDM system of equations
for a given link cost vector. Then, conditions (35) and (36) are satisfied since
xdij/n

d
i = pij(t), where tij = τij (fij) by the first KKT condition. Conditions

(33) and (34) are satisfied by the constraints of the model. Therefore, the
optimal solution of the formulation (37)-(40) solves the MTE-MDM fixed
point problem. The constraints of the model are linear, and the objective
function is strictly convex and hence, the solution of the model is unique.

A.8 Proof of Lemma 2

Solution. The M-MDM recursion (17) implies that wdi ≤ tij − E[ε̃dij ] +

wdj , ∀j ∈ N+
d (i). This inequality recursively implies that sdi is an upper

bound for wd∗i . We can make the induction assumption that w
d(n)
i ≤
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w
d(n−1)
i ,∀n ∈ {1, . . . ,m− 1} , i ∈ Nd, since w

d(1)
i ≤ w

d(0)
i = sdi ,∀i ∈ Nd.

By this assumption, we have tij + w
d(m−1)
j ≤ tij + w

d(m−2)
j ,∀(i, j) ∈ Ad.

The monotonicity of wdi in wdj ,∀j ∈ N+
d (i), then implies that w

d(m)
i ≤

w
d(m−1)
i ,∀i ∈ Nd. By induction, the second inequality holds for all n. Thus,

the sequence is monotonic nonincreasing, moreover bounded from below
provided that the M-MDM solution exists. This proves that the sequence
converges to the unique fixed point wd* .

A.9 Proof of Lemma 3

Solution. We start the proof by defining Y d
ai(t), Qdji(t) and Ldai(t) as follows:

Y d
ai (t) =

∂wdi (t)

∂ta
, ∀a ∈ Ad, d ∈ Nd, d ∈ D,

Qdji (t) =

{
pdij (t) if (i, j) ∈ Ad
0 othwerise

, ∀a ∈ Ad, d ∈ Nd, d ∈ D,

Ldai (t) =

{
pda (t) if tail of a is i
0 othwerise

, ∀a ∈ Ad, d ∈ Nd, d ∈ D,

where pdij(t) = 1 − F dij(λdi (t) + tij + wdj (t)). Taking the derivative of the
expected cost with respect to link cost, we obtain:

Y d
ai (t) = −∂λ

d
i (t)

∂ta
+

∑
j∈N+

d (i)

(
∂λdi (t)

∂ta
+
∂tij
∂ta

+ Y d
aj (t)

)
· pdij (t)

=
∑

j∈N+
d (i)

(
∂tij
∂ta

+ Y d
aj (t)

)
· pdij (t)

= Lai (t) +
∑

j∈N+
d (i)

Y d
aj (t) ·Qdji (t) .

This leads to the linear system Y d(t) = Ld(t) · (Md(t))ᵀ where Md(t) is
the fundamental matrix of the absorbing Markov chain. Then, the first
derivative of the objective function (45) is given by the following:

∂Z (t)

∂ta
= τ−1

a (ta)−
∑
d∈D

∑
i∈Nd

hdi · Y d
ai (t) ,

= τ−1
a (ta)−

∑
d∈D

xda (t) ,

= τ−1
a (ta)− fa (t) , ∀a ∈ A,
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where xda(t) and fa(t) are the flows obtained by the stochastic network
loading method (Algorithm 1) at link cost vector t. This completes the
proof.
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