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Abstract

Traffic equilibrium models are fundamental to the analysis of trans-
portation systems. The stochastic user equilibrium (SUE) model which
relaxes the perfect information assumption of the deterministic user
equilibrium is one such model. The aim of this paper is to develop
a new user equilibrium model, namely the MDM-SUE model, that
uses the marginal distribution model (MDM) as the underlying route
choice model. In this choice model, the marginal distributions of the
path utilities are specified but the joint distribution is not. By focus-
ing on the joint distribution that maximizes expected utility, we show
that MDM-SUE exists and is unique under mild assumptions on the
marginal distributions. We develop a convex optimization formulation
for the MDM-SUE. For specific choices of marginal distributions, the
MDM-SUE model recreates the optimization formulation of logit SUE
and weibit SUE. Moreover, the model is flexible since it can capture
perception variance scaling at the route level and allows for model-
ing different user preferences by allowing for skewed distributions and
heavy tailed distributions. The model can also be generalized to incor-
porate bounded support distributions and discrete distributions which
allows to distinguish between used and unused routes within the SUE
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framework. We adapt the method of successive averages to develop
an efficient approach to compute MDM-SUE traffic flows. In our nu-
merical experiments, we test the ability of MDM-SUE to relax the
assumption that the error terms are independently and identically dis-
tributed random variables as in the logit models and study the ad-
ditional modeling flexibility that MDM-SUE provides on small-sized
networks as well as on the large network of the city of Winnipeg. The
results indicate that the model provides both modeling flexibility and
computational tractability in traffic equilibrium.

Keywords: multinomial logit, weibit, route choice model, stochastic user
equilibrium, marginal distribution model

1 Introduction

Traffic equilibrium models are fundamental to the analysis of transporta-
tion systems. The inputs of a traffic model are the topology of the traffic
network, origin-destination (OD) pairs, demands of OD pairs and the link
performance functions that take congestion, travel distance and road pricing
into account. The goal of the model is to estimate the link and route flows
in the traffic network.

A reasonable assumption underlying many of the models of traffic flow is
that the users try to choose routes that maximize their utilities. The utility
of a user choosing a route depends on the travel cost of the route which
is calculated using the performance functions of the links that are included
in the route. The equilibrium state can be regarded as the state where no
traveller has incentive to change their route choices. The concept of the user
equilibrium (UE) was first proposed by Wardrop (1952) and defined as the
traffic state at which journey times on all routes which are actually used
are equal or less than those which would be experienced by a single vehicle
on any unused route. Therefore, no user would reduce their travel costs by
unilaterally changing their routes.

The stochastic user equilibrium (SUE) relaxes the perfect information as-
sumption and is a generalization of the concept of UE. Daganzo and Sheffi
(1977) defined the SUE as the traffic state at which no user can improve
his/her perceived travel time by unilaterally changing routes. From a mod-
eling perspective, the SUE introduces a random perception error term to
the utility function. The statistical distribution of the perception error term
defines the underlying discrete choice model and the route choice behavior of
the users. Burrel (1968) proposed to use a uniform distribution. Two of the
more popular distributions used in discrete choice models are Gumbel and

2



normal distributions. Dial (1971) proposed the use of the multinomial logit
(MNL) route choice model in traffic assignment which is defined by inde-
pendent and identically distributed (i.i.d) Gumbel distributed error terms.
Computational efficiency is crucial in traffic assignment and hence the MNL
model has received a lot of attention since it provides closed form choice
probabilities. On the other hand, two assumptions of the MNL model that
have received particular criticism in the traffic assignment literature (Sheffi,
1985) are:

(a) Random terms are independently distributed.

(b) Random terms are identically distributed.
Routes share links and it is desired to model the effect of overlapping

routes on choices of the users. Moreover, users may have different per-
ception variances for routes and relaxing the equal variance assumption (a
consequence of the identical distribution assumption above) provides greater
flexibility in modeling user behavior. Many researchers have focused on re-
laxing the independence assumption above and proposed variants of the
MNL model (see Chu (1989), Cascetta et al. (1996), Bekhor and Prashker
(1999), Ben-Akiva and Bierlaire (1999), and Zhou et al. (2012)). In a recent
study, Chen et al. (2012) proposed an approach that scales the logit dis-
persion parameters at the OD level. The underlying motivation is that the
longer routes are subject to greater perception errors. The standard logit
models do not allow to scale the variances in the route level, and hence,
all the routes belonging to the same OD pair need to have the same per-
ception variance. Castillo et al. (2008) proposed an alternative approach
to relaxing the equal variance assumption by using Weibull distributed ran-
dom error terms. In their proposed model termed as the multinomial weibit
(MNW) model, the choice probabilities are in closed form with route per-
ception error variances defined as functions of the route travel times. This
can be regarded as scaling the variances at the route level. Recently, Kit-
thamkesorn and Chen (2013) have extended the MNW model by adding a
correction term to simultaneously deal with the overlapping routes and the
equal variance assumption.

As an alternate, the multinomial probit (MNP) model was proposed by
Daganzo and Sheffi (1977) which uses normally distributed random error
terms and does not inherit the independence and equal variance assump-
tions. It provides greater modeling flexibility since it allows to assign route-
specific perception error variances which do not necessarily depend on the
route lengths or travel costs. However, MNP does not have a closed form
expression and its solution requires significant computational effort. In a re-
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cent paper, Ahipasaoglu et al. (2015) proposed a new SUE model referred to
as the cross moment-stochastic user equilibrium model (CMM-SUE) which
relaxes the assumption of normality for the distribution of the error terms.
The underlying choice model uses only the mean and covariance informa-
tion of route utilities. The choice probabilities are computed for the joint
distribution of path utilities that maximizes expected utility of users. The
CMM-SUE flow is obtained by solving a convex optimization problem as an
alternative to the simulation based MNP model. Their approach however
does not incorporate additional information on the marginal distributions,
such as skewness or heavy tails of the distribution.

In this study, we introduce a SUE model that is based on a recently
proposed discrete choice model - the marginal distribution model (MDM)
(Natarajan et al. (2009), Mishra et al. (2014)). The major difference of the
MDM-SUE model from the aforementioned models is that it assumes the
knowledge of marginal distributions of the error terms but does not assume
that the random error terms are independently or identically distributed.
Instead, the choice model is based on the joint distribution that maximizes
the expected utility for users. Being able to incorporate information on the
marginal distributions into the choice model makes it very flexible as it can
model a wide range of route choice behavior. The main contributions of the
paper are summarized next:

(a) We propose a convex optimization formulation to compute the traffic
flow in the MDM-SUE model. This formulation is an extension of the
entropy type formulation of Fisk (1980) for the logit model. We also
show that under mild assumptions on the marginal distributions, the
MDM-SUE exists and is unique. We show that the MDM-SUE flow val-
ues can be interpreted as the solution to a robust optimization problem
where the system planner accounts for the worst possible distribution
from a set of distributions for the error terms of the routes.

(b) We show that for specific choices of marginal distributions, MDM-SUE
reduces to the logit-based and weibit-based SUE models. Moreover, the
flexibility of MDM-SUE in terms of specifying the marginal distribu-
tion allows to generalize the recently proposed hybrid logit-weibit SUE
model of Xu et al. (2015) to other distributions. Most existing mod-
els in literature use unbounded distributions for the random utilities
for which a positive probability is assigned to every route in the route
choice set, however implausible the route might be. Recently, there
has been an increasing interest (see Watling et al. (2015)) in situa-
tions where some routes in the choice set might have zero probability
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of being chosen. We show that MDM-SUE can be easily extended to
handle bounded and discrete marginal distributions for which some
of the choice probabilities might be zero. Our model distinguishes be-
tween the used and unused routes in the choice set by using the optimal
values of the dual variables of the convex formulation.

(c) From a modeling perspective, MDM-SUE can be used to handle over-
lapping routes and relax the i.i.d random errors assumption simultane-
ously. Specifically, we extend the scaling approach of Chen et al. (2012)
so as to allow scaling perception variances in the route level. More-
over, we investigate cases where the perception error variances do not
necessarily depend on the route travel costs and carry out experiments
to validate the quality of results from MDM-SUE. We also consider
extensions such as the effect of skewness of the marginal distributions
on the equilibrium route choice behavior of the users.

(d) We adapt the method of successive averages (MSA) to solve the MDM-
SUE model. Our main modification to the MSA algorithm is to use
a bisection search routine to compute route choice probabilities for
each OD pair. Since bisection search can be quickly performed, in our
experiments we observe that solving the MDM-SUE problem is only
slightly more computationally challenging than the MNL-SUE.

The outline of the paper is as follows. In Section 2, we review the logit-
based and weibit-based SUE models along with some important extensions.
In Section 3, we review the MDM model before introducing the MDM-SUE
model in Section 4. In Section 5, we discuss special cases of the MDM-SUE
model. In Section 6, we propose the solution algorithm. In Section 7, we
report numerical results. Finally, we give concluding remarks in Section 8.
The notations used throughout this paper is summarized in Appendix A,
while the derivation of the MDM choice model is provided in Appendix B.

2 Literature Review

In this section, we review the basics of the stochastic user equilibrium model.
In discrete choice models, the utility Ũkw of route k ∈ Kw for OD pair w is
typically defined as an additive function of a deterministic component Vkw
and a random error term ε̃kw:

Ũkw = Vkw + ε̃kw, ∀k ∈ Kw, w ∈W.

We assume that each OD pair has at least two routes connecting it. In
stochastic user equilibrium models, the deterministic component is generally
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the negative of the route cost, i.e., Vkw = −ckw, and ε̃kw is the the random
perception error term. Under the assumption of an additive cost function,
the cost of route k ∈ Kw in OD pair w is defined as:

ckw =
∑
a

τa(fa)δak, ∀k ∈ Kw, w ∈W,

where τa is the link cost function, fa is the flow on link a and δak equals one
if link a is included in route k, and zero otherwise. Note that to simplify
exposition, we suppress the dependence of the route cost function on the
link flows in our notation. The link cost (or performance) function, τa, may
have different forms. A commonly used one is the Bureau of Public Roads
(BPR) cost function which accounts for congestion as follows:

τa(fa) = ca

[
1 + αa

(
fa
qa

)γa]
, ∀a ∈ A,

where ca is the free flow travel cost, qa is the capacity and αa and γa are
constants. Therefore, fa/qa serves as a measure of congestion.

Under the assumption that the probability of ties is zero, the route choice
probabilities, pkw, is defined as follows:

pkw = Pr
(
Ũkw ≥ Ũlw,∀l ∈ Kw

)
, ∀k ∈ Kw, w ∈W,

where
∑

k∈Kw
pkw = 1. Calculation of this expression is not possible in

closed form for most distributions including the normal distribution (the
MNP model). On the other hand, i.i.d Gumbel error terms lead to closed
form choice probability expressions, which make logit-based models compu-
tationally desirable. For general additive utility models, the stochastic user
equilibrium flow is characterized by the following set of conditions:

fa =
∑
w∈W

dw
∑
k∈Kw

pkwδak, ∀a ∈ A, (1)

pkw = Pr (−ckw + ε̃kw ≥ −clw + ε̃lw,∀l ∈ Kw) , ∀k ∈ Kw, w ∈W, (2)

ckw =
∑
a∈k

τa(fa), ∀k ∈ Kw, w ∈W. (3)

where dw is the demand for OD pair w. Route choice probabilities, pkw,
depend on the route travel costs, which depend on the link flows due to
the effect of congestion. On the other hand, link flows depend on the route
choices of the users. Therefore, the traffic state satisfying these conditions
is an equilibrium. At equilibrium, the flow on a route k is given as xkw =
dwpkw. We review some of the SUE models most relevant to this paper next.
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2.1 Multinomial Logit (MNL) Model

Dial (1971) proposed the multinomial logit (MNL) model with i.i.d Gumbel
error terms with a dispersion parameter θ. This assumption leads to the
following route choice probabilities:

pmnlkw =
exp(−θckw)∑
l∈Kw

exp(−θclw)
, ∀k ∈ Kw, w ∈W.

The closed form expression does not take the correlation among the routes
into account. Moreover, MNL assumes equal variance for the perception
error of all routes which is equal to π2/6θ2. Fisk (1980) formulated the
MNL-SUE problem as the following equivalent entropy-type optimization
formulation:

min
x,f

∑
a∈A

∫ fa

0
τa(t)dt+

1

θ

∑
w∈W

∑
k∈Kw

xkw lnxkw (4)

s.t.
∑
k∈Kw

xkw = dw, ∀w ∈W, (5)

fa =
∑
w∈W

∑
k∈Kw

xkwδak, ∀a ∈ A, (6)

xkw ≥ 0, ∀k ∈ Kw, w ∈W. (7)

The optimal fractions xkw/dw of this formulation correspond to the MNL
choice probabilities at equilibrium.

2.2 C-Logit Model

Cascetta et al. (1996) proposed the C-logit model to overcome the overlap-
ping problem of the MNL model by introducing a deterministic correction
term called the commonality factor. The commonality factor is given as:

CFkw = β0 ln
∑
l∈Kw

(
Lkl√
LkLl

)γ
, ∀k ∈ Kw, w ∈W,

where Lkl is the length of the shared section of routes k and l, Lk and Ll are
the total lengths of routes k and l, and β0 and γ are constants. Incorporating
the commonality factor into the MNL model results in the following C-logit
route choice probabilities:

pclkw =
exp(−θ(CFkw + ckw))∑
l∈Kw

exp(−θ(CFlw + clw))
, ∀k ∈ Kw, w ∈W.
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Zhou et al. (2012) extended the study of Cascetta et al. (1996) by proposing
the length-based and congestion-based C-logit models. The authors also
provided an equivalent formulation for the C-logit model:

min
x,f

∑
a∈A

∫ fa

0
τa(t)dt+

1

θ

∑
w∈W

∑
k∈Kw

xkw lnxkw +
∑
w∈W

∑
k∈Kw

CFkwxkw

s.t. (5), (6), (7).

2.3 Path-Size Logit (PSL) Model

Ben-Akiva and Bierlaire (1999) adopted a variant of the approach of Cascetta
et al. (1996) to deal with the independence assumption. The authors added
a path-size correction term to penalize overlapping routes which is defined
as follows:

PSkw =
∑
a∈k

(
la
Lk

)(
1∑

l∈Kw
δal

)
, ∀k ∈ Kw, w ∈W,

where PSkw is the path-size and la is the length of link a. The corresponding
PSL route choice probability expression is given as:

ppslkw =
PSkw exp(−θckw)∑
l∈Kw

PSlw exp(−θclw)
, ∀k ∈ Kw, w ∈W.

The formulation of Fisk (1980) can be extended for the PSL model as follows
(Chen et al., 2012):

min
x,f

∑
a∈A

∫ fa

0
τa(t)dt+

1

θ

∑
w∈W

∑
k∈Kw

xkw lnxkw −
1

θ

∑
w∈W

∑
k∈Kw

xkw lnPSkw

s.t. (5), (6), (7).

2.4 Scaling Approaches

The logit-based models use an identical dispersion parameter. This results
in equal perception variances for all routes. Chen et al. (2012) have sug-
gested that assigning a larger perception variance to the routes belonging to
more distant origin-destination pairs is more realistic than the equal variance
assumption. The authors proposed an approach that scales the dispersion
parameters using the scaling factor which is defined as follows:

SFw =
π√

6ηckw(0)
, ∀w ∈W,
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where η is the proportionality constant and ckw(0) is the free flow travel time
of the shortest route k in the route choice set of OD pair w. Choice prob-
ability expressions and formulations of the scaled variants of MNL, C-logit
and PSL models can be obtained by substituting the dispersion parameter
θ with the scaled parameter θw (Chen et al., 2012) for each w ∈W , where

θw = SFwθ, ∀w ∈W.

The perception variance of the random error terms for the routes in OD pair
w in scaled logit-based models is ηckw(0)/θ2. Scaled versions of the MNL,
C-logit and PSL models are designated by MNL(s), C-logit(s) and PSL(s),
respectively.

2.5 Multinomial Weibit (MNW) Model

Castillo et al. (2008) proposed to use Weibull distributed random error terms
to deal with the equal variance assumption of the MNL model. Instead of
additive models of utility, weibit-based models are based on multiplicative
models of disutility with the choice probability defined as:

pkw = Pr
((
c×kw − ξw

)βw ε̃kw ≤ (c×lw − ξw)βw ε̃lw,∀l ∈ Kw

)
, ∀k ∈ Kw, w ∈W,

where c×kw is the (generalized) travel cost on the route k, ξw and βw are
location and shape parameters of the Weibull distributions with c×kw ≥ ξw
and the cumulative distribution function of the error term ε̃kw is given as
F (t) = 1−exp(−t) for t ≥ 0. The choice probability is given by the following
closed form expression with i.i.d Weibull error terms:

pmnwkw =
(c×kw − ξw)−βw∑
l∈Kw

(c×lw − ξw)−βw
, ∀k ∈ Kw, w ∈W.

The perception variance for route k ∈ Kw in MNW model is expressed as:

σ2
kw =

(
c×kw − ξw

Γ(1 + 1/βw)

)2(
Γ

(
1 +

2

βw

)
− Γ2

(
1 +

1

βw

))
, ∀k ∈ Kw, w ∈W,

where Γ(.) is the gamma function. The perception variance is thus a func-
tion of the route cost assigning a greater variance to longer routes. As
observed in Castillo et al. (2008), the weibit model can be equivalently de-
rived from MNL by using a logarithmic transformation. Furthermore, under
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the assumption that the (generalized) route travel cost is a multiplicative
function of link travel costs:

c×kw =
∏
a∈k

τa(fa), ∀k ∈ Kw, w ∈W,

Kitthamkesorn and Chen (2013) provided an equivalent formulation using
a multiplicative Beckmann’s transformation (Beckmann et al., 1956) for the
special case where ξw = 0:

min
x,f

∑
a∈A

∫ fa

0
ln τa(t)dt+

∑
w∈W

1

βw

∑
k∈Kw

xkw lnxkw

s.t. (5), (6), (7).

2.6 Path-Size Weibit (PSW) Model

Kitthamkesorn and Chen (2013) integrated the ideas of the MNW and PSL
models to simultaneously handle the overlapping and equal variance prob-
lems. The authors used the path-size proposed by Ben-Akiva and Bierlaire
(1999) to modify the deterministic component of the multiplicative disutility
function. The choice probability expression of the PSW model is given as
follows:

ppswkw =
PSkw(c×kw − ξw)−βw∑
l∈Kw

PSlw(c×lw − ξw)−βw
, ∀k ∈ Kw, w ∈W.

The authors also provided the equivalent formulation to compute SUE flows
for the special case where ξw = 0:

min
x,f

∑
a∈A

∫ fa

0
ln τa(t)dt+

∑
w∈W

1

βw

∑
k∈Kw

xkw lnxkw −
∑
w∈W

1

βw

∑
k∈Kw

xkw lnPSkw

s.t. (5), (6), (7).

3 Marginal Distribution Model

In this section, we review the marginal distribution model which was intro-
duced by Natarajan et al. (2009). Theoretical and empirical aspects of this
model such as parameter estimation are studied in detail in Mishra et al.
(2014). We discuss the key aspects of the model that are particularly rele-
vant to the traffic equilibrium model. In the next two sections, we make the
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following assumption on the marginal distributions of the utilities which we
relax later.

Assumption 1. For each route k in OD pair w, let the utility Ũkw be a
random variable with a finite absolute expected value E|Ũkw| < ∞. We
assume that the Ũkw has support on the whole real line (−∞,∞) or the
semi-infinite interval [ukw,∞), i.e., ukw = ∞ where ukw is the minimum
utility for route k. The cumulative distribution function Gkw(·) is assumed
to be strictly increasing and continuous with a probability density function
gkw(·) > 0 on the support.

Let Θw(Gk(·); k ∈ Kw) denote the set of multivariate distributions θw
for the utilities with the given marginal distributions. There are two fea-
tures that differentiate MDM from the assumptions of common discrete
choice models such as logit, weibit and probit. Firstly, MDM does not as-
sume knowledge of the complete joint distribution of the random utilities.
Rather, it considers a set of distributions with information on the marginal
distributions and focuses on the particular joint distribution that maximizes
expected utility. The maximum expected utility for the given set of distri-
butions is computed as:

Zmdmw = max
θw∈Θw

Eθw

[
max
k∈Kw

Ũkw

]
. (8)

Under Assumption 1, Zmdmw is strictly finite. The choice probabilities are
computed for the joint distribution θmdmw that maximizes the expected utility
in (8) and given as:

pmdmkw = Prθmdm
w

(
Ũkw > Ũlw, ∀l 6= k ∈ Kw

)
, ∀k ∈ Kw.

Secondly, the choice probabilities in MDM are computed by solving an op-
timization problem. Applying Theorem 1 in Natarajan et al. (2009), the
MDM choice probabilities for each OD pair can be obtained by solving the
following maximization problem:

Zmdmw = max
p

∑
k∈Kw

∫ 1

1−pkw
G−1
kw(t)dt (9)

s.t.
∑
k∈Kw

pkw = 1, (10)

pkw ≥ 0, ∀k ∈ Kw. (11)
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The derivation of the formulation (9)-(11) is given in Appendix B. The
objective function in (9) is separable across the routes with the first and
second derivatives of each term given by:

∂
∫ 1

1−pkw G
−1
kw(t)dt

∂pkw
= G−1

kw(1− pkw),

∂2
∫ 1

1−pkw G
−1
kw(t)dt

∂p2
kw

= − 1

gkw
(
G−1
kw(1− pkw)

) .
The Lagrangian function is given as

L(pw, ωw, λw) =
∑
k∈Kw

∫ 1

1−pkw
G−1
kw(t)dt+λw

1−
∑
k∈Kw

pkw

−∑
k∈Kw

ωkwpkw,

where λw and ωkw ≥ 0 are Lagrangian multipliers. In addition to the feasi-
bility constraints (10)-(11) of the model, we have the following Karush-Kuhn
Tucker (KKT) optimality conditions:

G−1
kw(1− pkw)− λw − ωkw = 0, ∀k ∈ Kw,

ωkwpkw = 0, ∀k ∈ Kw.

Under Assumption 1, the objective function in (9) is strictly concave with
G−1
kw(1− pkw) → ∞ as pkw → 0. Furthermore the feasible region is convex.

This implies that the optimal choice probabilities are unique and lies strictly
in the interior with pkw ∈ (0, 1). Setting ωkw = 0, we can rewrite the KKT
optimality conditions as follows:

pkw = 1−Gkw(λw), ∀k ∈ Kw, (12)

1 =
∑
k∈Kw

(1−Gkw(λw)) . (13)

Note that given the optimal Lagrange multiplier λw, the MDM objective
value can be expressed as follows:

Zmdmw =
∑
k∈Kw

E
[
Ũkw|Ukw > λw

]
Pr
(
Ũkw > λw

)
.

Since λw satisfying (13) is unique, the problem of computing the choice
probabilities in MDM is equivalent to finding the value of the Lagrangian
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multiplier λw that satisfies the normalization condition in (13). This can
be quickly computed using simple root finding techniques such as bisection
search. The optimal values of the decision variables correspond to MDM
choice probabilities pmdmkw (see Appendix B).

4 Stochastic User Equilibrium with Marginal Dis-
tribution Model

In this section, we develop a new stochastic user equilibrium model that uses
the marginal distribution model as the underlying choice model. Consider
the additive utility model with Ũkw = −ckw + ε̃kw where the cumulative
distribution function of ε̃kw is Fkw(·). Then Gkw(t) = Fkw(t + ckw) with
ckw =

∑
a∈A τa(fa)δak. The choice probabilities under MDM is given as

follows:

pmdmkw = 1− Fkw(λw + ckw), ∀k ∈ Kw, w ∈W, (14)

where the Lagrange multipliers satisfy:

1 =
∑
k∈Kw

(1− Fkw(λw + ckw)) , ∀w ∈W. (15)

The formal definition of MDM-SUE is given next.

Definition 2. (MDM-SUE) In the MDM-SUE model, the equilibrium
link flow vector f is the solution to the fixed point equation:

fmdma =
∑
w∈W

dw
∑
k∈Kw

pmdmkw (f)δak, ∀a ∈ A,

where the route choice probabilities are the solution to the system of equa-
tions given in (14)-(15). The corresponding equilibrium route flows are given
by

xmdmkw = dwp
mdm
kw (f), ∀k ∈ Kw, w ∈W.

Next, we provide an equivalent mathematical programming formulation
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of MDM-SUE. Consider the optimization problem:

min
x,f

∑
a∈A

∫ fa

0
τa(t)dt−

∑
w∈W

dw
∑
k∈Kw

∫ 1

1−xkw
dw

F−1
kw (t)dt (16)

s.t.
∑
k∈Kw

xkw = dw, ∀w ∈W, (17)

∑
w∈W

∑
k∈Kw

xkwδak = fa, ∀a ∈ A, (18)

xkw ≥ 0, ∀k ∈ Kw, w ∈W.
(19)

Proposition 1. The optimal solution to the mathematical programming
formulation given in (16)-(19) is the stochastic user equilibrium for MDM.
Proof. Let ωw, κa and νkw ≥ 0 be the Lagrangian multipliers for con-
straints (17), (18), and (19) respectively. The Lagrangian function of the
mathematical programming formulation is given as:

L(x, f) =
∑
a∈A

∫ fa

0
τa(t)dt−

∑
w∈W

dw
∑
k∈Kw

∫ 1

1−xkw
dw

F−1
kw (t)dt

+
∑
w∈W

ωw

dw − ∑
k∈Kw

xkw

+
∑
a∈A

κa

fa − ∑
k∈Kw

xkwδak

− ∑
w∈W

∑
k∈Kw

νkwxkw.

In addition to constraints (17)-(19), we have the following KKT optimality
conditions:

∂L

∂fa
= τa(fa) + κa = 0, ∀a ∈ A,

∂L

∂xkw
= −F−1

kw

(
1− xkw

dw

)
− ωw −

∑
a∈A

κaδak − νkw = 0, ∀k ∈ Kw, w ∈W,

νkwxkw = 0, ∀k ∈ Kw, w ∈W.

Under Assumption 1, we must have νkw = 0. By combining the first and
second conditions, the KKT optimality conditions reduce to the following:

F−1
kw

(
1− xkw

dw

)
= −ωw +

∑
a∈A

τa(fa)δak,

= −ωw + ckw, ∀k ∈ Kw, w ∈W.
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Setting the values of the Lagrangian multipliers of the mathematical formu-
lation to the negative of the MDM Lagrangian multipliers, i.e., ωw = −λw,
we obtain MDM optimality conditions given in (14):

pkw =
xkw
dw

= 1− Fkw (λw + ckw) , ∀k ∈ Kw, w ∈W.

The optimal solution to the mathematical programming formulation satis-
fies the first condition of MDM (14). The second condition given in (15) is
satisfied by all feasible solutions due to constraint (17). Thus, the optimal
fractions xkw/dw to the mathematical formulation given in (16)-(19) satisfy
Definition 2. This completes the proof. �

Note that MDM-SUE replaces the entropy term used in logit-based and
weibit-based models with an alternate second term in the objective func-
tion (16). Given the optimal Lagrangian multipliers λw, this term can be
expressed in terms of the negative of expected utility as follows:

−
∑
w∈W

dw
∑
k∈Kw

E
[
ε̃kw|Ũkw > λw

]
Pr
(
Ũkw > λw

)
.

The optimal value of dual variable λw can be considered as identifying a
single reference utility for the users on the OD pair w such that the optimal

route choice probabilities are equal to pkw = Pr
(
Ũkw > λw

)
and satisfy∑

k∈Kw
pkw = 1.

Proposition 2. Assume that τa(·) is a non-decreasing and continuous
function. Under Assumption 1, the solution of MDM-SUE model given
in (16)-(19) is unique.

Proof. The feasible region of MDM-SUE model given in (17)-(19) is con-
vex. Therefore, it is sufficient to show that the objective function in (16)
is strictly convex. Let Z1+ and Z2+ be the first and second terms of the
objective function, respectively. The Hessian of the first term is given as

∂Z2
1+

∂xkw∂xlu
=
∑
a∈A

δakδalτ
′
a(fa), ∀k ∈ Kw, l ∈ Ku;w, u ∈W,

which is positive semi-definite since τa(t) is nondecreasing in t. The Hessian
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matrix of Z2+ can be calculated as follows:

∂Z2
2+

∂xkw∂xlu
=


1

dwfkw

(
F−1
kw (1− xkw

dw
)
) , if w = u, k = l,

0, otherwise,

∀k ∈ Kw, l ∈ Ku;w, u ∈W,

where fkw(·) is the density function of ε̃kw. Since fkw(·) > 0, the Hessian of
Z2+ is positive definite. Thus, the objective function is strictly convex and
the solution of MDM-SUE model given in (16)-(19) is unique with respect
to route flows. This completes the proof. �

4.1 A Robust Optimization Interpretation of MDM-SUE

We now provide an alternate interpretation of the MDM-SUE flows as the
solution to a robust optimization problem. Given a continuous distribution
for the random utilities for OD pair w denoted by θw, the SUE model is
solvable as a convex minimization problem (see Sheffi (1985)):

min
τ

∑
w∈W

dwEθw

[
max
k∈Kw

(
−
∑
a

τaδak + ε̃kw

)]
+
∑
a∈A

∫ τa

ca

fa(t)dt,

where the decision variables are the link costs τa and fa(·) is the flow of link
a as a function of its cost. Given the optimal link cost τ∗a to the convex
optimization problem, the SUE arc flow value is given as f∗a = fa(τ

∗
a ) where

the link cost is assumed to be a strictly increasing and continuous function
of the flow variable with fa(·) = τ−1

a (·). Consider the setting now where the
distribution θw of the random perception errors for the paths on the OD pair
w is not completely known, rather it is assumed to lie in a set of distributions
Θw. The distributionally robust counterpart of the optimization problem is
obtained by minimizing over the cost variables, the worst case objective
value which is computed by maximizing over the probability distributions
of the random utilities with given marginal distributions.
The distributionally robust counterpart is formulated as:

min
τ

∑
w∈W

dw max
θw∈Θw

Eθw

[
max
k∈Kw

(
−
∑
a

τaδak + ε̃kw

)]
+
∑
a∈A

∫ τa

ca

fa(t)dt.

(20)

Define the function:

Φ(τ, p) =
∑
w∈W

dw
∑
k∈Kw

(
−
∑
a

τapkwδak +

∫ 1

1−pkw
F−1
kw (t)dt

)
+
∑
a∈A

∫ τa

ca

fa(t)dt.
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Using the optimization formulation for MDM from (9)-(11), we can write
the distributionally robust optimization problem in (20) as:

min
τ

max
p∈S

Φ(τ, p), (21)

where the minimization is over the cost variables τ and the maximization is
over the path choice probability vectors p in the set S which is defined as:∑

k∈Kw

pkw = 1, ∀w ∈W,

pkw ≥ 0, ∀k ∈ Kw, w ∈W.

Clearly Φ(τ, p) is convex with respect to the link cost variables τ and concave
with respect to the path choice probabilities p. Since the feasible region for
both c and p is convex and compact for p (product of the unit simplices) and
the objective function is continuous, minmax equality holds (see Rockafellar
(1970)). Define a saddle point (τ∗, p∗) of a function Φ as:

Φ(τ∗, p) ≤ Φ(τ∗, p∗) ≤ Φ(τ, p∗) ∀τ, ∀p ∈ S.

Then (τ∗, p∗) is a saddle point that satisfies the minmax equality:

min
τ

max
p∈S

Φ(τ, p) = Φ(τ∗, p∗) = max
p∈S

min
τ

Φ(τ, p).

The KKT optimality conditions for the problem (21) is given as:

fa(τ
∗
a ) =

∑
w∈W

dw
∑
k∈Kw

p∗kwδak, ∀a ∈ A,

p∗kw = 1− Fkw

(
λ∗w +

∑
a∈A

τ∗a δak

)
, ∀k ∈ Kw, w ∈W,∑

k∈Kw

p∗kw = 1, ∀w ∈W,

p∗kw ≥ 0, ∀k ∈ Kw, w ∈W.

(22)

These are exactly the optimality conditions for the MDM-SUE. Thus, the
MDM-SUE flows can also be identified as a solution to a distributionally
robust optimization problem for a system planner who uses the worst-case
objective over all distributions with the given marginal distributions in iden-
tifying the equilibrium flow values.
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5 Modeling Flexibility of MDM-SUE

The selection of different marginal distributions in MDM leads to different
choice probability expressions. This flexibility leads to a number of MDM-
SUE variants that we discuss in this section.

5.1 MDM-SUE with Exponential Marginal Distributions

Mishra et al. (2014) showed that the Generalized Extreme Value (GEV)
choice probabilities (of which logit is a special case) can be obtained as a
special case of MDM using (generalized) exponential distributions. They re-
fer to this model as the marginal exponential model (MEM). Specifically us-
ing MDM with identical exponential distributions recreates the MNL choice
probabilities. In this section, we apply these results to stochastic user equi-
librium models with exponential marginal distributions. We refer to this
model as MEM-SUE. Consider the additive utility setting Ũkw = −ckw+ ε̃kw
where the marginal distributions of the random error terms are generalized
exponential random variables given as:

Fkw(t) = 1− exp

(
Akw − t
Bkw

)
, ∀t ≥ Akw, k ∈ Kw, w ∈W.

Here, Akw and Bkw are the location and scale parameters, respectively. By
substituting Fkw(·) in MDM-SUE optimality conditions (14) and (15), we
obtain the following choice probabilities:

pkw = exp

(
Akw − ckw − λw

Bkw

)
, ∀k ∈ Kw, w ∈W,

where λw satisfies:∑
k∈Kw

exp

(
Akw − ckw − λw

Bkw

)
= 1, ∀w ∈W.

The optimality conditions reduce to closed form choice probability expres-
sions when OD-specific scale parameters are used (Bkw = Bw) with:

λw = Bw ln

∑
l∈Kw

exp
(
−B−1

w (Alw − clw)
) , ∀w ∈W,

pkw =
exp

(
B−1
w (Akw − ckw)

)∑
l∈Kw

exp
(
B−1
w (Alw − clw)

) , ∀k ∈ Kw, w ∈W.
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Note that this is a slight generalization of the model with identical scale
parameters for all routes on all OD pairs (Bkw = B). When the scale
parameters for the routes of a OD pair are different, a bisection search
method can be used to compute the choice probabilities.

5.1.1 Multinomial Logit (MNL) Model

With identical exponential marginal distributions (Akw = A,Bkw = B),
the location parameter A cancels out in the choice probability expression.
This is because the additive random utility maximization is invariant with
respect to addition of a constant to all deterministic components. Note that
the derived choice probabilities are MNL choice probabilities when the scale
parameter equals the reciprocal of the logit dispersion parameter (B = θ−1).
Therefore, the MNL probabilities can be recreated from MDM with identical
exponential distributions. This was first observed by Mishra et al. (2014).

We now show that the optimization formulation for MEM-SUE reduces
to Fisk (1980) entropy formulation for MNL-SUE. The inverse cumula-
tive distribution function for the exponential distribution is F−1

kw (t) = A −
θ−1 ln(1 − t). Substituting F−1

kw (·) into the second term of the objective
function (16) of the formulation of MDM-SUE, we get:

∑
w∈W

dw
∑
k∈Kw

∫ 1

1−xkw
dw

F−1
kw (t)dt

= A
∑
w∈W

dw + θ−1
∑
w∈W

dw(1 + ln dw)− θ−1
∑
w∈W

∑
k∈Kw

xkw lnxkw

The first two terms are constant while the last term is exactly the en-
tropy term in Fisk (1980) formulation. Hence the formulation of MDM-SUE
given in (16)-(19) with exponential marginal distributions reduces to Fisk’s
entropy-type formulation for MNL model given in (4)-(7) (Fisk, 1980).

5.1.2 C-logit and Path-Size Logit (PSL) Models

Consider the case with identical scale parameters (Bkw = B), and route-
specific location parameters. In this case, MEM route choice probabilities
reduces to C-logit and PSL models with appropriate choice of the location
parameter Akw. In particular, MEM-SUE with B = θ−1 and Akw = −CFkw
reduces to the C-logit SUE model. Recall that CFkw = 0 when the route
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does not share any links with other routes, and takes a positive value oth-
erwise. Therefore, the penalizing method by the commonality factor corre-
sponds to left-shifting the marginal distribution of the perception error term,
and hence, the utility of the route by CFkw in MDM-SUE setting. Similarly,
MEM-SUE with B = θ−1 and Akw = θ−1 lnPSkw reduces to the PSL-SUE
model. Furthermore, formulation of MDM-SUE model given in (16)-(19)
reduces to the formulations of C-logit and PSL SUE models by substituting
F−1
kw (t) with −CFkw−θ−1 ln(1−t) and θ−1(lnPSkw− ln(1−t)), respectively.

5.1.3 Scaling Approach

Since, MDM-SUE does not assume that the error terms have equal variances,
the scaling approach of Chen et al. (2012) can directly be extended to these
models by setting:

Bkw = θ−1
w =

(
πθ√

6ηckw(0)

)−1

, ∀k ∈ Kw, w ∈W.

In particular, by setting Bkw = θ−1
w , the route choice probabilities of the

MEM-SUE models discussed in Section 5.1 reduce to the choice probabilities
of MNL(s), C-logit(s) and PSL(s) SUE models. Similarly, the formulation
of MDM-SUE with Fkw(t) = 1 − exp(θw(Akw − t)) reduces to the equiv-
alent formulations of MNL(s), C-logit(s) and PSL(s) models proposed by
Chen et al. (2012) with Akw = 0, Akw = −CFkw and Akw = θ−1

w lnPSkw,
respectively.
Note that Bkw is the standard deviation of the perception error term ε̃kw.
The location parameters have no effect on the choice probabilities if they
are common for all routes in the choice set. On the other hand, left-shifting
the location parameter of a specific route penalizes its choice probability. In
this study, we have used route-specific location parameters, Akw, to penalize
overlapping routes.

5.2 MDM-SUE with Uniform Marginal Distributions

In this section, we generate the choice probabilities from the weibit model
using a disutility minimization version of MDM. Consider the disutility min-
imization version of MDM:

Zmdmw = min
θw∈Θw

Eθ

[
min
k∈Kw

Ũkw

]
. (23)
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Observing that mink Ũkw = −maxk−Ũkw, we can apply the formulation
from (9)-(11) to obtain the equivalent formulation for (23):

Zmdmw = min
∑
k∈Kw

∫ pkw

0
G−1
kw(t)dt (24)

s.t.(10), (11).

In weibit-based models, the disutility function is specified in the multi-
plicative form Ũkw = (ckw − ξw)βw ε̃kw. Castillo et al. (2008) suggest to
use ξw = mink∈Kw{ckw}. On the other hand, βw is the power function
parameter. Xu et al. (2015) state that the disutility function in multi-
plicative form is a power function and it may have a good fitting qual-
ity when the traffic network involves long trips. Applying the substitution
Gkw(t) = Fkw

(
t/(ckw − ξw)βw

)
, we obtain the equivalent minimization for-

mulation:

min
p

∑
k∈Kw

(ckw − ξw)βw
∫ pkw

0
F−1
kw (t)dt (25)

s.t.(10), (11).

Consider the case where the marginal distributions of the random error
terms are uniform within the interval [Akw, Bkw]. Then:

Fkw(t) =
t−Akw

Bkw −Akw
, ∀t ∈ [Akw, Bkw] .

Note that the perceived disutility Ũkw is realized in the range [Akw(ckw −
ξw)βw , Bkw(ckw − ξw)βw ]. Therefore, it is convenient to select Akw ≥ 0. For
the special case where Akw = 0, ∀k ∈ Kw, w ∈ W , we have pkw > 0. Then,
the optimality conditions lead to the following choice probability expression:

pkw =
B−1
kw (ckw − ξw)−βw∑

l∈Kw
B−1
lw (clw − ξw)−βw

. (26)

When the marginal distributions are OD specific (Bkw = Bw), Bw can-
cels out in the choice probability expression. This is due to the fact that
multiplicative utility function is invariant with respect to multiplying all
deterministic components with a constant. MDM choice probability expres-
sion (26) reduces to the multinomial weibit (MNW) choice probabilities.
When route-specific upper bounds Bkw are used, the perceived disutility is
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uniform between 0 and Bkw(ckw − ξw)βw . Therefore, a greater value of Bkw
penalizes the route by increasing the upper bound of the disutility. In the
case where Bkw = PS−1

kw , MDM choice probability expression (26) reduces
to PSW choice probability expression.
Note that the results with uniform marginal distributions can be extended
to route-specific lower bounds, Akw,∀k ∈ Kw, w ∈ W . In this case, choice
probabilities of some of the routes might be zero, and one needs to solve the
corresponding convex optimization problem to find the choice probabilities.
We have a discussion on how the proposed model can distinguish used and
unused routes with bounded marginal distributions in Section 5.4.4.
Finally, we provide an equivalent mathematical programming formulation
for MDM-SUE using this disutility formulation for the special case ξw =
0,∀w ∈W :

min
x,f

∑
a∈A

∫ fa

0
ln τa(t)dt+

∑
w∈W

dw
βw

∑
k∈Kw

∫ xkw
dw

0
lnF−1

kw (t)dt (27)

s.t. (17), (18), (19).

By substituting F−1
kw (t) = tBkw in the second term of the objective function

(27), we get:

∑
w∈W

dw
βw

∑
k∈Kw

∫ xkw
dw

0
lnF−1

kw (t)dt

=
∑
w∈W

1

βw

∑
k∈Kw

xkw lnBkw +
∑
w∈W

1

βw

∑
k∈Kw

xkw lnxkw −
∑
w∈W

dw
βw
.

Note that the last term is constant and can be dropped from the objective
function. Therefore, with the substitution F−1

kw (t) = tBkw, the objective
function (27) reduces to:

∑
a∈A

∫ fa

0
ln τa(t)dt+

∑
w∈W

1

βw

∑
k∈Kw

xkw lnBkw +
∑
w∈W

1

βw

∑
k∈Kw

xkw lnxkw.

(28)

When the upper bounds of the uniform marginal distributions are OD-
specific (Bkw = B), the second term of (28) is constant and can be dropped
from the objective function. In this special case, (28) is equivalent to the
objective function of MNW formulation proposed by Kitthamkesorn and
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Table 1: Special cases of MDM-SUE model.
Marginal distribution Reduced Reduced
of ε̃kw SUE model formulation

exp(A, θ−1) MNL Fisk (1980)
exp(−CFkw, θ−1) C-logit Zhou et al. (2012)
exp(θ−1 lnPSkw, θ

−1) PSL Chen et al. (2012)
exp(A, θ−1

w ) MNL(s) Chen et al. (2012)
exp(−CFkw, θ−1

w ) C-logit(s) Chen et al. (2012)
exp(θ−1

w lnPSkw, θ
−1
w ) PSL(s) Chen et al. (2012)

u(0, B) MNW Kitthamkesorn and Chen (2013)

u(0, PS−1
kw) PSW Kitthamkesorn and Chen (2013)

Chen (2013). On the other hand, when Bkw = PS−1
kw , (28) is equivalent to

the objective function of PSW formulation proposed by Kitthamkesorn and
Chen (2013). Therefore, equivalent formulations of MNW-SUE and PSW-
SUE models are special cases of the MDM-SUE formulation given in (27),
(17)-(19).

We summarize the special cases of MDM-SUE model and the corre-
sponding reduced SUE models in Table 1. We use abbreviations exp(a, b),
and u(a, b) to designate exponential distribution with location parameter a
and scale parameter b, and uniform distribution defined over range [a, b],
respectively. Finally, θw is the scaled dispersion parameter for OD pair w,
θw = SFwθ (Chen et al., 2012).

5.3 Hybrid MDM-SUE Formulation

Xu et al. (2015) focus on the inability of the MNL and the MNW models
to handle both absolute and relative cost differences simultaneously. The
authors propose a hybrid model to overcome this limitation. The hybrid
model integrates the additive and multiplicative Beckmann transformations
in a unified model. From a behavioral view, the users evaluate travel costs
in a linear manner for short trips and in a logarithmic manner for long
trips. The hybrid model provides a combination of these two approaches,
and hence, might have a wider application range. Xu et al. (2015) propose
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the following hybrid closed-form choice probability expression:

phybridkw =
1∑

l∈Kw
exp

(
−α1w

(
c+
lw − c

+
kw

)) ( c×lw
c×kw

)−α2w
, ∀k ∈ Kw,∀w ∈W,

(29)

where c+
kw and c×kw are additive and multiplicative route cost functions, re-

spectively. Expression (29) reveals how the hybrid choice probabilities con-
sider absolute and relative cost differences simultaneously. The authors also
propose a multi-objective optimization formulation. Two objectives of the
model are related with the consideration of absolute and relative cost differ-
ence in travelers’ route choice decisions, while the third objective is entropy
maximization. The parameters α1w and α2w can be considered as weights
relative to the entropy term. The flexibility of the MDM in terms of the util-
ity function allows us to integrate the findings of Xu et al. (2015) and also
extend the hybrid model to new marginal distribution families. Consider
the following mathematical formulation:

min
x,f

∑
a∈A

∫ fa

0
(α1wτa(t) + α2w ln τa(t)) dt−

∑
w∈W

dw
∑
k∈Kw

∫ 1

1−xkw
dw

F−1
kw (t)dt

(30)

s.t. (17), (18), (19),

This is a generalization of the multiobjective formulation given in Xu et al.
(2015) in the sense that the last term of the objective function generalizes the
entropy term. The optimal choice probabilities reduce to the hybrid choice
probabilities given in (29) when the marginal distributions are exponential
with OD-specific parameters.

5.4 Extensions

In this subsection, we investigate some other variants of MDM-SUE model
that have not been studied in the traffic literature to the best of our knowl-
edge.

5.4.1 Scaling at the Route Level

In this section, we focus on the equal variance problem and extend the
scaling approach of Chen et al. (2012). Consider the MNL(s) model where
the OD-specific dispersion parameters are equal to θw = θπ/

√
6ηckw(0).
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Therefore, MNL(s) assigns the following route perception variance, σ2
kw, to

all routes in OD pair w:

σ2
kw = ηckw(0)/θ2, ∀k ∈ Kw, w ∈W.

The underlying idea of the scaling approach is to assign higher perception
variances to longer routes. The reason of using the shortest route’s free
flow travel time, ckw(0), is the logit-based models’ equal variance across
all alternatives assumption. As given in Table 1, MNL(s) corresponds to
MDM with exp(0, θ−1

w ) marginal distributions. Since MDM does not assume
identical route perception error terms, the scaling approach can directly be
applied in the route level by setting θkw = θπ/

√
6ηckw(0), where ckw(0)

is the free flow travel time of route k. Route level scaling results in the
following route-specific perception variances:

σ2
kw = ηckw(0)/θ2, ∀k ∈ Kw, w ∈W.

Corresponding MDM-SUE formulation is given below:

min
x,f

∑
a∈A

∫ fa

0
τa(t)dt+

∑
w∈W

∑
k∈Kw

θ−1
kwxkw lnxkw −

∑
w∈W

∑
k∈Kw

Akwxkw

−
∑
w∈W

ln dw
∑
k∈Kw

θ−1
kwxkw

s.t. (17), (18), (19).

This is a generalization of the scaling approach of Chen et al. (2012) and
can be used to scale dispersion variances more smoothly, especially when
the routes in OD pairs have significantly varying lengths. Practicality of
the scaling approach, allows to use route level scaling with correction terms,
as well. We designate the route level scaled MDM-SUE extensions of the
MNL, C-logit and PSL models as SMEM, CMEM and PMEM. Settings of
these models are summarized in Table 2, where θkw is the route level scaled
dispersion parameter.

5.4.2 MDM-SUE with Normal Marginal Distributions

Scaling approach and weibit-based models assign a greater route perception
variance to longer routes. Castillo et al. (2008) defines this dependency
both as a desirable property and a limitation. MDM-SUE with normal
marginal distributions, on the other hand, allows to assign perception vari-
ances independent of the route travel costs. Such cases may occur in traffic
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Table 2: MDM-SUE variants with route level variance scaling.
Marginal distribution of ε̃kw Abbreviation

exp(0, θ−1
kw) SMEM

exp(−CFkw, θ−1
kw) CMEM

exp(θ−1
kw lnPSkw, θ

−1
kw) PMEM

networks due to various reasons. An example case is illustrated in Figure
1 on a two route network. Route 2 is longer than route 1, however, it has
a greater number of lanes and it is rarely congested. On the other hand,
the congestion level in route 1 is known to vary significantly. Therefore,
the travel time on route 1 is subject to a greater stochasticity than that
of route 2. Consider MDM-SUE model with the common utility setting,
Ũkw = −ckw + ε̃kw, where route perception errors are normally distributed
with mean µkw and standard deviation σkw, i.e., ε̃kw ∼ N(µkw, σkw). Sub-
stituting Fkw(t) = 1−Φ

(
σ−1
kw(t− µkw)

)
in MDM-SUE optimality conditions

(14) and (15), we obtain the following KKT optimality conditions:

pkw = 1− Φ

(
λw + ckw − µkw

σkw

)
, ∀k ∈ Kw, w ∈W,

1 =
∑
k∈Kw

(
1− Φ

(
λw + ckw − µkw

σkw

))
, ∀w ∈W,

where Φ is the cumulative distribution function of the standard normal
distribution. We can also integrate the path-size correction method proposed
by Ben-Akiva and Bierlaire (1999) as follows:

µkw = −σkwΦ−1

(
1− PSkw∑

l∈Kw
PSlw

)
, ∀k ∈ Kw, w ∈W,

to handle the equal variance and overlapping problems simultaneously. With
this setting, route-specific perception variances, σ2

kw can be assigned inde-
pendent of the travel costs. We designate gPMNM for the general MDM-
SUE model with normal marginal distributions where σkw can be set inde-
pendently, and PMNM as the special case where the perception variances
are scaled in the route level by extending the scaling approach of Chen et al.
(2012). The settings of these two models are summarized in Table 3.

Normal traffic random variables have several nice properties such as be-
ing location and scale stable, and reproductive (Castillo et al., 2014). While
the multinomial probit (MNP) model requires significant computational ef-
fort, MDM-SUE provides a practical approach to use normal random vari-
ables. On the other hand, the MNP model provides a greater flexibility
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Figure 1: An example network with perception variances independent of the
route lengths

Table 3: MDM-SUE variants with normal marginal distributions.
Marginal distribution of ε̃kw Abbreviation

N(−σkwΦ−1
(

1− PSkw∑
l∈Kw

PSlw

)
, σkw) gPMNM

N(−σkwΦ−1
(

1− PSkw∑
l∈Kw

PSlw

)
,

√
ηckw(0)

θ ) PMNM

in modeling the correlation among the routes than MDM-SUE. However
this comes at significantly higher computational costs. Another recently
proposed approach is the cross moment-stochastic user equilibrium model
(CMM-SUE) which can model the correlation among the routes. CMM-SUE
is different from the MNP model in the sense that it drops the normality
assumption. When compared with MDM-SUE, CMM-SUE provides ad-
ditional flexibility in terms of modeling explicit correlations among utilities
but this comes at significantly higher computational costs, while MDM-SUE
allows modeling different route choice behaviors with different marginal dis-
tribution families.

5.4.3 MDM-SUE with Gamma Marginal Distributions

We have discussed MDM-SUE with exponential, uniform and normal marginal
distributions in the previous sections. Due to the difference in the shapes
of the cumulative distribution functions of these distributions, they lead to
different route choice behaviors. In this section, we also introduce MDM-
SUE with gamma marginal distributions. Similar to gPMNM and PMNM,
MDM-SUE with gamma marginal distributions, MGM, allows to assign
route-specific perception variances independent of the travel cost. On the
other hand, we will use MGM to investigate the effect of skewness of the
marginal distributions on route choice behavior of the users. We again use
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the common utility setting, Ũkw = −ckw + ε̃kw, and assume that ε̃kw is
gamma distributed with shape parameter αkw > 0, rate parameter βkw > 0,
and location parameter Akw, i.e., ε̃kw ∼ gam(αkw, βkw, Akw). Substituting
Fkw(t) = γ (αkw, βkw(t−Akw)) /Γ (αkw) , t ≥ Akw, where γ is the lower in-
complete Gamma function in (14) and (15), we obtain the following KKT
optimality conditions:

pkw = 1− γ (αkw, βkw (λw + ckw −Akw))

Γ (αkw)
, ∀k ∈ Kw, w ∈W,

1 =
∑
k∈Kw

(
1− γ (αkw, βkw (λw + ckw −Akw))

Γ (αkw)

)
, ∀w ∈W.

The route perception variance with MGM is σ2
kw = αkw/β

2
kw and skew-

ness is 2/
√
αkw. This allows us to investigate the route choice behavior

using different skewness values by varying αkw while setting the perception
variance σ2

kw to a desired value. Castillo et al. (2014) discuss the importance
of scale-location families in traffic random variables. Exponential, uniform,
normal and gamma families are stable with respect to scale changes. More-
over, uniform and normal distributions are location stable. By using shifted
gamma random variables with the location parameter, MGM also allows
location stability. Castillo et al. (2013) proposed shifted gamma random
variables for estimating traffic flows based on plate scanning and pointed
out that shifted gamma random variables share nice properties with nor-
mal random variables such as being reproductive and infinitely divisible.
Moreover, it can have positive skewness as the observed traffic flows. The
path-size correction method proposed in Ben-Akiva and Bierlaire (1999) can
be integrated by left-shifting the marginal distributions as follows:

Akw = −β−1
kwγ

−1

(
αkw,Γ (αkw)

(
1− PSkw∑

l∈Kw
PSlw

))
, ∀k ∈ Kw, w ∈W,

where γ−1 is the inverse of lower incomplete Gamma function so that if
γ(α, x) = y, then γ−1(α, y) = x.

5.4.4 MDM-SUE with Bounded and Discrete Marginal Distribu-
tions

In a recent study, Watling et al. (2015) focused on some of the possible
limitations of the deterministic user equilibrium (DUE) and SUE models.
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While DUE assigns a positive flow to one route in every choice set typi-
cally, SUE solutions assign a positive flow to every route in the choice set,
however implausible the route might be. This stems from the unbounded
continuous distributions used for the random error terms and could result
in computational challenges particularly in dealing with large networks with
many routes. Building on Daganzo and Sheffi (1977), the authors proposed
a SUE with general error distribution (SUEGE) that allows for bounded
distributions, as well as discrete distributions. This model allows for zero
probabilities to be assigned to implausible routes and the possibility of hav-
ing routes tied for maximum utility with nonzero probability. The route flow
vector f is defined to be a SUEGE if and only if it satisfies the conditions:

xkw ≥ dw Pr (−ckw + ε̃kw > −clw + ε̃lw,∀l 6= k ∈ Kw) , ∀k ∈ Kw, w ∈W,
xkw ≤ dw Pr (−ckw + ε̃kw ≥ −clw + ε̃lw,∀l ∈ Kw) , ∀k ∈ Kw, w ∈W,

dw =
∑
k∈Kw

xkw, ∀w ∈W.

Note that the equilibrium link flow need not be unique when the distribu-
tions are bounded or discrete unlike the traditional SUE with unbounded
continuous distributions. Inspired by the study of Watling et al. (2015), we
consider a general MDM-SUE formulation that can be extended to handle
bounded and discrete distributions. In particular, we relax Assumption 1 as
follows.

Assumption 2. For each route k in OD pair w, let the utility Ũkw be a
random variable with a finite absolute expected value E|Ũkw| <∞.

Under Assumption 2, the route flow vector f is defined to be a MDM-
SUEGE if and only if it satisfies the conditions:

xkw ≥ dw Pr (−ckw + ε̃kw > λw) , ∀k ∈ Kw, w ∈W,
xkw ≤ dw Pr (−ckw + ε̃kw ≥ λw) , ∀k ∈ Kw, w ∈W,

dw =
∑
k∈Kw

xkw, ∀w ∈W.

The Lagrange multipliers λw and the route flow vector xkw need not be
unique in MDM-SUEGE. We consider a few simple implications of gener-
alizing the MDM-SUE model. Suppose the random error term ε̃kw is con-
tinuous with a bounded support [εkw, εkw] over which the density function
is strictly positive. Consider a simple route network where the costs of the

29



routes are independent of congestion effects. Define ukw = −ckw + εkw and
ukw = −ckw + εkw. Note that ukw and ukw are the lower and upper bounds
of the perceived utility of route k ∈ Kw, respectively. Then, the following
holds:

xkw = 0 ⇐⇒ λw ≥ ukw, (31)

0 < xkw < dkw ⇐⇒ ukw > λw > ukw, (32)

xkw = dkw ⇐⇒ ukw ≥ λw. (33)

The example below provides a simple instance where the choice probability
of a route with a bounded marginal distribution might be zero.
Example 1. Consider a network with a single OD pair and three routes.
Suppose that the costs of the routes with the current flow are 5, 5 and 7.5
units. Let the marginal distributions of the perception errors be u(−5, 5),
u(−5, 5), and u(−2.5, 2.5), respectively. Then, the perceived utilities of the
routes are u(−10, 0), u(−10, 0), and u(−10,−5), respectively. The value of
the dual variable λw that normalizes the choice probabilities is −5. Based
on the optimal value of the dual variable, condition (31) implies that no
flow will be assigned to the third route (unused route). On the other hand,
the demand will be equally distributed to the first two routes due to MDM-
SUEGE conditions.
In addition to assigning perception variances independent of the route cost
and modeling skewness, MDM-SUE also allows to use heavy-tailed marginal
distributions. Consider a network with a large number of links and with a
few but serious incidents. Travel times on such a network might have heavy
right tails (Fosgerau and Fukuda, 2012), and hence Pareto, log-normal or
log-gamma marginal distributions may be more appropriate. Similarly, the
system planner may use t-distribution as an alternative to normal marginal
distributions when the travel time data has heavier tails. Moreover, in
logit-based and weibit-based models, the utility function consists of a deter-
ministic and a random term. Recently, Nakayama (2013), and Nakayama
and Chikaraishi (2015) proposed q-generalized logit model which assumes
a q-form GEV distribution for the entire utility. MDM-SUE also allows to
derive a model with the expression of the entire utility using the optimality
conditions given in (12) and (13). When the marginal distributions of the
route utilities are Pareto with scale parameter 1 + (q− 1)ckw and shape pa-
rameter (q−1)−1, MDM-SUE is equivalent to the q-generalized logit model.
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6 Solution Algorithm

Computational efficiency is crucial in SUE formulations especially when
dealing with large traffic networks. Therefore, discrete choice models with
closed form choice probability expressions are advantageous. We propose a
general algorithm for MDM-SUE model by adopting the well-known moving
successive averages (MSA) algorithm (Sheffi, 1985) for MDM-SUE.

For a given link flow vector, in order to obtain MDM-SUE route choice
probabilities, it is required to evaluate the value of the Lagrangian multiplier
λw for each OD pair w ∈W . We define the operator Λw(Vw, λw) that sums
choice probabilities calculated for the given values of Vw = (Vkw)k∈Kw

and

λw. Note that Λw(Vw, λw) is equal to
∑

k∈Kw
pmdmkw where pmdmkw is defined in

(14). At optimality, this summation is equal to 1 and satisfies the condition
in (15). Since any Fkw(t) is nondecreasing in t, we have

∂Λw
∂λw

≤ 0, ∀w ∈W.

This monotone relation allows us to incorporate a simple search algorithm
on a single variable. We apply a bisection-search algorithm, MDM Nor-
malization Algorithm (MDM-NA), which is given in Algorithm 1. Within
the first if block (lines between 2 and 12), the algorithm finds an interval
[λL, λH ] containing the value of the Lagrangian multiplier λw that normal-
izes the choice probabilities. The parameter D is the initial step size for
this search (may be set to 1). In the remaining lines, a bisection search
within this interval is executed. MDM-NA is given in the general form that
can be used with any type of marginal distribution. On the other hand, by
using the supports of the marginal distributions, it is possible to predeter-
mine the interval [λL, λH ] and enhance the performance of the algorithm by
skipping lines 1 through 12. While other inexact line search methods using
approximate step sizes (such as the classical generalized Armijo rule) can
be implemented, in our numerical experiments we found that the bisection
search method performed very well for the problem instances.

Once the values of Lagrangian multipliers are calculated for each OD
pair, MDM choice probabilities have a closed form expression. Therefore,
MSA can directly be used by adding this additional step. The modified MSA
algorithm is given in Algorithm 2. MDM normalization step is inserted to
the MSA at line 8, while the remaining steps are regular steps of the MSA
algorithm.
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Algorithm 1 MDM - Normalization Algorithm

Input: Vw, D (step size for initialization)
1: procedure MDM-NA(Vw, D)
2: if Λw(Vw, 0) > 1 then
3: λL ← 0, λH ← D
4: while Λw(Vw, λH) > 1 do
5: λL ← λH , λH ← 2× λH
6: end while
7: else
8: λL ← −D,λH ← 0
9: while Λw(Vw, λL) < 1 do

10: λH ← λL, λL ← 2× λL
11: end while
12: end if
13: λM ← (λL + λH)/2
14: while |1− Λw(Vw, λM )| > ε do
15: if Λw(Vw, λM ) > 1 then
16: λL ← λM
17: else
18: λH ← λM
19: end if
20: λM ← (λL + λH)/2
21: end while
22: end procedure
Output: λM
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Algorithm 2 MDM - MSA Algorithm

1: procedure MDM-MSA
2: n← 0
3: fna ← 0, ∀a ∈ A
4: while Stopping condition is not satisfied do
5: n← n+ 1
6: τna ← τa(f

n
a ), ∀a ∈ A

7: Calculate V n
kw,∀k,w, using τna

8: λnw ← MDM-NA(Vw, D) ,∀w
9: Calculate pnkw,∀k,w, using V n

kw and λnw
10: xnkw ← pnkw × dw,∀k,w
11: gna ←

∑
w∈W

∑
k∈Kw

, δakx
n
kw,∀a ∈ A

12: fn+1
a ← fna + (1/n)(gna − fna )

13: end while
14: end procedure

7 Computational Study

In this section, we investigate the differences in the route choice behavior
of the popular logit-based and weibit-based models with the MDM-SUE
models proposed in this paper. In all examples, we use a logit dispersion
parameter of 0.1 (θ = 0.1), Weibull location parameter of 0 (ξw = 0) and
a Weibull shape parameter of 3.7 (βw = 3.7). In order to make a fair
comparison with the weibit-based models, we apply OD level scaling for
logit-variants and path-level scaling for MDM-SUE variants with respect to
a constant coefficient of variation equal to 0.3 (ν = 0.3) as suggested by
Kitthamkesorn and Chen (2013). Note that the coefficient of variation of
weibit-based models with ξw = 0 and βw = 3.7 is 0.3. Without loss of
generality, we drop the OD pair index w in networks with a single OD pair.
1

7.1 Route Level Scaling of Perception Variances

In our first example, we investigate the abilities of different models to handle
the equal variance problem with a two-route network illustrated in Figure
2. The demand of the single OD pair in the network is set to 100. The free
flow travel time of the lower route is c, and that of the upper route is c+ 5

1All experiments are carried out with the open-source software, seSue, provided in
http://people.sutd.edu.sg/~ugur_arikan/seSue/.
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Figure 2: Two-route network

units. We use the following route cost function that is adapted from the
example discussed in Kitthamkesorn and Chen (2013):

ck = ck(0) + xk/10.

We calculate the equilibrium flows for c = 5, 6, . . . , 120 and compare the
behaviors of MNL, MNL(s), MNW, PMEM and PMNM models. Choice
probabilities for the lower (shorter) route, say p1, are illustrated in Figure
3. Moreover, the dashed lines and the vertical axis on the right represent
the standard deviation (std) of the error term for the longer route.

Intuitively, a high value of p1 is expected when c is small. However, p1

is expected to approach 0.5 as c increases since the difference between the
two route lengths start to become insignificant. Due to the equal variance
assumption, MNL is unable to model this behavior and p1 remains constant
while MNL(s), MNW, PMEM and PMNM models manage to scale the per-
ception variances. Note that MNL(s) assigns the perception variance of the
shorter route to both routes since it still inherits identically distributed as-
sumption. On the other hand, MNW and MDM-SUE variants assign route
level scaled variances. Therefore, the variance of the longer route is greater
in these models than that of the MNL(s) model. Higher perception variance
of the longer route results in increased stochasticity and a lower shortest
route probability. The route choice probabilities of MNW and PMEM al-
most overlap in this example. On the other hand, PMNM leads to a different
route choice behavior which assigns a higher p1 when c is small and a lower
p1 when c is large when compared with MNW and PMEM models.

7.2 Perception Variance Independent of the Travel Cost

In the previous example, we have experimented with the scaling approach
assuming that there is higher perception error variance on longer routes
(Sheffi, 1985). We have discussed in Section 5.4.2 that MDM-SUE with
normal marginal distributions allows to relax this assumption and assign
route perception variances independent of the route travel costs. Therefore,
MDM-SUE can model route choice behavior when the perception variance
is not necessarily a function of the travel times. For instance, a long route
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Figure 3: Effect of route level scaling with PMEM and PMNM

may be known to be rarely congested, and hence, the perception variance of
the travel time may be very small. In contrast, travel time on a short route
that is known to have varying congestion levels or many traffic lights may
have a greater perception variance.

Using the scaling approach with constant coefficient of variation v = 0.3,
standard deviation of perception errors of both routes is cv in MNL(s) model.
Standard deviation of the error term ε̃k of weibit-based models is formulated
as follows (Kitthamkesorn and Chen, 2013):

σk = ck

√
Γ(1 + 2/β)− Γ2(1 + 1/β)

Γ(1 + 1/β)
. (34)

This leads to the following standard deviations of the short (route 1) and
long routes (route 2) for the MNW model with β = 3.7:

σ1 = cv,

σ2 = (c+ 5)v.

Using the route level scaling approach described in the previous subsection
leads to the same standard deviations as the MNW model. On the other
hand gPMNM also allows to assign a greater variance to the shorter route.
In order to illustrate, we keep the perception variance of the long route
the same with the previous example (σ2 = (c+ 5)v), while we test different
perception variances for the shorter route. In particular, we set σ1 = (c+n)v
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Figure 4: Effect of assigning perception variance independent of the route
cost with gPMNM

and find the equilibrium flows for n ∈ {−5, 0, 5, 10, 15, 20, 25}. Note that for
n > 5, a greater variance is assigned to the shorter route.

Choice probabilities of the shorter route for c = 6, 7, . . . , 120 are illus-
trated in Figure 4. The numbers in parenthesis next to gPMNM correspond
to the values of n. Firstly, we observe that the flexibility of independent
assignment of route perception variances with gPMNM results in different
route choice behaviors. For instance, consider the case with c = 6 and
n = 25. In this case, the standard deviation of the random error term of the
shorter route is 2.8 times greater than that of the longer route. This may
be due to the varying congestion levels in the shorter route, while the longer
route may be known to be more stable. Increasing the perception variance
of the shorter route significantly increases the choice probabilities of the
longer but more stable route. In other words, high perception variance of
the shorter route can be penalized by gPMNM model.

7.3 Different Route Choice Behaviors

Consider the two-route example given in Figure 2. The choice probability
of the first (shorter) route for the common utility setting Ũk = −ck + ε̃k can
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be expressed as follows:

p1 = Pr
(
Ũ1 ≥ Ũ2

)
= Pr (ε̃2 − ε̃1 ≤ c2 − c1)

= Pr (ε̃∆ ≤ c∆) , where ε̃∆ = ε̃2 − ε̃1 and c∆ = c2 − c1.

Note that this is the cumulative distribution function of ε̃∆ and shape of this
function determines the route choice behavior among the alternative routes.
This holds for the weibit utility setting Ũk = (ck− ξ)β ε̃k, as well (with ε̃∆ =
ε̃1/ε̃2 and c∆ = (c2−ξ)/(c1−ξ)). Given the route perception variances, logit-
based and weibit-based models lead to particular route choice behaviors.
On the other hand, MDM-SUE allows to use different families of marginal
distributions that lead to different shapes of the cumulative distribution
function of ε̃∆, Moreover, with marginal distributions such as Gamma, it is
possible to model different route choice behaviors by changing the skewness
while keeping the perception variance unchanged.

In order to illustrate, we use MNL(s), MNW, PMEM, PMNM and MGM
models. Recall that the standard deviation of gamma marginal distribution
is σk =

√
αk/βk and the skewness is 2/

√
αk where αk > 0 is the shape

parameter and βk > 0 is the rate parameter. We fix the free flow travel time
of the longer route to 10 and vary the free flow travel time of the shorter route
(c1(0) = 1.0, 1.1, . . . , 18.9, 19.0). Standard deviations for MNW, PMEM and
PMNM models are scaled using a constant coefficient of variation v = 0.3:

σ1 = c1(0)v,

σ2 = 10v.

On the other hand, perception variances of the MNL(s) model is scaled with
respect to the shortest free flow travel time, i.e., σ1 = σ2 = min{c1(0)v, 10v}.
We test different skewness values for MGM model by varying the values of
the shape parameter, αk = α ∈ {0.1, 0.25, 0.5, 1.0, 2.5, 5.0}. In order to use
the same perception variances, we set βk =

√
αk/σk in MGM.

Cumulative distribution functions of ε̃∆ with respect to c∆ of different
choice models are illustrated in Figure 5. The numbers in parentheses of
MGM models are the corresponding α values. We observe that MDM-SUE
allows to model a wide range of route choice behaviors by using different
marginal distributions. Moreover, it allows to investigate the effect of skew-
ness in the marginal distributions of the perception error terms on the choice
probabilities. We observe that the users become more sensitive to the differ-
ence in the travel costs as the marginal distributions become more skewed.
On the other hand, route choice probabilities become more uniform as the
marginal distributions become less skewed.
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Figure 5: Effect of the type of the marginal distributions and skewness on
route choice behavior with MGM-SUE model

7.4 Handling of Overlapping Problems

C-logit, path-size logit (PSL) and path-size weibit (PSW) models handle the
overlapping problem by adding a correction term to the utility function. We
have also introduced MDM-SUE variants that can handle the overlapping
problem through modifying the parameters of the marginal distributions.
In this example we will experiment PMEM and PMNM models.

In order to experiment the effect of overlapping routes, we use the loop-
hole network presented in Figure 6. The loop-hole network has three routes
for a single OD pair. Free flow travel time and capacity of all routes are
equal to 100 units. Note that when c = 0 all three routes are identical and
independent. On the other hand, two upper routes completely overlap when
c = 100. Intuitively, it is expected that the lower route will have a choice
probability of 1/3 when c = 0; and that of 1/2 when c = 100.

The following Bureau of Public Road (BPR) link performance function is
used to calculate congestion-dependent link cost for logit and MDM variants:

τa(fa) = ca

(
1 + 0.15

(
fa
100

)4
)
,

where ca is the free flow travel time of link a. In order to calculate congestion-
based multiplicative route cost for the weibit-based models, BPR function
is modified as proposed by Kitthamkesorn and Chen (2013):

τa(fa) = exp

(
0.075× ca

(
1 + 0.15

(
fa
100

)4
))

.
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Figure 6: Loop-hole network

Figure 7: Overlapping effect with different SUE models.

Since all routes have equal mean costs, unscaled and scaled versions of the
models are equivalent. Therefore, PMEM is equivalent to the PSL model.
Choice probabilities of the lower route with respect to different SUE models
are illustrated in Figure 7. MNL and MNW models do not take the over-
lapping links into account. They still penalize the congested routes through
flow dependent link cost functions, however, this is not sufficient to han-
dle the overlapping problem. On the other hand, three of the PSL, PSW
and PMNM models satisfy the expected choice probabilities at c = 0 and
c = 100. We also observe that PSL and PMNM choice probabilities behave
very similarly, while the lower route choice probabilities are slightly higher
in PSW model.
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7.5 Simultaneous Handling of Equal Variance and Overlap-
ping Problems

Scaled versions of the C-logit and path-size logit models handle the over-
lapping problem of the MNL model. Simultaneously, they handle the equal
variance assumption by scaling the perception variances in the OD level. On
the other hand, path-size weibit (PSW) model handles both the overlapping
problem and scales the perception variances in the route level. However,
PSW does not allow to assign perception variances independent of the route
lengths. In Section 7.2, we have discussed and tested that MDM-based mod-
els allow to assign perception variances independent of the route lengths. In
this section, we show that they can simultaneously handle the overlapping
problem.

In order to experiment both the effect of overlapping and scaling, we use
a modified version of the loop-hole network presented in Figure 8. Free flow
travel times are presented next to the links. The network has three routes.
The lower (shorter) route has a free flow travel time of c units, while the
free flow travel times of the upper (longer) routes is always 30 units more,
c + 30. The parameter α is the fraction of the overlapping portion of the
upper routes. We scale the variances with respect to a constant coefficient
of variation v = 0.3. Scaled versions of the logit-based models assign a
perception variance of c2v2 to both routes. On the other hand, weibit-based
and MDM-based models assign a perception variance of c2v2 to the shorter
route, and that of (c+ 30)2v2 to the upper routes. We calculate SUE flows
for c = 5, ..., 120 and α ∈ [0, 1].

Equilibrium choice probability of the lower (shorter) route is designated
by p. Note that choice probability of each of the upper routes is (1 −
p)/2. Figure 9 represents the surface of p with respect to the fraction of the
overlapping portion (α) and free flow travel time (fftt) of the lower route
(c) for MNL, MNL(s), PSL, and MNW models. Note that MNL choice
probabilities are the same for all values of of α and c. On the other hand,
choice probability of the independent route (p) increases as the fraction of
the overlapping portion of the upper routes increases with the PSL model.
In other words, PSL takes the overlapping effect into account, while the
choice probabilities are independent of the value of c. However, one would
expect the shorter route probability to be greater when c = 5 than that
when c = 120. MNL(s) and MNW models achieve to model this behavior.
Recall that MNL(s) scales the perception variances in the OD level using
the fftt of the shorter route. On the other hand, scaling is more detailed in
MNW since it assigns a greater perception variance to the longer route. This
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Figure 8: Modified loop-hole network

increases the choice probability of the longer routes. However, the choice
probabilities are independent of the overlapping portion of the upper routes
in these models. Figure 9 reveals that none of these four models handles the
overlapping and equal variance problems simultaneously.

Figure 10 represents the lower route choice probabilities of PSL(s), PSW,
PMEM, and PMNM models for the modified loop-hole network. Initial
observation is that four of the models successfully penalize the longer routes
as the fraction of the overlapping portion increases. Moreover, they all
manage to scale the perception variances as the free flow travel times of the
routes change. Similar to our comparison between MNW and MNL(s), we
observe that route-specific perception variances with PSW model results in
significantly lower shorter route choice probabilities than the PSL(s) model
that uses an OD-specific perception variance with respect to the shortest
route. We observe that PMEM, and PMNM assign similar lower route
choice probabilities which are slightly lower than those of the PSW model.
This example reveals that MDM-SUE model can handle the overlapping and
equal variance problems simultaneously.

7.6 Winnipeg Network

In our large network experiment, we use the traffic network of the city
of Winnipeg, Canada. The Winnipeg network consists of 154 zones, 2836
links and 4344 OD pairs. Total travel demand is 64775 trips. The net-
work topology, link characteristics, and OD demands are obtained from
Bar-Gera’s Traffic Assignment Test Problem website (http://www.bgu.ac.
il/~bargera/tntp/). A pre-generated working route set is used for the
computations. The choice sets are created by using a combination of the link
elimination (Azevedo et al., 1993) and the link penalty method (De La Barra
et al., 1993). Note that link elimination method generates dissimilar paths
while link penalty method generates similar paths. By using the combina-
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Figure 9: MNL, PSL, MNL(s) and MNW equilibriums for the modified
loop-hole network

Figure 10: PSL(s), PSW, PMEM and PMNM equilibriums for the modified
loop-hole network
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Table 4: Winnipeg network characteristics
Number of nodes 1040
Number of links 2836
Number of OD pairs 4344
Total number of trips 64775
Total number of routes 174,353
Average number of routes per OD pair 40.14
Minimum number of routes per OD pair 3
Maximum number of routes per OD pair 50

tion of these methods we aim to generate route choice sets that include both
disjoint and overlapping routes. In total, 174,353 routes are generated. The
network characteristics are summarized in Table 4.
We compare the differences in the route choice behaviors of six existing
models: MNL, MNL(s), PSL, PSL(s), MNW and PSW, as well as two new
MDM-SUE variants proposed in this paper: PMEM and PMNM. We also
compare their convergence behaviors and solution times using the algorithm
proposed in Section 6.

7.6.1 Convergence and Solution Times

We have used the proposed algorithm given in Section 6 for all models. We
have applied the standard step size and terminated the algorithm whenever
the root mean square error (RMSE) between two consecutive link flow vec-
tors drops below threshold 0.001. The solution times and number of MSA
iterations executed until convergence are summarized in Table 5. Moreover,
the change in the RMSE values for the first eight iterations are illustrated in
Figure 11. We observe that unscaled versions of the logit-based models con-
verge slightly faster than the other models terminating with a lower number
of iterations. Scaled logit-variants, weibit-variants and MDM-SUE variants
require almost the same number of iterations. We observe that solution
times of PMEM is almost the same with scaled logit-based and weibit-based
models which use a closed form route choice probability expression. There-
fore, the additional optimization step does not add a significant computa-
tional burden. On the other hand, we observe an increase in the solution
times with PMNM. This increase is due to the additional time required to
calculate normal cumulative distribution function.
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Table 5: Number of iterations and solution times with Winnipeg network
Model Number of MSA iterations Solution time (seconds)

MNL 49 36.70
MNL(s) 54 40.63
PSL 48 35.75
PSL(s) 53 39.76
MNW 53 40.33
PSW 51 38.88
PMEM 55 53.00
PMNM 58 158.69

Figure 11: Convergence behavior of different SUE models for the Winnipeg
network
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Figure 12: Portion of the Winnipeg network related with OD pair (84,83)

Figure 13: Equilibrium route choice probabilities of P1 and P2 for OD pair
(84,83)

7.6.2 Short OD Pair

In order to compare the effect of scaling with logit-based models, weibit-
based models, PMEM and PMNM on a short OD pair, we investigate the
OD pair (84, 83). There exist six alternative routes for this OD pair. Nodes
and links related with this OD pair are illustrated in Figure 12.

Two shortest routes for this OD pair are 84-701-703-83 (P1) and 84-
722-703-83 (P2). P1 and P2 have path-size factors of 0.5902 and 0.7475,
respectively. In other words, P1 is subject to a heavier overlap than P2. In
Figure 13, we illustrate the equilibrium route choice probabilities of these
two routes with respect to different SUE models.

We first investigate the effect of overlapping on the route choice proba-
bilities. PSL, PSL(s), PSW, PMEM and PMNM all penalize P1 more than
P2 due to its heavy overlap with other routes. This can be observed by the
increase in route choice probabilities of P2.

Since this is a short OD pair with respect to the Winnipeg network,
the scaling approach assigns a lower route perception variance. When we
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Figure 14: Portion of the Winnipeg network related with OD pair (95,2)

compare MNL with MNL(s) and PSL with PSL(s), we observe that the
scaled versions result in a higher shortest route choice probability. This is
due to the reduced variance or stochasticity in route selection. On the other
hand, we observe a more uniform allocation in weibit-based models MNW
and PSW that are closer to the unscaled versions of the logit-based models.

Next, we compare PMEM and PMNM with scaled and unscaled versions
of the logit-based models. Recall that PSL(s) allows OD level scaling which
is based on the shortest route in the OD pair (P1), while PMEM assigns a
greater variance to P2 which is longer than P1. The consequence of route
level scaling is decreased shortest route probability (PSL(s) probability is
0.70 and PMEM probability is 0.57 for P1). When we compare PMEM
with the unscaled logit version PSL, we observe that the shortest path route
choice probability is greater with PMEM. We observe a similar relationship
when we compare PMNM with scaled and unscaled logit-based models. We
can summarize that route level scaling approach with MDM-SUE variants
PMEM and PMNM results in route choice behaviors in between the unscaled
and OD level scaled logit-based models.

Finally, we compare PMEM with PMNM. Even though the same percep-
tion variances are applied, we observe that different marginal distributions
result in different route choice behaviors in MDM-SUE model. In particu-
lar, PMNM model tends to allocate a greater route choice probability to the
shortest routes than PMEM model. This behavioral difference will be more
clear in the next example where we investigate a long OD pair.

7.6.3 Long OD Pair

Next, we focus on a long OD pair, (95,2). The nodes and links related with
this OD pair and 48 alternative routes are illustrated in Figure 14.

We illustrate the sum of route choice probabilities of the five shortest
routes (P-5) in this OD pair in Figure 15. Note that OD level scaling ap-
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Figure 15: Sum of equilibrium route choice probabilities of five shortest
paths for OD pair (95,2)

proach assigns a greater route perception variance when compared with the
unscaled versions since (95,2) is a long OD pair with respect to the Winnipeg
network. This increases stochasticity and decreases shortest route choice
probabilities. This behavior can be observed by the reduction in P-5 values
of MNL(s) and PSL(s) models when compared with MNL and PSL models,
respectively. MNW and PSW models behave in between the unscaled and
scaled logit-based models for the long OD pair. On the other hand, PMEM
performs route level scaling and therefore assigns a greater perception vari-
ance to longer routes within the OD pair’s route choice set. This results in
a further increase in stochasticity, and hence, a greater reduction in P-5. In
the short OD pair example, we have observed that PMNM tend to assign
greater route choice probabilities to shorter routes than PMEM. We observe
a similar behavior in the long OD pair example, as well, and PMNM per-
forms in between the unscaled and scaled logit-based models such as the
weibit-based models.

7.6.4 Equilibrium Link Flows

At the aggregate level, we investigate the differences in the equilibrium link
flows of different models. We carry out a pairwise comparison for the PSL(s),
PSW, PMEM and PMNM models. For each pair of these models, we count
the number of links with a flow difference falling in the intervals [-500,-300),
[-300,-100), [-100,100), [100,300) and [300,500]. The graph illustrated in
Figure 16 represents the similarity in the equilibrium link flows. Firstly,
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Figure 16: Pairwise comparison of equilibrium link flows of different SUE
models
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we observe that PSW and PSL(s) results in very similar equilibrium link
flows. We also observe that MDM-SUE with normal marginal distribu-
tions (PMNM) generates similar equilibrium link flows with these models
with route level scaling approach. On the other hand, the effect of route
level scaling is more obvious in MDM-SUE with exponential marginal dis-
tributions and aggregate link flows of PMEM significantly differ from PSW,
PSL(s) and PMNM.

8 Conclusion

In this paper, we introduce a new stochastic user equilibrium model called
the MDM-SUE model based on the Marginal Distribution Model (MDM)
which was recently proposed by Natarajan et al. (2009). MDM-SUE allows
to use different types of marginal distributions and it does not assume inde-
pendently or identically distributed random error terms. These properties
makes it a very flexible model. We investigate several marginal distribu-
tions such as exponential, normal, uniform and gamma distributions and
show that important logit-based and weibit-based SUE models are special
cases of the MDM-SUE model. Furthermore, we propose several MDM-SUE
variants that provide greater modeling flexibility. In particular, we propose
an extension of the origin-destination-specific scaling approach (Chen et al.,
2012) that allows to scale perception variances at the route level; we pro-
pose models that allow to assign perception variance independent of the
route travel cost; and we propose models that allow to use skewness in mod-
eling route choice behavior. We illustrate the flexibility of the MDM-SUE
model on several small-sized examples. Moreover, we investigate the dif-
ferences in the equilibrium flows of the proposed MDM-SUE variants with
the popular logit-based and weibit-based SUE models on the large network
of the city of Winnipeg, Canada. We observe that MDM-SUE can handle
the overlapping and equal variance problems simultaneously, and it can be
applied in large networks.

We believe that the flexible nature of the model and the practicality
of the solution approach makes MDM-SUE interesting for future research.
Extensions such as OD demand estimation from traffic flows, link-based
formulations and formulations that handles elastic demands are possible
topics of future research.
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improve the paper.

A Notation

The main notations used throughout the paper is tabulated next:

w : Index for origin-destination (OD) pairs
W : Set of all OD pairs
k, l : Indices for routes
Kw : Set of alternative routes for a user in OD pair w
a : Index for links (arcs) of the traffic network
A : Set of all arcs in the traffic network
δak : Link-route incidence parameter where

δak =

{
1 if a ∈ k
0 otherwise

fa : Flow of link a
τa(fa) : Cost of link a as a function of its flow
fa(τa) : Flow of link a as a function of its cost
ca : Free flow travel cost of link a
qa : Capacity of link a
αa, γa : Constants for link a used in BPR link cost function
dw : Demand (or number of trips) in OD pair w

Ũkw : Random utility of route k for OD pair w

Vkw, ckw : Deterministic utility and cost of Ũkw
ε̃kw : Stochastic component of Ũkw
pkw : Probability that user chooses route k ∈ Kw

xkw : Flow (number of users) on route k ∈ Kw for OD pair w
θ : Dispersion parameter of the logit-based models
θw : OD-specific dispersion parameter of the logit-based

models for OD pair w
CFkw : Commonality factor for route k ∈ Kw in OD pair w
Lk : Length of route k
Lkl : Length of the shared section of routes k and l
β0, γ : Constants in the commonality factor function
PSkw : Path-size for route k ∈ Kw in OD pair w
la : Length of link a
SFw : Scaling factor for OD pair w
η : Proportionality constant used in scaled logit models
c×kw : Multiplicative cost of route k ∈ Kw for OD pair w
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calculated as c×kw =
∏
a∈A τa(fa)

δak

ξw, βw : Weibull location and shape parameter for OD pair w
σ2
kw : Perception variance for route k ∈ Kw in OD pair w

Γ(.), γ(.) : Gamma function and lower incomplete Gamma function
Φ(.) : cdf of the standard normal distribution
Θw : Set of joint distributions satisfying the given marginal

distributions in marginal distribution model
Zmdmw : Maximum expected utility for OD pair w over the joint

distributions Θw under marginal distribution model
Gkw(.) : Cumulative distribution function (cdf) of the marginal

distribution of utility Ũkw for route k ∈ Kw in OD pair w
gkw(.) : Probability density function of the marginal distribution

of utility Ũkw for route k ∈ Kw in OD pair w
Fkw(.) : cdf of the marginal distribution of perception error term

ε̃kw for route k ∈ Kw in OD pair w

ukw, ukw : Lower and upper bound on the utility Ũkw
εkw, εkw : Lower and upper bound on the perception error ε̃kw
λw : Lagrangian multiplier for OD pair w in MDM
ωkw : Lagrangian multiplier for route k in OD pair w in MDM
ckw(0) : Free flow travel cost of route k ∈ Kw for OD pair w
ckw(0) : Free flow travel cost of the shortest route in OD pair w
exp(a, b) : Exponential distribution with location parameter a and

scale parameter b
u(a, b) : Uniform distribution defined over range [a, b]
N(µ, σ) : Normal distribution with mean µ and standard deviation σ
gam(α, β,A) : Gamma distribution with shape parameter α, rate

parameter β, and location parameter A

B Derivation of the MDM Formulation

We provide the proof of the MDM formulation inspired from the approach
in Natarajan et al. (2009). The proof consists of two steps.
Step 1: Find an upper bound on the maximum expected utility Zmdmw .
Given an arbitrary set of values λkw, we obtain an upper bound on the
utility of route k as follows:

Ukw = λkw + Ukw − λkw,

≤ max
l∈Kw

λlw +
∑
l∈Kw

[Ulw − λlw]+,
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where [Ulw − λlw]+ = max (0, Ulw − λlw). Since the right-hand side of this
inequality is independent of the particular route, it is also an upper bound
on the route with the maximum utility for OD pair w:

max
k∈Kw

Ukw ≤ max
k∈Kw

λkw +
∑
k∈Kw

[Ukw − λkw]+.

For random utilities chosen from a distribution θw ∈ Θw(Gk(·); k ∈ Kw),
by taking expectations and minimizing over the λkw variables on the right
hand side, we obtain an upper bound on the expected maximum utility:

Z
mdm
w = min

λ

max
k∈Kw

λkw +
∑
k∈Kw

E
[
Ũkw − λkw

]+

 .

Clearly, Z
mdm
w ≥ Zmdmw and finite from the finiteness of the expected ab-

solute value of the utilities. This upper bound can be reformulated as the
optimal objective value to the convex program:

Z
mdm
w = min

λ,v
v +

∑
k∈Kw

E
[
Ũkw − λkw

]+

s.t. v ≥ λkw, ∀k ∈ Kw.

By introducing Lagrangian dual variables pkw ≥ 0 for each constraint, the
Lagrangian function for this problem is given as:

Lw(λ, v, p) = v

1−
∑
k∈Kw

pkw

+
∑
k∈Kw

(
pkwλkw + E

[
Ũkw − λkw

]+
)
.

The Lagrangian dual function is then given as:

Lwd(p) = min
λ,v

v

1−
∑
k∈Kw

pkw

+
∑
k∈Kw

(
pkwλkw + E

[
Ũkw − λkw

]+
)
,

where Z
mdm
w ≥ Lwd(p) for all pkw ≥ 0. Simplifying, we obtain:

Lwd(p) =


∑
k∈Kw

∫ 1

1−pkw
G−1
kw(t)dt, if

∑
k∈Kw

pkw = 1, pkw ≥ 0, ∀k ∈ Kw,

−∞, otherwise,
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where the optimal λkw = G−1
kw(1 − pkw) with G−1

kw(0) = −∞ and G−1
kw(1) =

+∞. The corresponding dual problem is formulated by maximizing the
Lagrangian dual function as follows:

Z
mdm
w,dual = max

p

∑
k∈Kw

∫ 1

1−pkw
G−1
kw(t)dt

s.t.
∑
k∈Kw

pkw = 1,

pkw ≥ 0, ∀k ∈ Kw.

This is exactly formulation (9)-(11). Clearly Z
mdm
w ≥ Zmdmw,dual. Since Slater’s

condition is satisfied here due to the linearity of the constraints, we have

strong duality with Z
mdm
w = Z

mdm
w,dual.

Step 2: Show the tightness of this upper bound on the maximum expected
utility Zmdmw .
Under Assumption 1, the optimal solution to (9)-(11) satisfies

pkw = 1−Gkw(λw), ∀k ∈ Kw,

1 =
∑
k∈Kw

(1−Gkw(λw)) ,

with pkw > 0 for all k ∈ Kw. To prove tightness, we construct a joint
distribution θmdmw for the utilities from the optimal solution as follows:

1. From the given set of routes for the OD pair w, choose each route
k ∈ Kw with probability pkw.

2. For a chosen route k, generate the utility for this route as

Ũkw ∼
gkw(·)δ

Ũkw≥λw
pkw

,

and for all other routes l 6= k, generate the utility as

Ũlw ∼
glw(·)δ

Ũlw≤λw
1− plw

,

where δa≥b = 1 if a ≥ b and 0 otherwise.

In the second step of the construction of the random utilities, note that the
right hand side term corresponds to a density function since it is nonnegative
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and satisfies:∫
gkw(Ukw)δUkw≥λw

pkw
dUkw =

∫ ∞
G−1

kw(1−pkw)

gkw(Ukw)

pkw
dUkw,

=
Pr
(
Ũkw ≥ G−1

kw(1− pkw)
)

pkw
,

= 1.

A similar argument shows that∫
glw(Ulw)δUlw≤λw

1− plw
dUlw = 1.

We next verify that for each route k, the density function of the random
utility Ũkw generated in this way which we denote by ĝkw(·) is exactly gkw(·).
To see this observe that given our construction, for Ukw ≥ G−1

kw(1−pkw), we
have:

ĝkw(Ukw) = pkw
gkw(Ukw)

pkw
,

= gkw(Ukw),

while for Ukw ≤ G−1
kw(1− pkw), we have:

ĝkw(Ukw) =
∑
l 6=k

plw
gkw(Ukw)

1− pkw
,

= gkw(Ukw).

We verify that this distribution attains the upper bound in the objective
value since:

Eθmdm
w

[
max
k∈Kw

Ũkw

]
≥
∑
k∈Kw

pkw

∫
Ukwgkw(Ukw)δUkw≥λw

pkw
dUkw,

=
∑
k∈Kw

∫ ∞
G−1

kw(1−pkw)
Ukwgkw(Ukw)dUkw,

=
∑
k∈Kw

∫ 1

1−pkw
G−1
kw(t)dt,

where the first inequality is from choosing the utility of route k and the
last equality is from changing the variable of integration. This constructs
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a feasible distribution that attains the upper bound proving that is tight.
Lastly, by construction of the distribution it is clear that:

pkw = Prθmdm
w

(
Ũkw > Ũlw,∀l 6= k ∈ Kw

)
, ∀k ∈ Kw.
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