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Abstract— For charge injection from an electrode into
a trap-filled dielectric slab, its current–voltage (I–V ) char-
acteristics are governed by the Mark–Helfrich (MH) law.
By matching the experimentally measured I–V character-
istics to a right I–V model, one can characterize the micro-
scopic properties of the dielectric like its carrier mobility
and traps distribution. The original MH law was developed
for a bulk solid and may not be valid for modern ultrathin
dielectrics used in 2-D electronics. Here, we revise the MH
law for an ultrathin trap-filled dielectric of length L biased
with a voltage of V. Our model suggests a new scaling of

the current line density: J2-D ∝ [(V/αL)exp( − (βl/l + 1))]l+1,
where α = (2.8, 2.03) and β = (1.02, 0.94) are numerical values
for two different geometrical (edge, strip) contacts, respec-
tively. Using this 2-D ultrathin MH law, we demonstrate that
the estimated carrier mobility can be significantly different
from the traditional MH law. Under the same material proper-
ties, our model also highlights that strip contact geometry
will always lead to a larger current flow than edge contact
geometry. Thus, the developed model should be useful for
the characterization of the ultrathin dielectrics used in 2-D
materials-based electronics, organic semiconductors, and
thin-film electronics.

Index Terms— Dielectrics,mobility, thin films, trap-limited
current, traps.

I. INTRODUCTION

CHARGE injection from an electrode into a dielectric
material at the high-voltage regime is known as the

space–charge-limited current (SCLC) conduction [1]. By mea-
suring the current–voltage (I–V ) characteristics, the carrier
mobility [2], trap characteristics [3], [4], and the underlying
charge transport mechanisms [5], [6], [7] can be determined by
fitting the experimental measurement with the correct SCLC
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models. For a trap-free bulk dielectric in a parallel-plate diode,
the SCLC is governed by the Mott–Gurney (MG) law [8]

JMG = 9

8
� μ

V 2

L3
(1)

where J is the current density, V is the applied bias voltage,
L is the length of the dielectrics between two electrodes, � is
the permittivity of the dielectric material, and μ is the carrier
mobility. This MG law is the solid-state counterpart to the
Child–Langmuir (CL) law for vacuum diode [9], [10]: JCL

∝ V 3/2/L2. Studies of SCLC can be found in recent review
papers [5], [11]. Recently revised models of MG law include
finite emission [12], [13], solids with nanocontacts [14],
nanowires [15], quantum effects [16], transition models [17],
and capacitance formulation [18].

Extending the MG law for a dielectric into the ultrathin
film configuration [19] in the limit of vanishing thickness of
the dielectric (D � L), the current line density J is

J2-D[MG] = ζ2-D�μ

(
V

L

)2

(2)

where ζ2-D is a parameter depending on contact geometry,
numerically determined to be 0.57, 0.7, and 1.0 for three
different contact configurations, namely edge, coplanar strip,
and perpendicular plane contact, respectively. Here, the I–V
scaling remains J2-D ∝ V 2, but the current–length scaling is
modified to a non-MG form of J2-D ∝ L−2. Compared with
the drift-diffusion current transport simulation of a dielectric
thin-film diode [19], (2) is found to exhibit good agreement
with the simulated I–V characteristics, while the bulk MG
law (1) exhibits more than one order of magnitude in error.

Traps in dielectrics are common and unavoidable in organic
semiconductor devices [20], [21], [22], [23], [24], [25] and
oxide dielectric breakdown [26], [27]. For a dielectric with an
exponential trap distribution, the corresponding SCLC model
is known as the Mark–Helfrich (MH) law [28]

JMH = N0μe1−l

(
�

Nt

l

l + 1

)l(2l + 1

l + 1

)l+1 V l+1

L2l+1
(3)

where e is the electron charge, N0 is the effective density of
states at the conduction band edge, Nt is the total trap density,
and l ≡ Tc/T ≥ 1, with T is the temperature and Tc is a
parameter characterizing the exponential spread in the energy
of the traps. Note that (3) has a strong dependence of l and
very large values of l has been reported [24], [25], [29], [30],
[31], [32]. At l = 1, the MH law recovers the same scaling of
V 2/L3 like the MG law. For 2-D materials with unconventional
nonparabolic energy dispersion, the MH law is revised [33]
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with a scaling of J ∝ (V/L)a , where a varies continuously
from l/2 + 1 to l + 1 depending on the properties of the 2-D
Dirac based materials. Another model to study the trap-limited
SCLC in a porous dielectric has been reported to show the
different L-scaling [34].

In comparison to the ultrathin MG law [19], to our best
knowledge, there is no such ultrathin model for the MH
law. In this article, we construct a semianalytical model
to calculate the trap-limited current line density for a 2-D
ultrathin dielectric that can be useful for van der Waals (vdW)
heterostructures-based electronics and optoelectronics [26],
[35], [36], [37], [38], [39], [40], [41]. Considering traps that
follow an exponential energy distribution, our model provides
a scaling of:

J2-D ∝
[

V/L

λl

]l+1

=
[

V

αL
exp

(
− βl

l + 1

)]l+1

(4)

where α and β are constants depending on the contact
geometry. For two representative geometries of edge and
strip contacts (see Fig. 1), we have α = 2.8, 2.03 and β =
1.02, 0.94, respectively. Here, λl = α × exp[βl/(1 + l)] is a
geometric-dependent parameter, which is verified numerically
from l = 1 to 10 as shown in Fig. 3.

In the remainder of the article, we first present the derivation
of scaling relation, followed by the formulation of the charge
transport governing equations for an ultrathin dielectric with
edge and strip contacts. Evaluating the prefactor requires
solving the charge transport governing equations to obtain the
l-dependent parameter λl . The numerical scheme for solving
the governing integral equations is elaborated in Section III.
Upon solving the charge transport equations, λl for an ultrathin
dielectric with edge and strip contacts are evaluated and shown
to be well approximated by an empirical formula that leads
to the scaling in (4). Lastly, we examine the differences of
carrier mobility estimated between (3) and (4) and emphasize
our model is more suitable for ultrathin dielectronics. Thus,
our model provides a simple analytical tool to characterize
the mobility and trap properties of 2-D ultrathin trap-filled
dielectrics, which plays an important role in emerging fields
such as neuromorphic computing [42], [43], [44], [45] and
other 2-D-materials-based electronics [46], [47], [48], [49],
[50], [51].

II. MH LAW FOR ULTRATHIN DIELECTRICS

A. Scaling of the Trap-Limited Current Line Density

A diagram of an ultrathin dielectric is shown in Fig. 1
with two contact geometries, edge and strip. The dielectric
is invariant in the z-direction and lying in the xz-plane with
length, thickness, and width of L, D, and W , respectively.
In the presence of traps that follow an exponential energy
distribution [28], the free and trapped carrier densities are
related by

n f (x) = N0

Nl
t

nl
s ≡ Cln

l
s (5)

where n f (x) is the free carrier density, ns(x) is the trapped
carrier density, N0 is the effective density of states at the

Fig. 1. Ultrathin dielectrics is lying in the xz-plane with different contact
geometries (shaded). The length, thickness, and width of the dielectric
are L, D, and W in x-, y-, z-direction, respectively. The dielectric is
invariant in the z-direction and connected to a pair of symmetric contact
of length, Lc. (a) For edge contact, Lc is comparable to D and the two
contacts reduce to two points in the limit of D → 0. (b) For strip contact,
Lc is comparable to L and the two contacts reduce to two lines extended
to infinity in the limit of D → 0. With dashed line representing the dielectric
length L, the corresponding geometrical models in the limit of D → 0 are
shown on the right.

conduction-band edge, Nt is the trap density, and l ≡ Tc/T
≤ 1, where Tc is a characteristic temperature representing
the exponential spread in energy of the traps. The current
continuity equation within the ultrathin dielectric is written
as

J = eμn f (x)Ex(x) = eμCln
l
s(x)Ex(x) (6)

where Ex is the x component of the electric field in the
ultrathin dielectric. Rewriting the electric field as

Ex(x) = J
eμClnl

s(x)
(7)

and considering a normalization scheme similar to the prior
paper [19], the voltage across the dielectric is

V =
∫ L

0
Ex(x) = J L

eμCl

(
2e2μCl

J�

) l
l+1

∫ 1

0

dξ

νl
s(ξ)

(8)

with

ξ = x

L
, νs(ξ) =

(
2e2μCl

J�

) 1
l+1

ns(ξ).

With a defined parameter λl given by

λl ≡
∫ 1

0
dξ/νl

s(ξ). (9)

The current line density becomes

J = Clμe1−l
(�

2

)l
(

V

λl L

)l+1

. (10)

Here, λl is a l-dependent parameter for a given trap char-
acteristic and contact geometry of the ultrathin dielectric.
To evaluate λl , the normalized surface charge concentration,
νs , associated with different contact geometries is required.

B. Ultrathin Dielectrics With Edge Contact

A diagram of the ultrathin dielectric with edge contact
geometry (left) is shown in Fig. 1(a) with a schematic geom-
etry in the limit of vanishing thickness (D � L) shown on
the right. The dielectric is connected to a pair of symmetric
contact with length, Lc, comparable to dielectric thickness D.
For D � L, with the consideration of D → 0 and Lc → 0, the
contacts become two conducting filaments and are represented
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by two points connected to the dielectric (dashed line) in
the xy-plane. The charge and potential distribution within the
dielectric are governed by the Poisson equation satisfying the
boundary conditions at the electrodes based on (7). Based
on the Green’s function approach [19], we consider that the
charge carriers only reside within the dielectric and focus on
the electric field along the dielectric (y = 0)

G
(
ξ, ξ �) = − 1

2π
ln L

∣∣ξ − ξ �∣∣ (11)

where

ξ = x

L
, ξ � = x �

L
.

The electric potential φ is obtained by integrating Green’s
function over the surface charge concentration along the
dielectric (x-direction). With Ex = −dφ/dx , the electric field
is given by

Ex(ξ) = 2e

�(1 − ξ)

∫ 1

0

1 − ξ �

ξ − ξ � ns
(
ξ �)dξ �. (12)

Here, only the key steps are highlighted, the details of the
derivation can be found in the prior work [19]. Combining
(7) and (12), the term νs for the edge contact geometry can
be solved from the following normalized singular integral
equation:

νl
s(ξ)

1 − ξ

∫ 1

0

1 − ξ �

ξ − ξ � νs
(
ξ �)dξ � = 1. (13)

C. Ultrathin Dielectrics With Strip Contact

A diagram of the ultrathin dielectric with strip contact
geometry (left) is shown in Fig. 1(b) with a schematic geom-
etry in the limit of vanishing thickness (D � L) shown on
the right. The dielectric is connected to a pair of symmetric
contact of length Lc, comparable to the dielectric length of
L. For D � L, with the consideration of D → 0 and
Lc → ∞, each contact becomes a conducting plane coplanar
to the dielectric and is represented by line segment (extended
to infinity) connected to the dielectric (dashed line) in the
xy-plane. Similarly, the corresponding Green’s function is

G
(
ξ, ξ �) = 1

2π
Re ln

(
sin

[(
θ + θ �)/2

]
sin[(θ + θ �)/2]

)
(14)

where

ξ = 2x − L

L
, θ = arccos(ξ)

ξ � = 2x � − L

L
, θ � = arccos

(
ξ �).

Note the coordinate system for edge and strip contact geome-
tries are normalized to different intervals of [0, 1] and [−1, 1],
respectively, for the convenience of applying Green’s function.
This notation will be assumed throughout this article unless
otherwise stated. After obtaining the electric potential by

integrating Green’s function over the surface charge concen-
tration along the dielectric and differentiating the potential, the
electric field is

Ex(ξ) = 2√
1 − ξ2

[
e

�

∫ 1

−1

√
1 − ξ �2

ξ − ξ � ns
(
ξ �)dξ � + V

π L

]
.

(15)

Similarly, combining (7), (8), and (15), νs for the strip contact
geometry is governed by

νl
s(ξ)√

1 − ξ2

∫ 1

−1

[√
1 − ξ �2

ξ − ξ � νs
(
ξ �) + 1

πνl
s(ξ

�)

]
dξ � = 1. (16)

III. NUMERICAL METHODS

The resulting singular integral equations, (13) and (16) are
solved numerically to obtain the λl and hence the prefactor
by evaluating λ

−(l+1)
l . It is not trivial to solve the singular

integral equation numerically. We first attempt to seek an
approximated νs in terms of the Chebyshev polynomials due to
the convenient analytic formula [52] for evaluating the singular
integral involved in (13) and (16). Note for large values of l,
the convergence of the solutions requires increasingly more
terms leading to longer computational time due to the nature
of the hypersingular kernel in the equation. There are advanced
techniques [53] that may circumvent this issue but they will
involve more complicated numerical manipulation that is tai-
lored to different values of l. Thus, we seek an alternative
numerical approach to solve the problem. Our approach is to
use the trap-free solution as the initial profile for νs accom-
panied by an iterative strategy. Inspired by the approximated
analytic form [19], we adopted the following parametric form
to describe the normalized surface concentration:

νs(ξ) = (a + ξ)u(1 − ξ)v
N∑

i=0

ci Pi (ξ) (17)

where the first and second power law terms are to address the
singularity-like profiles at the cathode and anode, respectively,
with the polynomial series to capture the smooth transition
from the cathode to the anode. Here, u, v, and ci are the
parameters to be solved subject to the integral equations [see
(13) and (16)]. For edge contact, a = 0 and Pi is the shifted
Chebyshev polynomial [52] of the first kind for degree i
defined for the interval ξ ∈ [0, 1]. For strip contact, a =
1 and Pi is the Chebyshev polynomial [52] of the first kind
for degree i defined for the interval ξ ∈ [−1, 1]. In general,
we found that N = 3 is good enough to reach the converged
solution in a timely matter.

Note normal numerical integration schemes can fail to
evaluate the singular integral in (13) and (16) due to the
existence of a singularity. Thus, the singularity is extracted
by using the following mathematical transformation [54]:∫ b

a

f
(
ξ �)

ξ � − ξ
dξ � =

∫ b

a

f
(
ξ �) − f (ξ)

ξ � − ξ
dξ � + f (ξ) ln

b − ξ

ξ − a
.

(18)

With this transformation, standard numerical integration tech-
niques are well suited for the evaluation. To solve (13) and (16)
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Fig. 2. Semilog profile of the calculated surface charge concentration
between the cathode (left) and the anode (right) at different l = 7 (top)
down to 1 (bottom) for (a) edge contact and (b) strip contact with the
trapped-limited current of 1 μA/cm.

for different l, we first use the approximated analytic solution
for trap-free cases [19] as the initial guess to calculate the
solution for l = 1 case. The obtained solution is then used
as the initial guess to solve for the next values of larger
l = l + �l. This process is iterated from l = 1 to l = 10 with
a step size of �l = 0.01 to ensure the solution of the previous
iteration can be a good candidate to be used as the initial guess
for the subsequent iteration. In doing so, we have implemented
a numerical scheme based on the collocation method [55].
The residual errors at all the collocation points are very small,
<10−8, and generally <10−3 elsewhere.

IV. RESULTS AND DISCUSSIONS

In Fig. 2, the numerically obtained profiles (semilog plot-
ting) of the surface charge concentration ns at different l are
plotted between the cathode (left) and anode (right) for edge
contact [see Fig. 2(a)] and strip contact [see Fig. 2(b)]. The
equivalent trap-free case (l = 1) is included for comparison.
The profiles of carrier charges are similar qualitatively for
both contact geometries regardless of the variation of the l.
In low-dimensional systems, electron screening is strongly
suppressed. As a result of easier charge carrier diffusion, the
charge concentration is distributed more uniformly and drops
slowly along the dielectric [15]. In contrast, the concentration
is higher near the cathode and drops more rapidly near the
anode. The overall magnitude of the concentration increases
with l and the profile also becomes more uniform at large l.

After solving the governing equations [see (13) and (16)]
of charge transport for edge and strip contact geometries, the
parameter λl is calculated as a function of l in Fig. 3 (blue
lines associated with left axis). The prefactor (1/λl)

l+1 in (4)
is also plotted as a function of l in Fig. 3 (red lines associated
with the right axis in log scale), which resembles a straight
line. This implies that an empirical form of λl for both edge

Fig. 3. Variation of the λl (left axis) and λ−(l+1)
l (right axis) with respect

to l = 1 to 10 for edge contact (blue circles and red solid line) and strip
contact (blue crosses and red dashed line) contact. Dotted lines are the
approximated λl given by (19).

Fig. 4. Parameter η = J2-D/(JMH · D) = μMH/μ2-D as a function of L/D,
where J2-D is the line current density for 2-D ultrathin dielectrics, JMH is
the bulk MH current density, μMH is the MH-estimated charge mobility,
μ2-D is the charge mobility of 2-D ultrathin dielectrics, and L and D are
the channel length and thickness, respectively.

and strip contact geometries can be assumed as

λl = α exp

(
β

l

l + 1

)
(19)

where (α, β) are parameters determined by empirical fitting
to be (2.8, 0.94) and (2.03, 1.02) for edge and strip contact
geometries, respectively. This approximation gives a maximum
relative error of <5% across the interval l ∈ [1, 10].

From (3) and (4), both equations have the I–V scaling
of I ∝ V l+1. However, the predicted carrier mobility will
be substantially different. Considering a nanoscale trap-filled
dielectric solid of thickness D < L, it is of interest to estimate
the difference between the mobility estimated by (3) and (4).
Assuming the current following the ultrathin dielectrics (10)
equals to the current from the MG law (3), we have

J2-D × W = JMH × W × D. (20)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Singapore University of Technology & Design. Downloaded on November 25,2022 at 09:58:06 UTC from IEEE Xplore.  Restrictions apply. 



KEE et al.: ANALYTICAL SCALING OF TRAP-LIMITED CURRENT IN 2-D ULTRATHIN DIELECTRICS 5

TABLE I
η = μMH/μ2-D FOR L/D = 50 AND 100

The ratio between the estimated carrier mobility of the MH
law (μMH) to that of the ultrathin 2-D model (μ2-D) is

η = μMH

μ2-D
=

(
1

λl

l + 1

2l + 1

)l+1( l + 1

2l

)l( L

D

)l

. (21)

We plot η as a function of L/D in Fig. 4 for different values of
l = 1, 2, and 3 with both contact types. The findings suggest
that the significant difference (i.e., η > 1) will occur for large
L/D > 10 s and the effect is more dominant for large l. For
typical dielectric thin-film-based devices [4], [56], [57], [58],
[59], [60], we have L/D � 10. Thus, (20) and Fig. 4 suggest
that the mobility estimated using the classical bulk MH law
may be problematic. In Table I, we tabulate η for L/D =
50 and 100. It is observed clearly that we have η > 1 for
either large l or large L/D.

Between the two contacts, strip contact will have a
larger difference. Thus, under the same material properties,
J2-D/(JMH · D) will result in the same expression (21).
Therefore, Fig. 4 also highlights that strip contact geometry
will always lead to a larger current flow than edge contact
geometry.

V. CONCLUSION

In summary, we consider a trap-filled ultrathin dielectric
with exponentially distributed traps and formulate a semiana-
lytical model to calculate the trap-limited current line density
for two types of contacts, namely strip and edge contacts. The
I–V scaling is found to be the same as the classical MH law
(of bulk dielectrics), which is I ∝ V l+1, where l is the para-
meter describing the trap distribution. The dependence of the
dielectric length L is, however, different, which is formulated
into a trap-dependent parameter λl , which has an approximated
analytical form. We note that the approach is general and
applicable if a suitable Green’s function can be identified
for a configuration. The classical result of MH law can be
derived by using the 1-D Green’s function. In constructing the
model, we have considered the vanishing limit of D and the
invariance along the width direction in order to apply Green’s
functions. The model would be most effective in situations
where D is significantly smaller than L and W is signifi-
cantly larger than L. Similar findings have been reported for
trap-free nanowires and thin films [15] while enhanced SCLC
is reported for contacts with finite width [12], [13], [14].

Using this new model, we have discussed the possible errors
in using the bulk MH law to estimate the carrier mobility for
a trap-filled ultrathin dielectric with a thickness D much less
than its length L (e.g., L/D > 10). It is found that the error is

more severe for strip contact and also for large l and L/D. The
strip contact geometry will always lead to larger trap-limited
MH law than the edge contact geometry. Thus, this article shall
offer a useful tool for quick estimation of carrier mobility
of ultrathin dielectrics used in various applications such as
organic electronics, 2-D materials-based electronics, and other
thin-film electronics.

One distinguishing feature in our model is the different
current-length scaling from the MH law. Additional experi-
mental verification of this aspect could further validate our
findings. Systematic investigation of various contact geome-
tries could enhance our understanding of the effectiveness of
the proposed model. Future improvements include the effects
of the unconventional nonparabolic energy dispersion for 2-D
materials [33] and to study the transition from the injection
via Schottky contact [17].
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