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A Convex Optimization Approach for Computing
Correlated Choice Probabilities

with Many Alternatives
Selin Damla Ahipasaoglu, Xiaobo Li, Karthik Natarajan

Abstract—A popular discrete choice model that incorporates
correlation information is the Multinomial Probit (MNP) model
where the random utilities of the alternatives are chosen from a
multivariate normal distribution. Computing the choice proba-
bilities is challenging in the MNP model when the number of al-
ternatives is large. Mishra, Natarajan and Teo (IEEE TAC, 2012)
have proposed a semidefinite optimization approach to compute
choice probabilities for the distribution of the random utilities
that maximizes expected agent utility given only the mean,
variance and covariance information. Their model is referred
to as the Cross Moment (CMM) model. Computing the choice
probabilities with many alternatives is challenging in the CMM
model since one needs to solve large scale semidefinite programs.
We develop a simpler formulation as a representative agent model
by maximizing over the choice probabilities in the unit simplex
where the objective function is the sum of the expected utilities
and a strongly concave perturbation function. By characterizing
the perturbation function for the CMM model and its gradient,
we develop a simple first order gradient method with inexact
line search to compute choice probabilities. We establish local
linear convergence of this algorithm under mild assumptions on
the choice probabilities. An implication of our results is that
inverting the choice probabilities to compute the mean utilities is
straightforward given any positive definite covariance matrix.
Numerical experiments show that this method can compute
choice probabilities for a large number of alternatives within
a reasonable amount of time while explicitly capturing the
correlation information. Comparisons with simulation methods
for MNP and semidefinite programming methods for CMM
indicate the efficacy of the method.

Index Terms—choice probability, optimization, stochastic sys-
tems, optimization algorithms

I. INTRODUCTION

Consider a finite and mutually exclusive set of alternatives
denoted by [n] = {1, 2, ..., n}. For example, the alternatives
might represent a set of differentiated products such as cars or
laptops from which agents make their choices. Given a set of
agents, each of whom chooses their most preferred alternative,
a modeler with limited information on the agent preferences
is interested in characterizing their discrete choice behavior.
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A. Discrete Choice Models

Random utility maximization is the most popular approach
used to study this choice problem. In the additive random
utility maximization model, the utility of alternative i is
specified as:

ũi = µi + ε̃i, ∀i ∈ [n], (1)

where µi is the deterministic component of the utility and
ε̃i is the random component of the utility of alternative i. Let
µ = (µ1, . . . , µn)T denote the vector of the deterministic com-
ponent of the utility which is common across the agents and
ε̃ = (ε̃1, . . . , ε̃n)T denote the vector of the random components
with a joint probability distribution θ(·). Each realization of
the random component vector results in a utility vector for an
agent in the population who chooses the alternative with the
highest utility. Assuming no ties, the probability that i is the
most preferred alternative in this population of agents is given
by:

pi = P

(
i = argmax

k∈[n]

(µk + ε̃k)

)
. (2)

An alternative derivation of the choice probability that
is particularly relevant to this paper is the “representative
agent” model from economics (see Anderson, Palma and
Thisse [3], [2]). In this model, the aggregate behavior of a
population of agents is described through the choices made by
a single representative agent who has a preference for diversity
and randomizes choice. Consider a representative agent who
chooses a probability vector in the unit (n− 1)-simplex:

∆n−1 =
{
x ∈ <+

n

∣∣∣ eTx = 1
}
,

where e is a vector of all ones. Given a convex deterministic
function V (·) : ∆n−1 → < that characterizes the preference
for diversity, the representative agent solves the convex opti-
mization problem (3).

p = argmax
{
µTx− V (x)

∣∣∣ x ∈∆n−1

}
. (3)

Hofbauer and Sandholm [21] show that all random utility
models (with some regularity conditions) can be derived
from the representative agent model where the function V (·)
is a continuously differentiable, strictly convex function in
the simplex and becomes infinitely steep near the relative
boundary of the simplex.

Formulation (3) is interesting in its generality since the
choice probability vectors can be computed as the solution
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to a convex optimization problem and thus opens up an
alternate computational approach to find choice probabilities.
Specific choices of perturbation functions that have been
studied include the quadratic function V (x) =

∑
i x

2
i , Tsallis

entropy V (x) = 1
q(1−q)

∑
i xi − x

q
i for q > 0, Renyi entropy

V (x) = − 1
1−q ln

∑
i x

q
i for q ∈ (0, 1) and the logarithm

function V (x) = −
∑
i lnxi. However, it seems difficult to

find an explicit computationally tractable representation for
the perturbation function V (·) in terms of the distribution
function θ(·), particularly with correlated utilities. To the
best of our knowledge, random utility maximization models
for which the perturbation function V (·) is explicitly known
are the multinomial logit model and the nested logit model
(see Verboven [43]). These correspond to instances where the
choice probabilities are known in closed form. For example
in the MNP model with a general correlation structure among
the random terms, no explicit representation of the function
V (·) seems to be known. Feng, Li and Wang [13] have
recently shown that the representative agent model in (3) is
equivalent to a “semi-parametric” choice model proposed by
Natarajan, Song and Teo [33], where the choice probability
is evaluated for a distribution (or a sequence of distributions)
in a prescribed set of distributions Θ that maximize expected
utility:

Z∗ = max
ε̃∼θΘ

Eθ
(

max
i∈[n]

(µi + ε̃i)

)
. (4)

B. Modeling Correlation

The Multinomial Logit (MNL) model, popularized by Luce
[28] and McFadden [29], is perhaps the most popular choice
model. The MNL model has the following choice probability
formula:

pmnl
i =

eµi∑
k∈[n]

eµk
, ∀i ∈ [n].

While the MNL choice probability is known in closed form
and possesses desirable properties such as concavity of the
log-likelihood function, it also suffers from drawbacks. One
of the well-known properties of MNL is the Independence of
Irrelevant Alternatives (IIA) property which implies that the
ratio of the choice probabilities for any two alternatives is
independent of the utilities of the other alternatives:

pmnl
i

pmnl
j

= eµi−µj , ∀i 6= j.

When the alternatives have correlated utilities, the IIA property
of MNL gives rise to misleading choice predictions. Many
examples highlighting the limitations of IIA from a behavioral
aspect are discussed in the literature, the red bus/blue bus
example from McFadden [29] being probably the most fa-
mous. A second drawback of the MNL models is the Invariant
Proportion of Substitution (IPS) discussed in Steenburgh [38].
Under the MNL model, improving an attribute of a prod-
uct increases the demand for the product by decreasing the
demand for all products proportional to their market shares.

Since similarities between products may exist, IPS property is
considered counter-intuitive in many applications.

Correlation information can be captured using the General-
ized Extreme Value (GEV) model (see McFadden [30]), which
is a generalization of MNL model. The GEV model relaxes the
assumption that the perception errors are independent random
variables and, therefore, allows modelling meaningful substi-
tution relationships among the alternatives. It also includes all
closed form utility maximization formulations based on the
extreme value error distribution with equal variance across
alternatives. While the choice probabilities in the GEV model
still have a closed form expression, the model does not allow
for all possible correlation structures among the random terms.
Another popular model that overcomes the IIA property is the
Mixed Logit (MIX-MNL) model (see McFadden and Train
[31]). In the MIX-MNL model, the utility of the alternative i
is specified as:

ũi = β̃
T
zi + ε̃i, ∀i ∈ [n], (5)

where β̃ is a random coefficient vector that captures hetero-
geneity in the tastes of agents. While the agents know their true
realization of the taste coefficient vector, from the modeler’s
perspective, β̃ is a random vector with a density function given
by f(·). Under the assumption that the components of ε̃ are
still identically and independently distributed Gumbel random
variables, the choice probability in the mixed logit model is
given by the integral of the logit probabilities as follows:

pmix-mnl
i =

∫
eβ

T zi∑
k∈[n]

eβ
T zk

f(β)dβ, ∀i ∈ [n].

A common assumption on β̃ is that the individual compo-
nents are independent normal random variables with β̃i ∼
Normal

(
µβ,i, σ

2
β,i

)
. However, there is no closed form expres-

sion for this integral and simulation is the most commonly
used technique to estimate the choice probabilities (see Train
[41]).

A model that accounts for any valid correlation matrix is
the Multinomial Probit (MNP) model in which ε̃ is assumed
to be normally distributed with mean 0 and covariance matrix
Σ, namely ũ ∼ Normal (µ,Σ). The MNP model is flexible
in terms of modeling dependence and does not possess the
IIA property. However the choice probabilities do not have a
closed form expression with Monte Carlo simulation being the
most commonly used method to find the choice probabilities.
The reader is referred to Hajivassiliou, McFadden and Ruud
[18] for an in-depth discussion of simulation techniques used
to approximate the choice probabilities in MNP models with
the Geweke-Hajivassiliou-Keane (GHK) simulator being the
most commonly used technique among them (see Geweke
[14], Hajivassiliou and McFadden [17], Keane [25]).

As discussed above, the models proposed to overcome the
IIA property of MNL might have their own challenges as well.
For example, the GEV model does not allow for general corre-
lation structure among utilities while the MIX-MNL and MNP
models are computationally expensive. Mishra, Natarajan and
Teo [32] recently proposed a semi-parametric model called the
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Cross Moment Model (CMM), which elevates both IIA and
IPS properties and allows for general correlation structures.
In this choice model, the joint distribution of ε̃ is assumed
to be only partially specified to the modeler. Specifically, the
available information on the joint distribution is the first two
moments of ε̃. Let ε̃ ∼θ (0,Σ) denote the set of probability
distributions for ε̃ that satisfies the following two conditions:
Eθ [ε̃] = 0 and Covθ [ε̃] = Σ. The modeler is then assumed
to solve the optimization problem:

(CMM) Z∗cmm = max
ε̃∼θ(0,Σ)

Eθ
(

max
i∈[n]

(µi + ε̃i)

)
. (6)

The outer optimization in (6) is over all joint distributions
of the random components that are consistent with the two
moment information. Hence, problem (6) is equivalent to
finding a joint distribution for the random components that
maximizes the expected agent utility1. Mishra, Natarajan and
Teo [32] solved the moment problem (6) by reformulating it
as the following semidefinite program:

Z∗cmm = max
∑
i∈[n]

eTi yi

s.t.
∑
i∈[n]

(
Wi yi
yTi xi

)
=

(
Σ + µµT µ

µT 1

)
(
Wi yi
yi
T xi

)
� 0, ∀i ∈ [n],

(7)
where ei is a vector with 1 in the ith position and 0 otherwise.
Let {W ∗

i ,y
∗
i , x
∗
i } for i ∈ [n] be an optimal solution to

the semidefinite program (7). The joint distribution of the
random utilities ũ that maximizes the expected agent utility
is a mixture of multivariate normal distributions given as:

ũ =

{
Normal

(
y∗
i

x∗i
,
W ∗
i

x∗i
−
y∗
i

x∗i

y∗T
i

x∗i

)
, w.p. x∗i , ∀i ∈ [n].

More importantly, they showed that the optimal decision vari-
ables x∗ in the SDP formulation are the choice probabilities
for the mixture of multivariate normal distributions which
maximizes the expected agent utility. Mishra, Natarajan and
Teo [32] provide applications of this formulation to problems
in route choice, random walk theory and product line selection
with the number of alternatives up to hundred. Numerical
experiments in [32] showed that the CMM model captures
correlation information in predicting choices and provides
insights often qualitatively similar to MNP.

C. Structure and Contributions

The main contributions and the structure of the paper are
summarized next:

(a) In Section II, we provide a representative agent formu-
lation for the CMM model with an explicit computation-
ally tractable representation of the perturbation function

1The problem of finding the joint distribution of the random components
that minimizes the expected agent utility with the first two moment informa-
tion reduces to Jensen’s bound. This is uninteresting from a discrete choice
modelling perspective since all the agents then choose the alternative with the
highest mean.

V (·). We also prove strong concavity of the objective
function for the CMM model under the assumption that
the covariance matrix is strictly positive definite. Our
results make extensive use of properties of the square
root function of matrices from matrix analysis.

(b) In Section III, we evaluate the gradient of the objective
function in the representative agent formulation for the
CMM model and provide the optimality conditions. As
an application, we show that under the assumption of
strict positive definiteness of the covariance matrix, there
is a one-to-one mapping between the mean utilities
and the choice probabilities (or market shares) in the
CMM model. Inferring the mean utilities from the
choice probabilities (or inverting the market shares) is
easy in the CMM model without having to go through
simulation methods.

(c) In Section IV, we develop a simple first order gradient
ascent method with inexact line search to compute
choice probabilities. This is particularly appealing since
it transforms the solution of a semidefinite program
(SDP) for the CMM model to a gradient based method
which makes it possible to solve large instances. We
prove the algorithm is locally linearly convergent.

(d) In Section V, we provide computational results for the
CMM model. The computational results indicate that
the decrease in the running time obtained from the
gradient method is potentially of significant value when
solving for choice probabilities with many alternatives
since solving large scale semidefinite programs remains
a challenge. While the choice probabilities in the CMM
model are computed using convex optimization, the
choice probabilities in the MNP model are computed
using simulation. We provide numerical experiments to
illustrate the efficacy of the model.

II. A REPRESENTATIVE AGENT FORMULATION FOR THE
CROSS MOMENT (CMM) MODEL

We start the section with the result by Natarajan and Teo
[34] that further reduces the size of the semidefinite program
(7) by reformulating it as:

Z∗cmm = max trace(Y )

s.t. x ∈∆n−1 Σ + µµT Y T µ
Y Diag(x) x

µT xT 1

 � 0.

(8)

In formulation (8) trace(Y ) is the trace of the matrix Y and
Diag(x) is a diagonal matrix with the entries of x along the
diagonal. In formulation (8), the optimal x∗i variables represent
a lower bound on the choice probability for the distribution θ∗

that maximizes the expected agent utility given the first two
moments:

Pθ∗

(
i = argmax

k∈[n]

(µk + ε̃k)

)
≥ x∗i , ∀i ∈ [n],

where equality holds if there are no ties. Since the multivariate
normal distribution is a feasible distribution in the CMM
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formulation, Z∗cmm is an upper bound on the expected agent
utility in MNP. Computationally these models differ in the
way the choice probabilities are computed. In the MNP
model, simulation techniques are used to compute the choice
probabilities. On the other hand, the CMM model uses convex
optimization techniques to solve the semidefinite program.

There has been an increasing interest in the literature on
discrete choice models that deal with a large number of
alternatives. Examples that have been studied includes the
choice of lake recreation sites in the state of Wisconsin
involving 589 alternatives (see Parsons and Kealy [36]), choice
of car models involving 689 alternatives (see Brownstone,
Bunch and Train [9]) and choice of messenger bags involving
3584 alternatives (see Toubia et al. [40]). Models that treat
products as bundles of characteristics with an additive error
term that accounts for variation in the taste for the products
in conjunction with variation in taste for the characteristics of
the products results in choices where the number of products
(alternatives) is exponential in the number of characteristics.
In a recent paper, Ahipasaoglu et. al. [1] used the CMM
model as an alternative to MNP for computing choice prob-
abilities in a traffic equilibrium problem and showed that it
provides a practical alternative to MNP in estimating traffic
flows. The correlation information in their model arises from
origin-destination paths (alternatives) sharing common roads
(characteristics). The number of paths in such networks might
be exponential in the number of roads. In our computational
experiments, we have found that solving the semidefinite
program (8) using state of art interior point method based
solvers such as SDPT3 version 4 (see [42], [39]) in MATLAB
R2014 on a laptop with an Intel(R) i7-5600U CPU processor
(2.6 GHz) with 4GB RAM works well when the number
of alternatives is up to two hundred roughly. Solving large
semidefinite programs with matrix size up to a few thousands
still remains a computational challenge and is a subject of
intense research in the optimization community. One such
algorithm that is able to solve large scale SDPs is the research
software SDPNAL+ version 0.3 that has been recently devel-
oped by Sun, Toh, Yang and Zhao (see [46] and [45])2. In
contrast to such general purpose codes that solve large scale
SDPs, we develop a specialized method based on gradient
ascent with inexact line search by deriving a representative
agent reformulation of the CMM model. Numerical results
in Section V show that such a method is suitable when the
number of alternatives is large.

A. Optimization over the Unit Simplex

In this section, we develop a representative agent formu-
lation for the CMM model that transforms the semidefinite
program to a nonlinear maximization problem over the unit
simplex.

Theorem 1: Assume that Σ � 0. Then the maximum
expected agent utility Z∗cmm in the CMM model is the opti-

2This code has kindly been made freely available at
http://www.math.nus.edu.sg/∼ mattohkc/SDPNALplus.html by the authors
and is based on a semismooth Newton-Conjugate gradient augmented
Lagrangian method coupled with a alternating direction method of
multipliers.

mal objective value to the following nonlinear optimization
problem over the unit simplex:

Z∗cmm = max µTx+ trace
((

Σ1/2 S(x) Σ1/2
)1/2

)
s.t. x ∈∆n−1,

(9)
where S(x) = Diag(x) − xxT � 0 and B = A1/2

is the unique positive semidefinite square root of a matrix
A � 0 such that A = B2. Furthermore the optimal decision
variables x∗ are the choice probabilities for the distribution
that maximizes the expected agent utility.
Proof:
Applying Schur’s lemma to the positive semidefinite matrix in
formulation (8), we obtain the equivalent nonlinear semidefi-
nite program:

Z∗cmm = max trace(Y )

s.t. x ∈∆n−1(
Σ Y T − µxT

Y − xµT Diag(x)− xxT
)
� 0.

(10)
Define a transformation of the variables by letting Ŷ = Y −
xµT . Then, trace(Ŷ ) = trace(Y )−µTx. This transforms the
problem to the equivalent nonlinear semidefinite programming
formulation:

Z∗cmm = max µTx+ trace(Ŷ )

s.t. x ∈∆n−1(
Σ Ŷ

T

Ŷ S(x)

)
� 0,

(11)

where S(x) = Diag(x) − xxT . The matrix S(x) is positive
semidefinite for all x ∈∆n−1 since:

vTS(x)v =
∑
i∈[n]

v2
i xi −

∑
i∈[n]

vixi

2

,

≥ 0, ∀v ∈ <n,

where the last inequality comes from E(ṽ2) ≥ E(ṽ)2 where
the random variable ṽ is defined to take value vi with proba-
bility xi for i ∈ [n]. The semidefinite program in (11) can be
reformulated as a two-stage optimization problem of the form:

Z∗cmm = max
{
µTx− V (x)

∣∣∣ x ∈∆n−1

}
, (12)

where x ∈ ∆n−1 is the first stage decision vector and V (x)
is the optimal value to the following second stage problem
where Ŷ is the second stage matrix decision variable:

V (x) = min −trace(Ŷ )

s.t.

(
Σ Ŷ

T

Ŷ S(x)

)
� 0.

(13)

The second stage semidefinite program in (13) for a given
value of x has a closed form solution (see Dowson and
Landau [11], Olkin and Pukelsheim [35] and Shapiro [37]).
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Applying this result since range(S(x)) ⊆ range(Σ), the
optimal second stage solution is given as:

Ŷ ∗T = ΣS(x)
1/2

((
S(x)

1/2
ΣS(x)

1/2
)1/2

)†
S(x)

1/2
,

(14)
where (·)† denotes the Moore-Penrose pseudoinverse of a
matrix. Hence, the optimal value of formulation (13) is:

V (x) = −trace

(
ΣS(x)

1/2

((
S(x)

1/2
ΣS(x)

1/2
)1/2

)†
S(x)

1/2

)
,

= −trace

((
S(x)

1/2
ΣS(x)

1/2
)((

S(x)
1/2

ΣS(x)
1/2
)1/2

)†)
,

= −trace
((
S(x)

1/2
ΣS(x)

1/2
)1/2

)
,

= −trace
((

Σ
1/2
S(x)Σ

1/2
)1/2

)
,

(15)
where the second equality comes from the invariance of
the trace under cyclic permutations, the third equality
comes from the property of the pseudo-inverse that
A(A1/2)† = A1/2A1/2(A1/2)† = A1/2 and the last
equality comes from the observation that for any n × n
real square matrix A, the matrices AAT and ATA
have the same set of eigenvalues (see Horn and Johnson
[22]). By substituting into (12), we obtain the desired result.

Remark 1: The second stage problem in (13) has been
studied in [11], [35], [37] in the following context: Given
two n-dimensional random vectors with covariance matrices
Σ and S(x), find the cross moment matrix Ŷ

T
between

the two random vectors that minimizes the expected L2

distance between the vectors. In the proof of Theorem 1, the
two vectors in the second stage corresponds to the random
component of the utility vector ε̃ and the random choice
vector which chooses ei (alternative i) with probability xi. The
first stage problem corresponds to finding the best probability
vector x.

B. Strong Concavity of the Objective Function

In this section, we prove strong concavity of the objective
function in the representative agent formulation for the CMM
model. The result is based on the following definitions of func-
tions of (positive semidefinite) matrices. Consider a symmetric
positive semidefinite matrix A with an eigendecomposition
QDiag(λ)QT where Q is an orthonormal matrix and λ
is the vector of nonnegative eigenvalues. Given a function
h(·) : [0,∞) → [0,∞), the matrix function is defined as
h(A) = QDiag(h(λ))QT where h(λ) is a vector whose ith

entry stores h(λi). As is the convention, we use A � B to
denote A−B � 0.

Definition 1: Consider a function h : [0,∞)→ [0,∞).

(a) The function h is operator monotone if for allA,B � 0:

A � B =⇒ h(A) � h(B).

(b) The function h is operator concave if for all A,B � 0
and λ ∈ [0, 1]:

h ((1− λ)A+ λB) � (1− λ)h(A) + λh(B).

An example of a matrix function that is both operator mono-
tone and operator concave is the square root function.

Theorem 2: (Special case of the Löwner-Heinz Theorem
[27], [19])
The function h(t) = t1/2 is both operator monotone and
operator concave.
Before we introduce the key result of this section, we recall
the definition of strong convexity.

Definition 2: A function V (x) : D → < where D is a
convex subset of <n is strongly convex if for all x,y ∈ D
and λ ∈ (0, 1), there exists a constant m > 0 such that

V (λx+(1−λ)y) ≤ λV (x)+(1−λ)V (y)−m
2
λ(1−λ)‖x−y‖2.

This bring us to the following result for the objective function
in formulation (9).

Theorem 3: The function V (x) =

−trace
((

Σ1/2S(x)Σ1/2
)1/2

)
defined on the unit simplex

x ∈∆n−1 is strongly convex for Σ � 0.
Proof: For all x,y ∈ ∆n−1 with x 6= y and λ ∈ (0, 1), we
have:

S(λx+ (1− λ)y)

= Diag (λx+ (1− λ)y)− (λx+ (1− λ)y) (λx+ (1− λ)y)
T
,

= λDiag (x) + (1− λ)Diag (y)− λ2
xx

T − (1− λ)
2
yy

T

−λ(1− λ)(xy
T

+ yx
T

),

= λ
(

Diag (x)− xxT
)

+ (1− λ)
(

Diag (y)− yyT
)

+λ(1− λ)(x− y)(x− y)
T
,

= λS(x) + (1− λ)S(y) + λ(1− λ)(x− y)(x− y)
T
.

Pre-multiplying and post-multiplying by Σ1/2 implies that:

Σ1/2S(λx+ (1− λ)y)Σ1/2 = Σ1/2(λS(x) + (1− λ)S(y)

+λ(1− λ)(x− y)(x− y)T )Σ1/2.
(16)

Now let A = Σ1/2S(λx + (1 − λ)y)Σ1/2, B =
λΣ1/2S(x)Σ1/2 + (1− λ)Σ1/2S(y)Σ1/2, ρ = λ(1− λ) and
w = Σ1/2(x − y). Using this notation, we can rewrite the
equation (16) as:

A = B + ρwwT .

Let λ1(A) ≤ λ2(A) · · · ≤ λn(A) denote the eigenvalues of
A (and respectively λi(B) for B). For ρ > 0 with a rank one
perturbation, Bunch, Nilsen and Sorensen [10] have shown
that:

λi(A) ≥ λi(B), ∀i ∈ [n].

Let a = ρwTw. Then there exists a vector β ≥ 0 with∑
i βi = a such that

λi(A) = λi(B) + βi, ∀i ∈ [n].

Hence a lower bound on the sum of the square roots of
the eigenvalues of the matrix A is obtained by solving the
optimization problem:∑

i∈[n]

λi(A)1/2 ≥ minβ
∑
i∈[n]

(λi(B) + βi)
1/2

s.t.
∑
i∈[n]

βi = a,

βi ≥ 0, ∀i ∈ [n].
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The right hand side of the above inequality corresponds to
minimizing a concave function over a simplex, therefore the
minimizer must be attained by at least one of the vertices of
the simplex. This gives:

∑
i∈[n]

λi(A)1/2 ≥ min
j∈[n]

∑
i 6=j

λi(B)1/2 + (λj(B) + a)1/2

 ,

≥ min
j∈[n]

∑
i∈[n]

λi(B)1/2 +
a

2
√
λj(B) + a

 ,

=
∑
i∈[n]

λi(B)1/2 +
a

2
√
λn(B) + a

,

where the second inequality is from the supergradient inequal-
ity for the concave square root function. Clearly there exists a
positive number M1, such that a = λ(1− λ)(x− y)TΣ(x−
y) ≤ M1 for all λ ∈ (0, 1) and x,y ∈ ∆n−1. Similarly,
there exists a positive number M2, such that λn(B) =
maxi λi(B) ≤ M2, for all λ ∈ (0, 1) and x,y ∈ ∆n−1.
Letting α = 1√

M1+M2
, we have∑

i∈[n]

λi(A)1/2 ≥
∑
i∈[n]

λi(B)1/2+
α

2
λ(1−λ)(x−y)TΣ(x−y).

(17)
Since trace(A1/2) =

∑
i∈[n] λi(A)1/2, by (17) we obtain

trace
(
Σ

1/2
S(λx+ (1− λ)y)Σ

1/2
)1/2

≥ trace
(
λΣ

1/2
S(x)Σ

1/2
+ (1− λ)Σ

1/2
S(y)Σ

1/2
)1/2

+
α

2
λ(1− λ)(x− y)

T
Σ(x− y),

≥ λtrace
(
Σ

1/2
S(x)Σ

1/2
)1/2

+ (1− λ)trace
(
Σ

1/2
S(y)Σ

1/2
)1/2

+
α

2
λ(1− λ)(x− y)

T
Σ(x− y),

where the last inequality is from the concavity of the square
root function. Let λmin(Σ) be the smallest eigenvalue of Σ.
Since Σ is positive definite, then λmin(Σ) > 0 and

‖Σ1/2(x− y)‖2 ≥ λmin(Σ)‖x− y‖2.

Then by the definition of the function V (·), we obtain
V (λx+ (1− λ)y) ≤ . . .

λV (x) + (1− λ)V (y)− α

2
λmin(Σ)λ(1− λ)‖x− y‖2,

and therefore the function V (x) is strongly convex on its
domain for Σ � 0, where the strong convexity parameter
depends on the matrix Σ.

III. OPTIMALITY CONDITIONS AND ITS IMPLICATIONS

One of the key advantages in developing the representative
agent formulation for the CMM model is that it transforms
the semidefinite program to a nonlinear strongly concave
maximization problem over the unit simplex. In this section,
we provide a characterization of the directional derivatives of
the objective function and provide optimality conditions for the
model. In addition, we show that as we approach the boundary
of the feasible region from its interior, the (projected) gradient
of the objective function blows to infinity. These results have
important implications that we discuss in detail in this section.

A. Projected Gradient of the Objective Function

Consider a vector x in the relative interior of the simplex
and restrict the direction of the perturbation to be in the tangent
space of ∆n−1 defined as ∆n−1 =

{
v ∈ <n

∣∣ eTv = 0
}

.
Let ||v||2 = 1. Then the directional derivative of V (x) in the
direction v is defined as:

∇vV (x) = lim
ε→0

V (x+ εv)− V (x)

ε
.

To compute the directional derivative, observe that:

V (x+ εv) = −trace
(
Σ

1/2
S(x+ εv) Σ

1/2
)1/2

,

= −trace(Σ1/2
S(x)Σ

1/2

+εΣ
1/2

(Diag(v)− xvT − vxT )Σ
1/2

−ε2Σ
1/2
vv

T
Σ

1/2
)
1/2

,

= −trace (T (x) +Ev(ε,x))
1/2

,

where:
T (x) = Σ

1/2
S(x)Σ

1/2 and

Ev(ε,x) = εΣ
1/2
(

Diag(v)− xvT − vxT
)

Σ
1/2 − ε2Σ

1/2
vv

T
Σ

1/2
.

The next lemma provides a characterization of the null space
of the matrix T (x) and its relation to the null space of the
matrix Ev(ε,x). This lemma is needed for the main result of
this and the next section.

Lemma 1:

(a) Let x =
(
0
x

)
∈∆n−1, where 0 is a vector of r zeros and

x ∈ <++
n−r is a strictly positive vector for some integer

r such that 0 ≤ r ≤ n − 1. Then the null space of the
matrix T (x) is given as:

Null(T (x)) =

{
kΣ−1/2z

∣∣∣ z =

(
z1

e

)
, z1 ∈ <r

}
,

where e is a vector of ones of dimension n− r and
rank(T (x)) = n− r − 1.

(b) Particularly, when x is in the relative interior of the
simplex denoted by rint(∆n−1), then rank(T (x)) = n−
1 and Null(T (x)) ⊆ Null(Ev(ε,x)).

Proof:
(a) Let A◦B denote the Hadamard product of two matrices

of the same dimension. Any vector z ∈ <n can be
expressed as z = Σ−1/2

(
z1

z2

)
, for some z1 ∈ <r and

z2 ∈ <n−r. Then:

T (x)z = Σ1/2
(

Diag(x)Σ1/2z − xxTΣ1/2z
)
,

= Σ1/2x ◦
(
Σ1/2z − xTΣ1/2ze

)
,

where the last equality comes from the observation that
Diag(x)(Σ1/2z) = x ◦ (Σ1/2z) and x(xTΣ1/2z) =
x ◦ (xTΣ1/2z)e. This is equivalent to

T (x)z = Σ1/2

(
0

x

)
◦

((
z1

z2

)
−
(

0

x

)T(
z1

z2

)
e

)
.

Since x > 0, T (x)z = 0 implies that:

z2 − (xTz2)e = 0.
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Solving this equation gives z ∈ Null(T (x)) =
{kΣ−1/2z | z =

(
z1

e

)
} where z1 ∈ <r. Therefore,

rank(Null(T (x))) = r+ 1 and the rank-nullity theorem
implies that rank(T (x)) = n− r − 1.

(b) For x ∈ rint(∆n−1), all the entries are nonzero. To
show that Σ−1/2e lies in the null space of the matrix
Ev(ε,x), observe that:

Ev(ε,x)Σ−1/2e

= εΣ1/2
(

Diag(v)− xvT − vxT
)

Σ1/2Σ−1/2e

−ε2Σ1/2vvTΣ1/2Σ−1/2e,

= εΣ1/2
(

Diag(v)e− xvT e− vxT e
)
− ε2Σ1/2vvT e,

= 0,

where the final equality comes from the
observation that eTx = 1 and vTe = 0. Hence,
Null(T (x)) ⊆ Ev(ε,x).

To prove the main theorem of this section, we make use of
the Fréchet derivative of a matrix function which is defined as
follows.

Definition 3: The Fréchet derivative of a real matrix function
g : <n×n 7→ <n×n at X ∈ <n×n is a linear mapping Lg :
<n×n 7→ <n×n such that g(X +E)− g(X)− Lg(X,E) =
o(||E||) for all E ∈ <n×n.
The Fréchet derivative, if exists, is known to be unique. The
Fréchet derivative for the matrix square root function, which
exists when X is positive definite, is the unique solution to the
Sylvester equation (refer to Kenney and Laub [26], Higham
[20]):

X1/2L1/2(X,E) + L1/2(X,E)X1/2 = E. (18)

Next, we derive the first order derivative of V (·).
Theorem 4: Define:

g(x) = − 1
2 diag

(
Σ1/2(T 1/2(x))†Σ1/2

)
+ Σ1/2(T 1/2(x))†Σ1/2x,

(19)
where diag(·) is the column vector formed by the diagonal
elements of the matrix and T (x) = Σ1/2S(x)Σ1/2. The
directional derivative of V (x) at x ∈ rint(∆n−1) in the
direction v ∈∆n−1 is ∇vV (x) = g(x)Tv, and its projected
gradient on the tangent space is:

∇V (x) = g(x)− 1
ne

Tg(x)e. (20)

Proof: Lemma 1 implies that for the given symmetric matrices
T (x) and Ev(ε,x), there exists an orthogonal matrix P with
PP T = P TP = I such that

T (x) = P

(
0 0T

0 Λ(x)

)
P T and

Ev(ε,x) = P

(
0 0T

0 Ev(ε,x)

)
P T ,

where Λ(x) is a diagonal matrix of size (n − 1) × (n − 1)
containing the non-zero eigenvalues of T (x) and P is the

matrix of eigenvectors of matrix T (x) with the first eigenvec-
tor equal to Σ−1/2e

||Σ−1/2e||2
. The matrix Ev(ε,x) is however not

necessarily diagonal. Thus, we obtain:

V (x+ εv)− V (x)

= −trace
(

(T (x) +Ev(ε,x))
1/2
)

+ trace
(
T (x)

1/2
)
,

= −trace
(
P

(
0 0T

0 Λ(x) +Ev(ε,x)

)
P
T

)1/2

+trace
(
P

(
0 0T

0 Λ(x)

)
P
T

)1/2

,

= −trace

(
0 0T

0 Λ(x) +Ev(ε,x)

)1/2

+ trace

(
0 0T

0 Λ(x)

)1/2

,

= −trace
((

Λ(x) +Ev(ε,x)
)1/2

−Λ
1/2

(x)

)
.

To evaluate the last expression, let L1/2(Λ(x),Ev(ε,x))
denote the Fréchet derivative for the matrix square root which
is the unique solution to the Sylvester equation:

Λ
1/2

(x)L1/2(Λ(x),Ev(ε,x)) + L1/2(Λ(x),Ev(ε,x))Λ
1/2

(x) = Ev(ε,x).

The existence of solution is guaranteed since Λ(x) � 0. The
Sylvester equation can then be expressed as:

L1/2(Λ(x),Ev(ε,x)) + Λ
−1/2

(x)L1/2(Λ(x),Ev(ε,x))Λ(x)
1/2

= Λ
−1/2

(x)Ev(ε,x).

Hence:

trace
(
L1/2(Λ(x),Ev(ε,x))

)
=

1

2
trace

(
Λ
−1/2

(x)Ev(ε,x)
)
.

Using the definition of the Fréchet derivative we have:

V (x+ εv)− V (x)

= −
1

2
trace

(
Λ
−1/2

(x)Ev(ε,x)
)

+ o
(
||Ev(ε,x)||

)
,

= −1

2
trace

((
0 0T

0 Λ
−1/2

(x)

)(
0 0T

0 Ev(ε,x)

))
+o
(
||Ev(ε,x)||

)
,

= −
1

2
trace

((
0 0T

0 Λ
−1/2

(x)

)
P
T
Ev(ε,x)P

)
+ o

(
||Ev(ε,x)||

)
,

= −
1

2
trace

(
P

(
0 0T

0 Λ
−1/2

(x)

)
P
T
Ev(ε,x)

)
+ o

(
||Ev(ε,x)||

)
,

= −
ε

2
trace

(
(T

1/2
(x))

†
Σ

1/2
(

Diag(v)− xvT − vxT
)

Σ
1/2
)

+o
(
||Ev(ε,x)||

)
,

= −
ε

2

(
diag

(
Σ

1/2
(T

1/2
(x))

†
Σ

1/2
)T
− 2x

T
Σ

1/2
(T

1/2
(x))

†
Σ

1/2

)
v

+o
(
||Ev(ε,x)||

)
.

Hence, we obtain the expression for the directional derivative
in the direction v ∈∆n−1 as:

∇vV (x) = lim
ε→0

V (x+ εv)− V (x)

ε
,

= −
1

2
(diag

(
Σ

1/2
(T

1/2
(x))

†
Σ

1/2
)T

−2x
T

Σ
1/2

(T
1/2

(x))
†
Σ

1/2
)v,

= g(x)
T
v,

where

g(x) = −
1

2

(
diag

(
Σ

1/2
(T

1/2
(x))

†
Σ

1/2
)
− 2Σ

1/2
(T

1/2
(x))

†
Σ

1/2
x
)
.
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Since this is true for all v ∈ ∆n−1, we obtain ∇V (x) by
projecting g(x) onto the tangent space ∆n−1. 3

B. Optimality Conditions

The representative agent formulation for the CMM model
is:

Z∗ = max
{
f(x)

∣∣∣ x ∈∆n−1

}
where f(x) = µTx− V (x).

Since the objective function is strongly concave and given the
first-order derivatives of the objective function in Theorem 4,
we can now write down the first-order optimality conditions
for the CMM model as follows:

∇f(x) =

(
µ− 1

n
eTµe

)
−
(
g(x)− 1

n
eTg(x)e

)
= 0,

x ∈∆n−1,
(21)

where ∇f(x) is the projected gradient of f onto the tangent
space of the feasible region. Next, we will discuss some of
the implications of these optimality conditions.

C. Mapping between Mean Utilities and Choice Probabilities

In this section, we show a one-to-one correspondence be-
tween the mean utilities µ under appropriate normalization
and the choice probabilities x in the relative interior of
the simplex in the CMM model. This is important from an
modeling viewpoint since it shows that the CMM model is
capable of generating all the choice probabilities in the relative
interior of the unit simplex. Furthermore, this is important in
identification and estimation of demand parameters (see Berry
[5]). We show that under mild assumptions on the covariance
matrix, inverting the choice probabilities in the CMM model is
fairly easy. Towards this, we first prove the following lemma
that characterizes the gradient of the objective function in the
representative agent formulation of the CMM model near the
relative boundary of the simplex.

Theorem 5: Assume that Σ � 0. As x approaches the
relative boundary of the unit simplex, the projected gradient
of V (·) blows up to +∞.
Proof: Suppose that the sequence of interior points
{xk}k=1,...∞ approaches a point x̂ on the relative boundary
of the unit simplex, along the direction −z ∈ <n. Assume
that x̂ has exactly m zeros. Any such z must satisfy eTz = 0
and x̂i = 0⇒ zi > 0. We first prove that:

lim
t→0+

V (x̂)− V (x̂+ tz)

t
= +∞.

Let z0 = mini:x̂i=0 zi and σ1 = λ1(Σ). We have:

T (x̂+ tz) = Σ1/2S(x̂+ tz)Σ1/2,

= Σ1/2Diag(x̂+ tz)Σ1/2

−Σ1/2(x̂+ tz)(x̂+ tz)TΣ1/2.

3We abuse the notation slightly here since the gradient of V (x) does
not exist outside the feasible region. For all theoretical and algorithmic
purposes, the mathematical quantity that we calculate, i.e., ∇V (x), behaves
as the projected gradient. To be mathematically precise, one would embed
the function into the affine subspace eTx = 1 by substituting for one of the
decision variables, but this approach is notationally cumbersome in exposition.

It is clear that mini{x̂i + tzi} = mini:x̂i=0 tzi = tz0 if t is
sufficiently small. From Lemmas 4 and 5, both given in the
Appendix, this implies that

λ2(Σ1/2S(x̂+ tz)Σ1/2) ≥ λ1(Σ1/2Diag(x̂+ tz)Σ1/2)

≥ tσ1z0

> 0,

since Σ1/2S(x̂ + tz)Σ1/2 is a rank one update of
Σ1/2Diag(x̂ + tz)Σ1/2. Therefore, together with Lemma 1,
we have:

λ1(T (x̂+ tz)) = 0, λ2(T (x̂+ tz)) ≥ tσ1z0, and

λ3(T (x̂+ tz)), . . . , λn(T (x̂+ tz)) > 0.

Recall also that Lemma 1 gives:

λ1(T (x̂)) = · · · = λm+1(T (x̂)) = 0 and

λm+2(T (x̂)), . . . , λn(T (x̂)) > 0.

Furthermore, from standard results for the continuity of
the matrix eigenvalue function (see [16]), we know that
‖λj(T (x̂ + tz)) − λj(T (x̂))‖ ≤ O(t), for all j. Combining
above facts,

lim
t→0+

V (x̂)− V (x̂+ tz)

t

= lim
t→0+

n∑
j=1

(√
λj(T (x̂+ tz))−

√
λj(T (x̂))

)
t

≥ lim
t→0+

√
tσ1z0 +

n∑
j=m+2

(√
λj(T (x̂)) +O(t)−

√
λj(T (x̂))

)
t

→ +∞,

since the ratio
√
t/t diverges to +∞ as t approaches 0 and

limt→0+ O(t)/t = 0.
We next show that

limt→0+ |∇zV (x̂+ tz)|
= limt→0+ lims→0+

(
V (x̂+tz)−V (x̂+(t+s)z)

s

)
= +∞.

Suppose this is not the case. Since V (x̂) is convex, ∇zV (x̂+
tz) is monotone in t, which implies that

lim inft→0+ lims→0+

(
V (x̂+tz)−V (x̂+(t+s)z)

s

)
= lim supt→0+ lims→0+

(
V (x̂+tz)−V (x̂+(t+s)z)

s

)
.

Therefore, there has to be M such that

lims→0+

(
V (x̂+tz)−V (x̂+(t+s)z)

s

)
≤M, ∀t > 0

with x̂+ tz ∈ rint(∆n−1).
(22)

However, since limt→0+
V (x̂)−V (x̂+tz)

t = +∞, there exists
t0 > 0 such that V (x̂)−V (x̂+t0z)

t0
> 2M . In addition, since V is

continuous on ∆n−1, it is also uniformly continuous on ∆n−1.
Therefore, there exists δ > 0 such that |V (x̂)−V (x̂+sz)| <
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t0M for all s ∈ [0, δ). It is without loss of generality to assume
that δ < t0. Therefore,

lims→0+

(
V (x̂+ δ

2z)−V (x̂+( δ2 +s)z)

s

)
≥

(
V (x̂+ δ

2z)−V (x̂+t0z)

t0− δ2

)
,

≥
(
V (x̂+ δ

2z)−V (x̂+t0z)

t0

)
,

>
(
V (x̂)−t0M−V (x̂+t0z)

t0

)
> M.

This is in contradiction with equation (22), which completes
the proof.

We are now ready to prove the main result of this section.
Hofbauer and Sandholm [21] have shown that given any
joint distribution of the noise terms, the mapping from the
deterministic components of the utilities µ (under appropriate
normalization) to the set of choice probabilities in the relative
interior of the simplex is surjective, namely any vector of
choice probabilities can be obtained by selecting suitable
mean values. We show in the next theorem that under mild
assumptions on the covariance matrix, there is a one-to-one
correspondence between the mean utilities under the normal-
ization condition µ1 = 0 and the choice probabilities in the
relative interior of the simplex for the CMM model.

Theorem 6: Assume that Σ � 0. Without loss of generality,
set µ1 = 0. Let p = P (µ) : {0} × <n−1 → ∆n−1 be the
mapping from the mean utilities to the choice probabilities in
the CMM model. Then P (·) is a bijection between {0}×<n−1

and the relative interior of the simplex ∆n−1, namely there is
a one-to-one correspondence between the mean utilities and
the choice probabilities.
Proof:

(a) We first show that every mean vector in {0} × <n−1

in the CMM model results in a unique vector of choice
probabilites in the relative interior of the unit simplex.
From the strong concavity of the objective function in
the representative agent formulation of the CMM model
(Theorems 1 and 3) and the observation that the gradient
of the objective function blows up to infinity near the
relative boundary of the simplex (Theorem 5), the choice
probability vector in the CMM model lies strictly in the
relative interior of the simplex and is unique.

(b) We next show that every choice probability vector in
the relative interior of the simplex maps to a unique
mean vector in {0} × <n−1 in the CMM model. From
the optimality conditions in (21) and with µ1 = 0, by
multiplying with the vector e1 we have:

1

n
eTµ =

1

n
eTg(x)− g1(x).

Plugging in back to the optimality conditions, we ob-
tain the mean utilities from the choice probabilities as
follows:

µ = g(x)− g1(x)e. (23)

Taken together, this implies there is a one-to-one
correspondence between the set of deterministic utilities
in {0} × <n−1 and the set of choice probabilities in

the relative interior of the unit simplex.

For the MNL model, the mean utilities are uniquely identi-
fied from the following simple formula:

µi = ln(pmnl
i )− ln(pmnl

1 ), ∀i ∈ [n].

A similar result exists for identifying the mean utilities
from the nested logit model (see Berry [5]). For the
CMM model, the mean utilities are uniquely identified
from the simple calculation in (23) where g(x) =

− 1
2

(
diag

(
Σ1/2(T 1/2(x))†Σ1/2

)
− 2Σ1/2(T 1/2(x))†Σ1/2x

)
.

To the best of our knowledge, no such easily computable
formula is available for the MNP model.

IV. CALCULATING THE CHOICE PROBABILITIES IN THE
CMM MODEL

A. The Gradient Ascent Algorithm

In this section we present a projected gradient ascent method
4 to calculate the choice probabilities in the CMM model.
The algorithm is given in Algorithm 1 in which stepsizes are
chosen according to the well-known Armijo’s line search rule.

Input: µ,Σ, starting point x0, initial step size
α0 ∈ (0, 1], β ∈ (0, 1), τ ∈ (0, 1), tolerance
ε > 0.

Output: Optimal solution x∗.
Initialize stopping criteria: criteria← ε+ 1;
while criteria > ε do

α← α0

x← x0 + α∇f(x0),
while x /∈ rint(∆n−1) or
f(x) < f(x0) + τα‖∇f(x0)‖2 do
α← βα
x← x0 + α∇f(x0),

end
x0 ← x
criteria← ‖x− x0‖.

end
Algorithm 1: Projected gradient ascent algorithm with
Armijo search

From Theorem 5, we know that the optimal solution
lies in rint(∆n−1). The algorithm presented in Algorithm
1 converges to the optimal solution (see [23]). While the
objective function has a nice curvature (it is strongly concave),
it does not have a Lipschitz continuous gradient near the
relative boundary. In fact, the function itself does not satisfy
the Lipschitz continuity condition near the relative boundary
(see Theorem 5). In the next section, we show that if x is
sufficiently far away from the relative boundary of the feasible
region, then the algorithm converges linearly for appropriately
chosen parameters within a local neighborhood. As we show
numerically in Section 5, this helps explains the good behavior

4Note that the presentation here is slightly different than the one in classical
references such as Section 2.3 of Bertsekas [6], but the algorithm is the same
since the projection is onto an affine subspace, i.e., ProjAx=b(x̂+∇f) =
x̂+ ProjAx=0(∇f) for Ax̂ = b.



10

of the algorithm in most cases while for some ill-conditioned
problems where for example one of the choice probabilities is
very low, the algorithm tends to be slower.

B. Local Linear Convergence of the Algorithm

We first show that with τ ∈ [0.5, 1), the distance between
the solution at successive iterations and the optimal solution
is non-increasing.

Lemma 2: Let dk = ||xk − x∗||, where x∗ is the optimal
solution and xk is the k-th iterate. Then dk ≤ dk−1 for all
k > 0 if τ ≥ 0.5.
Proof: From the definition of dk, we have

d2
k+1 = ||xk+1 − x∗||2

= ||xk + αk∇f(xk)− x∗||2
= d2

k + α2
k||∇f(xk)||2 − 2αk∇f(xk)T (x∗ − xk).

(24)
Since f(·) is concave, we have

∇f(xk)T (x∗ − xk) ≥ f(x∗)− f(xk) = εk.

Note that εk ≥ 0 by definition. Combined with inequality (24),
we have

d2
k+1 ≤ d2

k − αk(2εk − αk||∇f(xk)||2).

From the Armijo’s rule, we have

f(xk+1) ≥ f(xk) + ταk‖∇f(xk)‖2.

Therefore,

αk‖∇f(xk)‖2 ≤ 1

τ
(f(xk+1)− f(xk)) =

1

τ
(εk − εk+1).

Hence, we have

d2
k+1 ≤ d2

k − αk(2εk − αk||∇f(xk)||2),

≤ d2
k − αk

(
2εk −

1

τ
(εk − εk+1)

)
,

≤ d2
k − αk (2εk − 2(εk − εk+1)) ,

≤ d2
k − 2αkεk+1,

≤ d2
k,

where the third inequality uses the fact that τ ≥ 0.5.
Note that the above proof is very similar to the proof of
Proposition 9.1.2 in [4] for the unconstrained convex case.

We are now ready to discuss the rate of convergence of the
algorithm by choosing the parameter τ , carefully.

Theorem 7: If there exists a γ ∈ (0, 1) such that ||x0 −
x∗|| ≤ γx∗min where x∗min = mini x

∗
i and if τ = 0.5, then

f(x∗)− f(xk) ≤ θk
(
f(x∗)− f(x0)

)
,

where θ = 1−min{m,βm/L} with m defined as the strong
convexity constant in the proof of Theorem 3 and

L =
9n

4(1− γ)x∗minσ1

∥∥∥Σ1/2
∥∥∥4

+
n

((1− γ)x∗minσ1)1/2

∥∥∥Σ1/2
∥∥∥2

,

where σ1 = λ1(Σ).
Proof: From Lemma 2, we know that ||xk − x∗|| ≤ γx∗min

for all k > 0. So we can restrict the feasible region to
X = ∆n−1 ∩ {x : ||x − x∗|| ≤ γx∗min}. It is easily

seen that for all x ∈ X , mini xi ≥ (1 − γ)x∗min and,
therefore, X ⊂ rint(∆n−1). Applying Theorem 8 given in
the Appendix, ∇f(xk) is Lipschitz continuous over X with
Lipschitz constant

L =
9n

4(1− γ)x∗minσ1

∥∥∥Σ1/2
∥∥∥4

+
n

((1− γ)x∗minσ1)1/2

∥∥∥Σ1/2
∥∥∥2

.

The result follows from the linear convergence rate result
(see Boyd and Vandenberghe [8]) for τ ≤ 0.5, with θ =
1 − min{2mτ, 2βτm/L}, where m is the strong convexity
constant. In our case, τ = 0.5, so we have

f(x∗)− f(xk) ≤ θk
(
f(x∗)− f(x0)

)
,

where θ = 1−min{m,βm/L} with m being the constant in
the proof of Theorem 3.

Since the algorithm converges globally (see Iusem [23]),
Theorem 7 shows that there exists a large enough integer M ,
such that, after M iterations the algorithm converges linearly.
The algorithm is thus locally linearly convergent. The typical
behavior of the algorithm is presented in Figure 1. We provide
a more detailed computational study regarding the convergence
of the algorithm in the next section.
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Fig. 1. Local convergence of the algorithm for a random instance with n =
100.

We note that while the algorithm we propose in this section
is fairly straightforward and commonly used in nonlinear
programming, the application of such a method to computing
choice probabilities with correlated utilities appears to be
new. Furthermore, we find that calculating the gradient of the
objective function and proving the local linear convergence
behaviour of the algorithm is nontrivial. We also believe that
the ‘calculus with matrices’ that we develop here to solve
discrete choice problems is novel and interesting on and
possibly useful for solving other choice problems in the future
as well.

V. COMPUTATIONAL RESULTS

In the first set of numerical experiments, we compare
the computational times and accuracy of the gradient ascent
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method developed in this paper for the CMM model with an
SDP solver that is suitable for solving large scale SDPs. In
the second set of experiments, we numerically test the con-
vergence of the gradient method for the CMM model. In the
third set of experiments, we compare the choice probabilities
from the CMM and MNP model. The results help illustrate
the efficacy of the model.

A. Comparison of SDP and the Gradient Method for the CMM
Model

The SDP in (8) was solved using the SDPNAL+ version
0.3 (beta) while the code for the gradient ascent method was
developed in MATLAB R20145. The computational experi-
ments were run on a laptop with an Intel(R) i7-5600U CPU
processor (2.6 GHz) with 4GB RAM.

The number of alternatives n were varied in the set
{100, 200, . . . , 1000}. The mean of the utilities was ran-
domly generated in [0, 1]n. The covariance matrix Σ =
V Diag(d)V T was randomly generated by choosing the eigen-
values in the vector d uniformly in (0, 1]n and the eigenvectors
in V using an orthogonalization of a random n by n matrix
with each entry in [−1, 1]. For each size n, 7 instances were
randomly generated. In the computational experiments, we
used the default settings for SPDNAL+ version 0.3. For the
gradient method, the parameters were set as α0 = 0.1, τ = 0.5,
β = 0.6 with ε = 1e-4. To compare the accuracy of the methods,
we evaluated the error measured in L2-distance between the
choice probability vectors obtained from the SDP solver and
the gradient ascent method:

errorprob = ‖x∗sdp − x∗grd‖2,

where x∗sdp and x∗grd are the solutions obtained from the
SDP solver and the gradient ascent method, respectively. We
also evaluated the difference in the optimal objective value as
follows:

errorobj = |f(x∗sdp)− f(x∗grd)|.

The results are provided in Table I which clearly indicates that
both the methods are very close in terms of choice probabilities
and the objective value. In Table II, the computational times
for the two methods are provided which illustrates that the
gradient method converges much faster for this set of instances
in comparison to the SDP solver.

B. Convergence of the Gradient Method for the CMM model

In the second set of numerical experiments, we study the
convergence behavior of the algorithm. Theorem 7 shows that
the region of linear convergence for the algorithm depends on
x∗min, which is the distance between the optimal solution and
the relative boundary. To study the effect of x∗min, we plot
the number of iterations versus the level of accuracy achieved
by the algorithm within those iterations, i.e., the tolerance
ε, in Figure 2. To plot Figure 2, we picked n = 100 and
randomly generated a covariance matrix Σ. Next, we chose
a facet which is the convex combination of 10 randomly

5The code for the gradient method and the test instances can be obtained
from the webpages of the authors.

n error 1 2 3 4 5 6 7
100 Prob 1.63e-5 2.46e-5 3.69e-5 0.743e-5 3.08e-5 0.84e-5 2.92e-5

Obj 0.0056 0.0071 0.0055 0.0020 0.0054 0.0076 0.0067
200 Prob 2.67e-5 2.53e-5 8.76e-5 2.36e-4 2.109e-4 2.672e-4 1.867e-4

Obj 0.0071 0.0077 0.0077 0.0060 0.0050 0.0067 0.0046
300 Prob 9.40e-5 1.53e-4 0.88e-5 1.14e-4 2.34e-4 1.19e-4 1.04e-4

Obj 0.0033 0.0021 0.0065 0.0018 0.0016 0.0004 0.0028
400 Prob 1.73e-4 2.89e-4 7.14e-5 0.95e-5 4.17e-5 3.78e-5 5.23e-5

Obj 0.0031 0.0028 0.0006 0.0055 0.0028 0.0041 0.0026
500 Prob 8.79e-5 5.30e-5 2.95e-5 1.80e-5 3.54e-4 3.01e-5 4.29e-4

Obj 0.0027 0.0099 0.0026 0.0070 0.0086 0.0065 0.0104
600 Prob 2.14e-05 2.10e-05 2.21e-06 2.82e-05 2.52e-05 2.70e-03 2.13e-05

Obj 0.0055 0.0042 0.0021 0.0190 0.0044 0.1066 0.0047
700 Prob 7.16e-05 4.61e-05 1.45e-04 3.99e-05 2.31e-05 3.63e-05 1.82e-04

Obj 0.0015 0.0012 0.0016 0.0010 0.0066 0.0019 0.0051
800 Prob 4.49e-05 1.78e-04 3.01e-05 2.19e-04 4.32e-04 4.51e-05 2.84e-04

Obj 0.0015 0.0000 0.0010 0.0058 0.0166 0.0017 0.0163
900 Prob 1.12e-04 4.53e-05 4.08e-05 7.41e-04 4.86e-05 3.72e-04 3.06e-05

Obj 0.0137 0.0108 0.0055 0.0299 0.0120 0.0171 0.0009
1000 Prob 3.88e-05 3.60e-04 3.62e-05 2.53e-04 7.74e-05 3.45e-05 5.56e-05

Obj 0.0019 0.0088 0.0084 0.0004 0.0045 0.0024 0.0158

TABLE I
COMPARISON OF SDPNAL+ AND THE GRADIENT METHOD IN TERMS OF

ACCURACY FOR 7 INSTANCES FOR EACH n.

n Time (sec) 1 2 3 4 5 6 7
100 Grad 0.40 0.34 0.34 0.34 0.37 0.37 0.34

SDP 11.82 6.78 8.23 65.49 6.22 7.84 6.35
200 Grad 1.43 1.17 1.23 1.38 1.27 1.35 1.29

SDP 31.31 30.38 29.53 33.97 34.25 31.63 32.85
300 Grad 2.51 2.68 2.27 2.60 2.24 2.46 2.71

SDP 114.45 99.74 101.27 114.67 116.59 121.58 113.42
400 Grad 4.35 3.60 3.47 3.86 3.83 3.49 3.65

SDP 274.00 314.95 282.51 256.59 271.39 266.01 284.29
500 Grad 6.44 8.39 5.75 5.17 4.96 5.05 5.44

SDP 617.63 548.72 527.94 477.75 585.20 467.12 521.08
600 Grad 13.61 14.24 12.62 12.94 13.35 13.35 13.49

SDP 715.00 683.00 17903.00 2864.00 755.00 1829.00 655.00
700 Grad 23.16 23.49 20.87 19.92 21.38 20.51 19.84

SDP 1220.30 1564.10 1692.80 1423.60 1163.10 1484.60 1264.40
800 Grad 33.08 33.83 33.86 38.14 39.65 43.21 39.65

SDP 2304.20 1880.30 2330.00 2091.30 2812.10 2325.40 2717.60
900 Grad 49.18 52.07 53.41 48.36 52.50 48.95 53.83

SDP 3665.10 3595.60 3663.40 3809.30 3728.10 3406.50 3571.90
1000 Grad 60.60 71.76 71.93 66.79 63.91 61.58 63.19

SDP 4846.90 5220.90 5325.90 5398.60 4999.20 4840.20 4954.00

TABLE II
COMPARISON OF SDP SOLVER SDPNAL+ AND THE GRADIENT METHOD

IN TERMS OF COMPUTATIONAL TIMES FOR 7 INSTANCES FOR EACH n.
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Fig. 2. Average behavior of the algorithm with different x∗
min.

picked extreme points of the unit simplex, and let the center
of the facet be xbd. We considered three scenarios: In the
‘opt center’ scenario, we let x∗ = 0.9xct + 0.1xbd, where
xct = {1/100, . . . , 1/100} is the center of the unit simplex;
in the ‘opt midway’ scenario, we let x∗ = 0.5xct + 0.5xbd;
in the ‘opt boundary’ scenario, we let x∗ = 0.1xct + 0.9xbd.
Note that we can choose

µ = g(x∗)
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to ensure that the optimal solution is x∗. Clearly, x∗min =
0.009, 0.005 and 0.001 for these three scenarios. We randomly
generate a starting point x0. We then vary ε from 10−2

to 10−9 and record the corresponding number of iterations.
Figure 2 is obtained by averaging the results of 20 independent
replications. From the plot, we can clearly observe the local
linear convergence behavior for all three scenarios. As the
optimal solution approaches to the boundary, the slope of
the plot increases indicating that the constant in the linear
convergence rate result increases as x∗min decreases. This is
also predicted by the theoretical results.

To study the influence of the starting point, we plot the
average number of iterations and computation times versus
the location of the starting point in the Figure 3. To obtain
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Fig. 3. Average number of iterations and CPU time versus the location of
the initial point.

Figure 3, we use the settings as in Figure 2. Instead of varying
the optimal solution, we randomly generate µ once to use
in all experiments but choose various starting points on a
line segment between a boundary point and the center of the
simplex by setting x0 = λxct + (1 − λ)xbd and varying the
parameter λ. We fix the tolerance to ε = 10−6. From the
figure, we find that required number of iterations to achieve
the fixed tolerance level and the corresponding CPU times do
not change much with respect to the starting point. The figure
indicates that the location of the optimal solution seems to
play a more important role for convergence than the location
of the initial starting point.

C. Comparison of the CMM model and MNP model

In the last set of numerical experiments, we compare
the choice probabilities for the MNP model obtained with
simulation and for the CMM model obtained with the gradient
ascent method.

1) Small size examples from Börsch-Supan and Hajivas-
siliou [7]: We first provide a comparison of the MNP and
CMM choice probabilities for small size examples taken from
Börsch-Supan and Hajivassiliou [7]. A popular alternative
to the simple frequency simulator for MNP is the GHK
simulator (see Geweke [14], [15] , Hajivassiliou [17], and

Keane [24], [25]). The GHK simulator makes use of draws
from truncated univariate normal distributions and requires
evaluation of univariate integrals. Börsch-Supan and Hajivas-
siliou [7] have provided four examples with 5 alternatives to
show that the GHK simulator produces probability estimates
with substantially smaller variances than the simple frequency
simulator. The details of the examples are provided in Table
III. Example 1 involves mild correlations and has a small
choice probability for the first alternative, Example 2 has
slightly higher correlations, Example 3 has some large cor-
relation coefficients while Example 4 has a choice probability
close to 0.5 with mild correlations. Comparison of the choice
probabilities obtained from the GHK simulator for the MNP
model and the gradient ascent method for the CMM model
are provided in Table III. The results indicate that the choice
probability estimate for alternative 1 from the two models are
fairly close to each other though developed under different
assumptions on the utilities. For examples 1 and 2, where the
choice probability of alternative 1 is small, the CMM model
gives a higher choice probability for alternative 1 to be the
most preferred one in comparison with the MNP model. On the
other hand for examples 3 and 4, where the choice probability
of alternative 1 is larger. The CMM model gives a slightly
lower chance for alternative 1 to be the most preferred one in
comparison with the MNP model.

Parameters MNP CMM

∆µ =


−1.00
−0.75
−0.50
−0.20

 ,∆Σ =


1 0.2 0.3 0.1

0.2 1 0.4 0.3
0.3 0.4 1 0.5
0.1 0.3 0.5 1

 0.02409 (0.00068) 0.05366

∆µ =


0
0
0
0

 ,∆Σ =


1 0.2 0.2 0.2

0.2 1 0.4 0.4
0.2 0.4 1 0.6
0.2 0.4 0.6 1

 0.15037 (0.00444) 0.15668

∆µ =


1.0
1.0
1.0
1.0

 ,∆Σ =


1 0.9 0 0

0.9 1 0 0
0 0 1 0.95
0 0 0.95 1

 0.64773 (0.00773) 0.63789

∆µ =


1.50
0.75
0.50
0.75

 ,∆Σ =


1 0.5 0.2 0.1

0.5 1 0.5 0.2
0.2 0.5 1 0.5
0.1 0.2 0.5 1

 0.49716 (0.01394) 0.47787

TABLE III
COMPARISON OF THE CHOICE PROBABILITY FOR ALTERNATIVE 1

BETWEEN THE MNP AND CMM MODEL. ∆µ AND ∆Σ ARE THE MEAN
AND THE COVARIANCE MATRIX FOR THE UTILITIES

(ũ1 − ũ2, ũ1 − ũ3, ũ1 − ũ4, ũ1 − ũ5)T . THE NUMBER IN PARENTHESIS
INDICATES THE STANDARD DEVIATION OF THE ESTIMATOR.

2) Larger example from Jester rating dataset: In this ex-
ample, we compare the choice probabilities from the CMM
and the MNP model where data is available regarding the
utilities of a large number of alternatives. We use the rating
dataset from the Jester Online Joke Recommender System,
in particular Dataset 2+6. The data consists of more than 2
million continuous ratings for 150 jokes collected from over
50000 individuals. Each individual provides ratings between
-10 and 10 for a subset of the jokes, 10 of the jokes have
never been rated and therefore excluded from the dataset.

To generate the utility parameter, we capture the data in
a matrix of size 50000 by 140, whose the (i, j)th entry
corresponds to the rating of individual i for joke j, if it
exists. For the ratings that are incomplete, we use the standard
Collaborative Filtering (CF) method, which is widely used

6http://eigentaste.berkeley.edu/dataset/
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in recommendation engines. The user-based version of CF
estimates a missing rating from individual i for joke j based on
existing ratings for joke j from a set of individuals who are
similar to individual i. Alternatively, the item-based version
of CF uses the existing ratings of individual i for other items.
We use the item-based CF in our application, since it is more
suitable in situations where the number of items is significantly
smaller than the number of individuals (see Ekstrand, Riedl,
and Konstan [12] for a recent exhaustive survey on the topic).

To begin with, let us provide the details of the item-based
CF. Let rj denote the jth column of the data matrix and
r(i, j) the existing rating from individual i for joke j. We
calculate the estimated rating r̂(i, j) for individual i and joke
j as follows:

r̂(i, j) =

∑
k∈Ji w(j, k)r(i, k)∑
k∈Ji |w(j, k)|

,

where Ji is the set of jokes that have been rated by individual
i and w(j, k) is a measure of similarity between jokes j and k.
Although there are other similarity measures in the literature,
we use the cosine similarity, defined as w(j, k) =

rj .rk
‖rj‖2‖rk‖2 ,

for its simplicity, popularity, and good predictive properties.
Similarly, the ratings can be estimated with alternative meth-
ods as well, nevertheless, the weighted average approach is a
popular choice.

We use the completed data matrix to estimate the mean rat-
ings µ ∈ <140 over all users and the corresponding covariance
matrix Σ ∈ <140×140. Using these two parameter values, we
calculate the choice probabilities, i.e., the probability that a
joke j is the most prefered among all jokes,

1) Using the CMM and the gradient ascent algorithm
developed in this paper with tolerance level ε = 10−3

and the rest of the parameters as in previous section. In
our numerical experiments, the computational time for
this approach is under 2 seconds.

2) Using the MNP model and the GHK simulator de-
scribed above with 50000 samples. In our numerical
experiments, the computational time for this approach
is around 10 seconds.

We also calculate a basic in-sample statistic corresponding
to the number of times a joke has the highest rating divided by
the number of individuals. (Whenever there is a tie between
l jokes for the highest rating, the count is incremented by
1/l instead of 1.) The choice probabilities from the CMM
and MNP models together with the in-sample probabilities
are provided in Figure 4. From the figure, we observe that the
alternatives with very small choice probabilities in MNP take
on higher choice probability values in the CMM model. On
the other hand, the alternatives with larger choice probabilities
in MNP take on smaller choice probability values in the
CMM model. These results mirror the observations from the
previous section. A possible explanation for this observation
is that the distribution of the random utilities that maximizes
expected agent utility in the CMM model is a mixture of
multivariate normal distributions. The mixture of normals is
a fat-tailed distribution and tends to give higher probabilities
to the events that are low probability events in the standard

normal distribution. In terms of the trend, however the results
clearly indicate that the alternatives that are more preferred in
one model are also more preferred in the other model.
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Fig. 4. Choice Probabilities from CMM, MNP, and In-Sample for the Jester
Dataset

VI. CONCLUSION

In this paper, we have described a convex optimization ap-
proach to compute choice probabilities with correlated utilities.
The choice model is derived for the joint distribution of the
random utilities that maximizes expected agent utility given
only the mean, variance and covariance information. Unlike
MNP, the assumption of normality is dropped in this model.
In contrast to MNP models where the choice probabilities
are evaluated through simulation, we use a simple gradient
ascent method to find the choice probabilities. The biggest
advantage of the convex optimization approach is that one
can compute choice probabilities for many alternatives with
correlated utilities in a reasonable amount of time. In this era
with consumers having more and more alternative options and
increasing amounts of information, this paper proposes a new
approach to computing choice probabilities that scales well
with size. The next research question is to develop efficient
inference techniques for the CMM model.
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APPENDIX

Lemmas for Sections III and IV

Lemma 3: Suppose x > 0 and let xmin = mini xi, xmax =
maxi xi. Then:

||L1/2(Diag(x),E)|| ≤ ||E||
2x

1/2
min

,

and
||L−1/2(Diag(x),E)|| ≤ n||E||

2x
3/2
min

.
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Proof: The Fréchet derivative for the matrix inverse function
is given as:

L−1(X,E) = −X−1EX−1.

The Fréchet derivative for the matrix square root function,
which exists whenX is positive definite, is the unique solution
to the Sylvester equation (refer to Kenney and Laub [26],
Higham [20]):

X1/2L1/2(X,E) + L1/2(X,E)X1/2 = E. (25)

Following the chain rule (Theorem 3.4 in Higham [20]), we
have

L−1/2(X,E) = L1/2(X−1,−X−1EX−1),

and therefore,

X−1/2L−1/2(X,E)+L−1/2(X,E)X−1/2 = −X−1EX−1.
(26)

Combining equations (25) and (26), we have

L−1/2(X,E) = −X−1/2L1/2(X,E)X−1/2. (27)

Define L = L1/2(Diag(x),E). From equation (25), we have:

Diag(x)1/2L+LDiag(x)1/2 = E,

which implies that

|Li,j | =
|Ei,j |

x
1/2
i + x

1/2
j

≤ |Ei,j |
2x

1/2
min

.

Therefore, we have

||L|| =
√∑

i,j

L2
i,j ≤

√√√√∑
i,j

E2
i,j

4xmin
=
||E||
2x

1/2
min

.

In addition, by equation (27)

||L−1/2(Diag(x),E)|| = ||Diag(x)−1/2LDiag(x)−1/2||
≤ ||Diag(x)−1/2||2||L||
= n||E||

2x
3/2
min

Lemma 4: Let B = A− uuT . Then λ1(B) ≤ λ1(A), and

λi−1(A) ≤ λi(B) ≤ λi(A), ∀i = 2, . . . , n.

Proof: The proof can be found on page 97-98 of [44].
Lemma 5: Let D = Diag(d1, ..., dn) be a diagonal matrix

with di > 0,∀i ∈ [n]. Let Σ be a positive definite matrix.
Then λ1(Σ1/2DΣ1/2) ≥ λ1(Σ) mini{di}.
Proof: Since eig(AAT ) = eig(ATA), we have

λ1(Σ1/2DΣ1/2) = λ1(D1/2ΣD1/2).

But

D1/2ΣD1/2 � λ1(Σ)D1/2ID1/2 = λ1(Σ)D.

Therefore, for all v with ||v|| = 1, we have

vTD1/2ΣD1/2v ≥ vTλ1(Σ)Dv ≥ λ1(Σ) min
i
{di}.

Theorem 8: Assume that Σ � 0. For any feasible direction
v ∈∆n−1 with ‖v‖ = 1 and x ∈ rint(∆n−1),

|f ′′x,v(0)| ≤ 9n

4xminσ1

∥∥∥Σ1/2
∥∥∥4

+
n

(xminσ1)1/2

∥∥∥Σ1/2
∥∥∥2

,

where fx,v(t) = V (x + tv) > 0, σ1 = λ1(Σ) and xmin =
mini xi.
Proof: Let g(x) = g1(x) + g2(x) where

g1(x) = −1

2
diag

(
Σ1/2(T 1/2(x))†Σ1/2

)
,

g2(x) = Σ1/2(T 1/2(x))†Σ1/2x.

From the proof of Theorem 4, we know that:

g1(x+ εv)
T
v − g1(x)

T
v

= −
1

2
v
T diag

(
Σ

1/2
(T

1/2
(x+ εv))

†
Σ

1/2
)

+
1

2
v
T diag

(
Σ

1/2
(T

1/2
(x))

†
Σ

1/2
)

= −
1

2
v
T diag

(
Σ

1/2
(

(T
1/2

(x+ εv))
† − (T

1/2
(x))

†
)

Σ
1/2
)

= −
1

2
v
T diag

(
Σ

1/2
P

(
0 0T

0
(
Λ(x) +Ev(ε,x)

)−1/2
−Λ(x)−1/2

)
P
T

Σ
1/2

)

= −
1

2
v
T diag

(
Σ

1/2
P

(
0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

Σ
1/2

)
+ o(ε).

Therefore, we have:

||g1(x+ εv)
T
v − g1(x)

T
v||

= || −
1

2
v
T diag

(
Σ

1/2
P

(
0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

Σ
1/2

)
+o(ε)||

≤ 1

2
||v|| ·

∥∥∥Σ1/2
∥∥∥2
·

∥∥∥∥∥P
(

0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

∥∥∥∥∥
+o(ε)

≤ 1

2

∥∥∥Σ1/2
∥∥∥2
·

∥∥∥∥∥P
(

0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

∥∥∥∥∥+ o(ε)

≤ 1

2

∥∥∥Σ1/2
∥∥∥2
·
∥∥∥L−1/2

(
Λ(x),Ev(ε,x)

)∥∥∥+ o(ε)

≤ 1

2

∥∥∥Σ1/2
∥∥∥2
·
n||Ev(ε,x)||

2λ
3/2
2 (T (x))

+ o(ε)

=
1

2

∥∥∥Σ1/2
∥∥∥2
·
n||Ev(ε,x)||

2λ
3/2
2 (T (x))

+ o(ε)

=
1

2

∥∥∥Σ1/2
∥∥∥2
·
n||εΣ1/2

(
Diag(v)− xvT − vxT

)
Σ1/2||

2λ
3/2
2 (T (x))

+ o(ε)

≤ ε

2

∥∥∥Σ1/2
∥∥∥4
·
n||v||(1 + 2||x||)

2λ
3/2
2 (T (x))

+ o(ε)

≤ ε

2

∥∥∥Σ1/2
∥∥∥4
·

3n

2λ
3/2
2 (T (x))

+ o(ε).

Note that the last inequality holds since ||x|| ≤ 1 for all x ∈
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∆n−1. On the other hand,

g2(x+ εv)
T
v − g2(x)

T
v

= v
T

Σ
1/2

(T
1/2

(x+ εv))
†
Σ

1/2
(x+ εv)

−vTΣ
1/2

(T
1/2

(x))
†
Σ

1/2
x

= v
T

Σ
1/2
P

(
0 0T

0
(
Λ(x) +Ev(ε,x)

)−1/2

)
P
T

Σ
1/2

(x+ εv)

−vTΣ
1/2
P

(
0 0T

0 Λ(x)−1/2

)
P
T

Σ
1/2
x

= v
T

Σ
1/2
P

(
0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

Σ
1/2
x

+εv
T

Σ
1/2
P

(
0 0T

0 Λ(x)−1/2

)
P
T

Σ
1/2
v + o(ε).

Therefore, we have∥∥∥g2(x+ εv)
T
v − g2(x)

T
v
∥∥∥

≤
∥∥∥∥∥vTΣ

1/2
P

(
0 0T

0 L−1/2

(
Λ(x),Ev(ε,x)

) )
P
T

Σ
1/2
x

∥∥∥∥∥
+ε

∥∥∥∥vTΣ
1/2
P

(
0 0T

0 Λ(x)−1/2

)
P
T

Σ
1/2
v

∥∥∥∥+ o(ε)

≤ ‖x‖
∥∥∥Σ1/2

∥∥∥2 ∥∥∥L−1/2

(
Λ(x),Ev(ε,x)

)∥∥∥
+ε
∥∥∥Σ1/2

∥∥∥2 ∥∥∥Λ(x)
−1/2

∥∥∥+ o(ε)

≤
∥∥∥Σ1/2

∥∥∥2
·
n||Ev(ε,x)||

2λ
3/2
2 (T (x))

+ ε
∥∥∥Σ1/2

∥∥∥2 n

λ2(T (x))1/2
+ o(ε)

≤ ε
∥∥∥Σ1/2

∥∥∥4
·

3n

2λ
3/2
2 (T (x))

+ ε
∥∥∥Σ1/2

∥∥∥2 n

λ2(T (x))1/2
+ o(ε).

In addition, from Lemma 4 and Lemma 5, we have

λ2(T (x)) = λ2(Σ1/2S(x)Σ1/2)

≥ λ1(Σ1/2Diag(x)Σ1/2)

≥ xminσ1 > 0.

Therefore, we have∣∣∣f ′′x,v(0)
∣∣∣

=
∣∣∣∣∣ lim
ε→0+

g1(x+ εv)T v − g1(x)T v + g2(x+ εv)T v − g2(x)T v

ε

∣∣∣∣∣
≤

∣∣∣∣∣ lim
ε→0+

g1(x+ εv)T v − g1(x)T v

ε

∣∣∣∣∣+

∣∣∣∣∣ lim
ε→0+

g2(x+ εv)T v − g2(x)T v

ε

∣∣∣∣∣
≤ 9n

4λ
3/2
2 (T (x))

∥∥∥Σ1/2
∥∥∥4

+
n

λ2(T (x))1/2

∥∥∥Σ1/2
∥∥∥2

≤ 9n

4(xminσ1)3/2

∥∥∥Σ1/2
∥∥∥4

+
n

(xminσ1)1/2

∥∥∥Σ1/2
∥∥∥2
.

Remark 2: Theorem 8 develops an upper bound for the
absolute value of the second order derivatives in direction
v ∈ ∆n−1. The significance of the theorem is that the
second order derivative of V (x) is bounded for all points
x ∈ rint(∆n−1), with the bound associated with the minimum
components of x.
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