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Abstract— Since the first field emission model or the well-
known Fowler–Nordheim (FN) law was formulated about a
century ago (in 1928), it remains an active topic to discover
different aspects of field emission due to new materials and
structures, geometrical effects, high current space charge effects,
short pulse regime, and analytical models. Despite its simplicity,
the original FN law, or its improvement, the Murphy–Good
(MG) model remains as the important equations to characterize
different field emitters. With the emergence of two-dimensional
(2-D) materials such as graphene, transition-metal dichalco-
genide (TMD) materials, and topological materials (such as
topological insulators and semimetals) in the past two decades,
new experiments and theoretical models are produced to study
the validity of FN law and MG model on field emission from
these quantum materials and to explore their applications as
compact field emitters operating at low turn-on field. In this short
perspective, after a very brief introduction of FN law and some
recent (selected) improvements, we proceed to review the experi-
mental works measuring field emission from the abovementioned
quantum materials. The key performances, such as experimental
growth methods, and emission characteristics, such as turn-
on field, field enhancement factor, and field emission current
density, are summarized and compared. During the discussion,
we also highlight some recent models proposed to account for the
effects of nonparabolic dispersion and topologically nontrivial
bandstructures within these quantum materials. We suggest
the importance of having consistent physics-based models to
understand the field emission from these quantum materials and
reinforce the presence of a non-FN scaling law due to their unique
properties absent from the traditional bulk materials. Finally,
we conclude by highlighting some possible new directions that
may be further explored in future.

Index Terms— Field emission, Fowler–Nordheim (FN) law,
topological materials, two-dimensional (2-D) materials.

I. INTRODUCTION OF FIELD EMISSION FOR TRADITIONAL

MATERIALS

TRADITIONALLY, field emission describes the emission
of electrons from a solid into a vacuum under the appli-

cation of sufficiently high electric field, which allows quantum
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tunneling of electrons through the suppressed potential barrier
at the solid–vacuum interface. For traditional metallic solids,
the barrier height is typically ranged from low work func-
tion, cesium (φ = 2.14 eV), to high work function, copper
(φ = 4.5 eV). In 1928 [1], the Fowler–Nordheim (FN) law
was formulated for a simple triangular barrier, and the FN
law-based field emission current density J is now widely
expressed in the form of FN plotting: ln (J/F2) = AB/F ,
where A and B are material- and barrier-dependent constants,
respectively, and F is the applied field at the surface of the
field emitter. It is important to note the following assumptions
of the classical FN law: 1) it is independent of the Fermi
energy level (for large Fermi energy); 2) the energy dispersion
of the emitter has a parabolic-like function; 3) the supply
function of electrons impinging on the surface is isotropic; and
4) the tunneling is dominant at the Fermi energy level without
thermionic emission. These assumptions may not be valid
for field emission from the two-dimensional (2-D) materials
having linear energy dispersion and will require careful refor-
mulation, especially for the first three assumptions. Similar
revision should also be carefully performed for more advanced
materials such as topological materials.

The focus of this article is to provide a short prospective of
the recent findings of field emission from such nontraditional
quantum materials. This article is not aiming to provide
an overview of the field emission, which can be referred
to some excellent books [2]–[5], invited tutorial paper [6],
and references therein. The goal is to emphasize that the
classical FN law remains an active research topic and to report
some recent works of field emission (both experimental and
theoretical models) from the 2-D and topological materials.
We hope that this article can encourage further develop-
ment of using such quantum materials to be compact field
emitters that can be used in diode physics, vacuum micro-
electronics and nanoelectronics, plasma physics, and beam
physics [7], [8].

In the field emission community, the Murphy–Good (MG)
field emission model (first reported in 1956) [9] is widely
considered as a better model than the original FN law in the
characterization of field emission measurements [10], [11].
The MG model considers a more realistic Schottky–Nordheim
(SN) barrier than the simple triangular (ET) barrier used in the
classical FN law. By using the Wentzel–Kramers–Brillouin–
Jeffreys (WKBJ) approximation to solve the tunneling prob-
ability, the MG model uses two correction factors, v(y) and
t (y), where y is the Nordheim parameter. Note that the two
functions (v and t) are expressed in terms of the complete
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elliptic integral functions, where their numerical values in the
range of 0 < y < 1 have been tabulated by Miller [12].
One significant improvement on the original MG model is
by Forbes, who provides an approximated analytical solution
with good accuracy [13], [14], and this has allowed the ease of
using the improved MG model to characterize the experimental
field emission results. For this SN barrier-based MG model,
the prefactor field scaling exponent k [in the ln(J/Fk) term]
will depend on the material’s work function. For example,
for φB = 4.5 eV, k is calculated to be 1.2272, which is
distinctively different from the classical FN law of k = 2.
Hence, Forbes has suggested to use Millikan–Lauritsen (ML)
plots (k = 1) instead of the classical FN plots (k = 2) to have
better characterization with experimental data when the true
value of k is not known [15]. The exact value of k is critical
in the comparison between the field emission model and
experimental measurements [14]. The dependence of k is also
further simplified to an empirical form of I = CV k exp −B/V
by Forbes [16], where I is the total emitted current and V is
the applied voltage. Recently, there is also an interesting paper
reporting the possibility to have a consistent field emission
model to characterize the experimental results accurately [17].

The FN law and MG model are essentially 1-D models,
where the electrostatic potential near to the emitter is difficult
to be determined. In view of many practical field emitters
having small radii of curvature or sharpness [18], [19], one
may argue that the standard FN and MG models are not
suitable to characterize the experimental data accurately. With
the geometrical effects due to the sharpness of the tip, the local
field is highly enhanced, which will result in a much higher
electron emission current density to occur at a much lower
applied voltage or turn-on field [20], [21]. The linearity of the
FN plot for sharp emitters is also questionable [22]. To resolve
this problem without using time-consuming computational
approach, a common method is to simply relate the enhanced
local field to the applied field by assuming a field enhancement
factor β to replace the F term as β × F in the model [23],
[24]. This approach is, however, insufficient to describe the
field emission accurately, especially for emitters with high
sharpness or highly nonuniform field emission [20]. Using
this method will also predict unrealistic and inaccurate β by
simply fitting the model to experimental results [25]. Thus,
one must be careful to interpret these high predicted values
of β as they may be unrealistic compared with theoretical
results obtained from solving the multidimensional Maxwell
equations or consistent models [26]. As an example, for an
infinitely sharp knife-edge emitter, the enhancement factor
scales sublinearly as a function of (h/a)1/2, where h and
a � h are the height and width of the emitter, respectively
[27]. This implies that most of the field enhancement factors
estimated from the experimental results using the simplified
FN or MG law are questionable.

Hence, researchers have tried to extend the standard FN
models to account for the sharpness of field emitters with
different geometrical shapes. A model for spherical emitter
is proposed by Edgcombe [28], where the potential profile is
calculated for a curved emitting surface having an effective
solid angle. This spherical model predicts a nonlinear FN

plotting with increasing curvature of the emitter. Some of
the parameters in the model, including tip radius and supply
factor, can be determined from the slope variation of the
experimental FN plot. Another work is by Kyritsakis and
Xanthakis [29], who improves the standard FN model for
nanoscopic field emitters with arbitrary shape and curvature.
Instead of the linearly dependent potential barrier used in
the standard FN theory, they include a second-order term
in evaluating the potential barrier. By introducing two new
correction functions (w and ψ), which are depending only
on the Nordheim parameter y, the model can be used readily
in analyzing nanoscopic curved emitters. Other works related
to field emitters with different shapes are parabolic tips [30],
hyperboloid tips [31], microtips [32], sharp emitter array [33],
nanowalls [34], and cones and wires [35]. Note that all these
models having some regular geometrical shapes may not be
applicable for a field emission cathode with random roughness
as observed in many experiments. Thus, a recent fractional-
calculus-based FN model has been developed to account for
such random roughness [36]. In this model, the Schrodinger
equation is solved at a fractional dimension of 0 < α ≤ 1,
which describes the degree of the roughness and α = 1 is
the limit of zero roughness recovering the standard FN law.
Note that the value of α can either be extracted from image
processing of the surface or fitting this fractional FN law to
experimental measurements. Using this fractional modeling,
high current space charge limit current or the fractional
Child–Langmuir law is also developed [37].

In order to have a better understanding of field emis-
sion, many researchers have employed density functional the-
ory (DFT) to extend beyond the standard approach [38]–[40].
One example is a three-dimensional (3-D) numerical model
developed by Lepetit [41], which describes the field emission
from a surface with atomical defect using DFT-based elec-
tronic potential. Different quantum mechanical methods are
used to solve for the tunneling probability such as the semi-
classical WKBJ approximation and transfer matrix technique,
which are termed the numerical FN (NFN) model and exact
quantum mechanical (EQM) model, respectively. As both
models have limitations in applying to a full 3-D tunneling
problem, perturbation techniques are used by considering the
external electric field as a perturbation to the intrinsic electric
field experienced by the emitting electrons. This DFT model
provides reasonably good accuracy for field emission from
tungsten surface with nanoscale corrugation [42].

The tunneling probability in field emission model is nor-
mally evaluated from the Gamow exponent G, which is an
approximation by having a Taylor expansion to its first-order
term near to the Fermi level, which induces a linear relation-
ship with the electron energy E (along the emitting direction).
Such a linear approach allows the equation to be analytically
evaluated, but at the expense of overpredicting the amount
of the current density, especially at high-field regime [43].
A reformulated thermal-field emission theory by using the
shape factor method to evaluate the Gamow exponent for
general barriers is developed by Jensen [44], which does not
rely on the expansion of Gamow factor at the Fermi level,
thereby providing more accurate results and eliminating the
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use of elliptical integral function v and t required in the
standard FN model. As a tradeoff, an additional parameter Em

(defined as the location of the maximum of the product of the
tunneling probability and the supply function) is required to
be calculated before solving the Gamow exponent. The shape
factor method is especially important for nonlinear barriers
as the linear assumption of Gamow factor in the standard
FN theory could be more problematic. This new formalism
has been used to calculate the emission for various types of
barriers associated with depletion layers, nanotip barriers, and
metal–insulator–metal (MIM) structures [45]. A field emission
model based on the Bardeen transfer Hamiltonian method has
also been developed for a clean or adsorbate-covered metal
surface [46].

It is obvious that the research on field emission models
remains active even for the traditional bulk materials. As men-
tioned before, in this perspective, we suggest that the simplest
original FN or MG model will require new revision for quan-
tum materials such as 2-D materials (see Section II) and topo-
logical solids (see Section III). Researchers should be careful
in using the traditional FN law or MG models to arbitrarily
characterize the field emission from these quantum materials
or any materials with the nonparabolic dispersion relation that
violate the original assumptions used in the derivation of FN
law. In the following sections, we will report some recent
experimental results and new theoretical models for field
emission from nontraditional materials. We hope that this short
perspective can encourage more studies in understanding the
field emission from these quantum materials. Some other top-
ics that were not discussed in this article but will be interested,
such as Coulomb blockade [47]–[49], Hartman effect in field
emission [35], anisotropic field emission [50], 3-D-printed
field emission cathode [51], multiscale modeling of field
emission [52], Wigner wave packet approach [53], molecular
dynamic based models [54]–[57], and space-charge-limited
field emission from sharp tips or curved surfaces [58]–[61].

II. FIELD EMISSION OF 2-D MATERIALS

A. Survey of 2-D Material-Based Field Emission Models

Recent experimental data analysis has revealed that the turn-
on fields of bulk- or traditional material-based field emitters
are typically twice as large when compared to that of 2-D
material due to the higher aspect ratio of their ultrathin body
[62]. The 2-D materials are emerging candidates in the devel-
opment of compact electron emitters. Motivated by this poten-
tial, the theories of electron emission from 2-D materials have
been extensively investigated in recent years [63]. The con-
ventional electron emission theories in the semiclassical over-
barrier thermionic regime (or the Richardson law) have been
reported to be no longer valid for 2-D materials such as single-
layer graphene, where new thermionic current–temperature
scaling relations have been demonstrated [64]–[68]. The mod-
eling of quantum mechanical field-induced electron emission
from 2-D materials is thus expected for new revision [69],
[70]. In the following, we introduce a few key problems in
using traditional FN laws for 2-D materials.

Fig. 1. 2-D material field electron emitters. (a) and (b) Schematic of electron
emission from the 2-D planar surface and the 1-D edge, respectively. (c) and
(d) Device and schematic of graphene-based electron field emitter under the
2-D planar surface emission geometry, respectively. Reprinted with permission
from [73]. Copyright 2020 American Chemical Society. (e) and (f) Device and
schematic drawing of graphene-based electron field emitter under the 1-D edge
emission geometry, respectively. Reprinted from [71], with the permission of
AIP Publishing Copyright.

First, ultrathin nature of 2-D materials implies that the
widely employed classical image charge effect for bulk solids
is invalid. As the interface potential barrier lowering due to
the electrostatic image charge effect can significantly influence
the emission current density, the modeling of field emission
from 2-D materials requires careful revision, especially for
edge emission [71] due to atomically sharp 1-D edge [63]
or 2-D planar surface [72] as shown in Fig. 1 for schematic
illustrations of surface and edge emission configurations, and
representative devices fabricated and measured experimentally
[71], [73].

Second, as the electrons are confined within the very thin
atomic layer of the 2-D materials, the crystal periodicity and
the electron crystal momentum become ill-defined in the direc-
tion perpendicular to the 2-D plane. The standard technique
used in the derivation of FN law will require decomposition
into two separate components: parallel and vertical direction
[64], [74] for vertical electron field emission from a thin 2-D
planar surface. This approach posts another challenge because
the perpendicular emission current density will depend on
the out-of-plane carrier group velocity in 2-D materials. The
lack of energy dispersion along this perpendicular direction
has implied a new arbitrary parameter called “injection rate
constant” [75], whose underlying physics remains largely
incomplete thus far. Trushin [76] provided an interpretation
of this injection time based on the Heisenberg uncertainty
principle. In this framework, the confinement of electrons
within the crystal plane leads to large uncertainty in the out-of-
plane electron momentum [76]. Experimentally, it is found that
the injection time constant is proportional to the temperature
[77]. For field emission from 2-D materials, we believe that
the physics of injection time constant is not yet clear.

Finally, the quantum confinement of electrons in a thin layer
will lead to the formation of 2-D subbands whose energy band
structure significantly deviates from the parabolic energy band
structure of common bulk metals [78]. For example, graphene
has a linear energy dispersion of εk = �vF k, where εk is the
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carrier energy, vF ≈ 106 m/s is the Fermi velocity, and k is
the crystal momentum lying in the plane of graphene, which
is highly nonparabolic. As previously demonstrated in the 3-D
Dirac/Weyl semimetal [79], the current–voltage characteristic
curve is sensitively influenced by the energy band structure.
The formulation of field emission for 2-D materials will be
required to include the effects of the nonparabolic band struc-
ture of 2-D materials instead of assuming parabolic energy
band structure a priori.

We now briefly introduce several new field emission models
developed. The electron field emission from the edge of a
2-D nanowall is developed by Qin et al. [34] in which the
quantum confinement effect of the 2-D electron gas and
the electrostatics of the sharp edges are explicitly included.
Consider the case of a thin nanowall where only one subband
contributes dominantly to the electron field emission, and the
emission current density is given by

JNW = ANW�
3
2
1

F
3
2

S

wH
3
4

1

exp

⎛
⎝− BF N H

3
2

1

�1 FS

⎞
⎠ (1)

where FS is the electric field at the emitter surface, ANW ≈
1.08×10−10 A·m−1, BF N = 4

√
2me/3e� = 6.83 V/eV3/2·nm,

H1 ≈ φB + (π�/w)2/(2me) is the zero-field tunneling barrier
height, and �1 and �1 are the dimensionless correction terms
related to the height and width of the nanowall (see [34] for
a detailed definition of these correction terms), respectively.
Equation (1) reveals a particularly intriguing feature that the
electric field term at the preexponential term has a power-law
dependence of F3/2

S , which is clearly distinctive from the
classic FN model having a quadratic form of F2

S .
Based on a time-independent perturbative quantum method,

another 2-D model of electron field emission from the pla-
nar surface of a 2-D material is developed [80]. Based on
Bardeen’s transfer Hamiltonian formalism, it is shown that
the surface field emission current density from graphene is

JGr = e3 F0.47
c F1.53
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where Fc ≈ 1 V·m−1 is a characteristic electric field and W ≈
12.78 eV for graphene. Again, the preexponential electric field
term has a scaling of 1.53 instead of 2 (classical FN scaling).

For surface field emission from a 2-D electron gas (2DEG)-
based system, the emission current density is

J2DEG = e(2me)
1
2

π�2
WB(φB + WB)

1
2 |ϕ(z)|2

× exp

�
−4

3

�
2me

�2

� 1
2 (φB + WB)

3
2

eFS

	
(3)

where WB = π�
2n/me, n is the 2-D carrier density, |ϕ(z)|2 ≈

1/L, and L is the thickness of the 2DEG. Thus, very generally,
(1)–(3) suggest that the 2-D models of field emission can be
compactly written in a generalized form of

J2D ≈ AFk2D
S exp

�
− B

Fs

�
(4)

where A and B are the material- or device-dependent factors
that are independent or weakly dependent on the surface
electric field. The preexponential surface electric field scaling
factor, k2D , is typically significantly less than that of the
classic FN model for bulk metal, i.e., k3D = 2. Intriguingly,
it has recently been shown that the scaling exponent has a
dramatic impact on the field emission current density at the
high-field space-charge-limited current (SCLC) regime [81].
For k < 1.5, the SCLC is significantly suppressed or even
completely absent for a small diode. Thus, for 2-D materials
with k2D < 1.5, the suppression of SCLC at a high-field regime
may serve as an important signature of 2-D model of field
emission, and this prediction remains to be verified in future
experiments.

Thus, the well-known FN models developed decades ago
should not be accurate for field emission from 2-D materials,
which suggests that new models are required to capture the
missing physics due to such unique properties of the materials
that are absent from traditional bulk solids [72]. Apart from
the macroscopic analytical or semianalytical models, DFT and
time-dependent DFT shall offer an important route toward a
better microscopic understanding on the field emission physics
from atomically thin materials [82], [83].

B. Experiments of 2-D Material-Based Field Emission

We now briefly report the emerging experimental studies of
2-D materials-based field emission covering material synthe-
sis, configuration, current–voltage (I–V ) measurement, and
data extraction. Comprehensive coverage of the experiments
can thus form a standalone review article [84]–[86]. Here,
we only aim to produce a quick summary of various 2-D
materials (such as graphene and some common 2-D materials)
used for field emission with special attention on the turn-on
field and its corresponding measured field emitted current
and reported field enhancement factors from the experiments.
Nearly, all the models have used the standard FN law (which
is doubtful approach) to estimate the field enhancement factor,
so there is a big deviation in the reported values. Table I
shows a summary of the mentioned characteristics, including
graphene and other 2-D materials. The 2-D field emitters with
a set of performance merits are compared in Fig. 2, which
shows the field enhancement factor as a function of turn-on
field for different 2-D materials with emission current density
at their corresponding turn-on field.For practical purposes,
a good electron field emitter should exhibit a low turn-on
field with high-field enhancement factor at some reasonable
benchmarked current for specific applications.

The exploration of 2-D materials as potential candidates
for compact field emitters has started immediately after the
discovery of graphene [87]. Earlier experimental studies have
demonstrated excellent field emission performance in using
vertically aligned graphene sheets [88] and graphene com-
posite film [89] with turn-on field as low as 1 V/μm with
a field enhancement factor reaching the order of 103. Due
to the excellent mechanical robustness, ambient-air stability,
the exceptional electrical conductivity of graphene and mature
fabrication techniques of graphene, such graphene-based field
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TABLE I

KEY CHARACTERISTICS AND FIELD EMISSION PERFORMANCE OF 2-D MATERIAL-BASED FIELD EMITTERS
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TABLE I

(Continued.) KEY CHARACTERISTICS AND FIELD EMISSION PERFORMANCE OF 2-D MATERIAL-BASED FIELD EMITTERS
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TABLE I

(Continued.) KEY CHARACTERISTICS AND FIELD EMISSION PERFORMANCE OF 2-D MATERIAL-BASED FIELD EMITTERS

emitters have been extensively studied in the past decades
in various types of graphenes, such as monolayer [90]–[95],

few-layer [93], [96]–[98], thin or composite film [99]–[103],
vertically aligned array [88], [104]–[108], suspended sheets
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Fig. 2. Performance merit of 2-D material-based field emitters with
the field enhancement factor β at various turn-on fields Fon for graphene
(unfilled squares), MoS2 (filled circles), WS2 (filled triangles), and VS2 (filled
diamond) across the reported turn-on current density Jon (blue: 1 μA/cm2,
red: 2.86 μA/cm2, green: 10 μA/cm2, orange: 100 μA/cm2, and purple:
10000 μA/cm2). There are two outliners not reported here due to their
extremely high Fon and low β [90], [115]. Note that the current and voltage
values (Ion, Von) are converted into current density and applied field (Jon, Fon)
with the given emission surface area and cathode–anode distance (S, d)
reported in the papers.

[71], [103], [106], [109], nano-scroll [110], [111], nano-gap
[112], and ring graphene (RG) [113] synthesized using a wide
array of methods, such as mechanical/chemical exfoliation,
chemical vapor deposition (CVD), arc discharge, chemically
reduced graphene oxide (RGO), and electrophoretic deposition
(see Table I for more details). The review shows that graphene-
based field emitters are capable of emission current density
in the range of 10 μA/cm2 without substantial damage or
breakdown. Due to atomically sharp edges, field enhancement
factors up to 51400 are estimated based on the FN equation
modified for sheet emitters [106].

Beyond graphene, 2-D semiconductors, including MoS2

[84], [114]–[124], WSe2 [118], [123], [125], WS2 [100],
PdSe2 [126], GeAs [127], [128], VS2 [129], MoSe2 [124], and
Ga2O3 [84] have also been extensively studied in experiments
(see Table I). Due to the semiconducting nature, the field emis-
sion current densities are typically lower than that of graphene.
Nonetheless, similarly high-field enhancement factor of 104

has been observed, for example, in MoS2 [114] due to the
presence of sharp edges.

In Fig. 2, the 2-D field emitters are categorized based on the
material (filled or unfilled markers) and the benchmark current
Jon values (colors) at its turn-on field. A good field emitter
should exhibit a high β and low Fon for a fixed turn-on current
density. Evidently, the performance merit of graphene-based
field emitter (unfilled squares) is superior over the other 2-D
semiconductor field emitters. In particular, a cluster of unfilled
green squares (turn-on current density of 10 μA/cm2) can be
seen in the region of relatively higher β and lower Fon region
in Fig. 2. Among the 2-D semiconductors such as MoS2,
WS2, and VS2, for which the best performing field emitter
is MoS2 (green filled circles), the majority of the performance

Fig. 3. Comparison between the FN model and the adapted 2-D models are
shown for various 2-D semiconductors between their scaling laws in Fig. 3(a)
and (b) (reprinted with open-access permission from [117]) and their Adj.
R squared values in Fig. 3(c) and (d) (Copyright 2020 Wiley, used with
permission from [126]).

indicators for all are below graphene. It is also evident that
the WS2 field emitters are being overshadowed by its 2-D
semiconductor counterparts. Notably, the emerging studies of
VS2 field emitters are quite promising too.

Several 2-D material-based field emitters have been com-
pared and benchmarked between the FN model based on (1)
and (4) [115], [117]–[119], [124]–[126]. No comparison was
made for graphene-based emitters as the experimental results
were before the formulation of (2). Although the consensus in
using (1) and (4) against the classical FN scaling is positive in
some experiments, there are still other results showing no clear
conclusion. Several comparisons can be seen in Fig. 3 between
the traditional FN equation and (4). Fig. 3(a) and (b) shows
that the 2-D adapted models using (4) are better equipped
to describe the field emission behavior of MoS2. Although
Fig. 3(c) and (d) shows that the Adj. R squared value for (4)
is slightly larger. No conclusion can be made between these
models for PdSe2 as both have good agreement with the
experimental data for different cathode–anode gap spacings.

With the rapid development of theoretical electron emission
models for 2-D materials, we can expect more promising
experiments to verify the formulated models in the coming
years. Importantly, beyond the applications in vacuum elec-
tronics and plasma technology, 2-D material electron emission
models are also critically important for the modeling of
electrical contacts to 2-D semiconductor [130], [131], which
are ubiquitous in the development of 2-D-material-based elec-
tronics [132].

III. FIELD EMISSION OF TOPOLOGICAL MATERIALS

A. Survey on the Field Emission Theory of Topological
Materials

Topological materials have been extensively studied over
the past two decades due to their topological surface states
(TSSs) [133]–[136]. These elusive TSSs are robust against
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TABLE II

KEY CHARACTERISTICS AND FIELD EMISSION PERFORMANCE OF TOPOLOGICAL MATERIAL-BASED FIELD EMITTERS

perturbations [137]–[139], which allow a vast area of appli-
cations in electronics [140]–[142], spintronics [143], and pho-
tonics [144]–[147]. Although there are currently no theoretical
field emission models developed for topological materials,
we can draw inferences from its nearest counterparts, the Dirac
and Weyl semimetals [79], [148], which have suggested differ-
ent field emission scaling. More studies are required to extend
to other topological materials and the contribution from TSS.

Topological material-based emitters have Dirac fermions
in its TSS, which can be detected by spectroscopy or
quantum oscillations measurements in magnetoresistance
measurements [149]–[151]. These Dirac fermions have
massless linear dispersion around the Fermi level [152] and
have shown to exhibit a contrasting field emission behavior
[79], [148] in bulk Dirac and Weyl semimetal emitters.
This predication indicates the noncompatibility of the FN
models with topological materials. These TSSs are fragile
under a strong electric field [153], [154] and can lose its
topological protection for thicker emitters. This geometrical
constraint indicates the importance to account for the
quantum confinement effect, which can lead to the formation
of contributing sub-bands. Furthermore, the existence of these
elusive surface states does not guarantee topological protection
[152], and hence, the topological invariant should be verified
carefully for each contributing sub-band(s) as shown by

Pan et al. [154]. Interestingly, intersurface state scatterings
are suppressed for topological materials with finite thickness
[155], which preserves the required conductive surface states.
Currently, there is no theoretical or experimental work to
ensure that the topological protection is preserved during
field emission. Finally, the emission electrons on the TSS lies
in the transversal plane of the surface, which poses a similar
problem as discussed for 2-D materials—with the absence of
emission velocity, the field emission phase-space integral will
require more in-depth studies to answer this open question.

Recently, a thermal-field emission model [79] has been
developed for Dirac and Weyl semimetals to account for the
effects of nonparabolic bulk band crossing, which serves as a
first step in developing field emission models for topological
materials. The model suggests a field emission current density
in the form of

JD/WSM =
N


a=1

cSM0,a DF

φ1.5
B t2

F3
S

�
εF

dF
− 1

�
(5)

where the summation over a is over all Dirac or Weyl bulk
nodes, cSM0,a is a constant (see [79] for a detailed definition),
DF = exp(−(BFNvφ

1.5
B )/FS) is a dimensionless tunneling

prefactor and the SN barrier correction factors being v and
t , and dF = (2FS)/(3BFNφ

0.5
B t) is the decay width of the

tunneling wave function. Equation (5) reveals a distinctive
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difference in its scaling law of F3
S , which is again different

from the conventional FN law (F2
S scaling) due to the presence

of contributing nonparabolic energy bands for topological
materials emitters with TSS.

Although an analytical form in (5) is obtained, the for-
mulation has assumed that the MG tunneling probability
approximation is valid [9] and the model does not fully solve
the Dirac fermionic tunneling problem. This simplification
has been used in prior works [156]–[158] for a single-layer
graphene sheet using the WKBJ method with four turning
points (compared to two, conventionally). It is important to
note that the semiclassical WKBJ approach in calculating
the tunneling probability for field emission in topological
materials remains uncertain. Careful treatment of the energy
scale for TSS near the Fermi level is also necessary [159],
[160] within the phase-space integral for field emission as
TSS can diffuse into the bulk states [153], [154] for energies
near the bottom/top of the conduction/valence band. For field
emission under room temperature, the field emitted electrons
typically stem from both surface and bulk states. A prominent
example can be seen for Bi2Se3 (a topological insulator under
certain conditions) with a relatively large bandgap [160].
In short, the field emission from topological materials remains
an open topic that is nearly unexplored.

B. Experiments of Topological Material-Based Field Emitter

We now briefly review the experimental results of topo-
logical material-based field emission. Comparison to 2-D
materials, the studies are significantly limited. Analogous to
Section II-B, an overview of the general aspect of topological
material-based field emitters will be discussed. The preparation
of samples with TSS is an ongoing and enriching field, which
will not be reiterated here [161]. Examples of experimen-
tally realized topological materials are Bi2Se3 [161]–[165],
SmB6 [166]–[168], Se2Te3 [169], 1T’ phase of WSe2 [170],
and Bi2Te3 [171]. Table II shows a summary on the key
characteristics and field emission performance of the few
topological insulators. Similarly, only topological-based field
emitters with available performance merit data are plotted in
Fig. 4 for comparison. Topological material-based field emis-
sion must consider the survivability of the TSS [161]–[169],
[171]. Nevertheless, there were many successful experimental
discoveries of topological materials, which utilizes different
synthesis or growing techniques, including mechanical exfoli-
ation, molecular beam epitaxy (MBE), CVD, metal-organic
CVD (MOCVD), hydrothermal synthesis, anodization, and
chemical bath deposition (CBD). Each fabrication method
and emitter geometrical structure has their own strengths and
shortcomings [172]–[175] and is summarized in Table II.

It is evident from Fig. 4 that the topological-based field
emitters with a turn-on current density of Jon = 10 μA/cm2 (in
red) produce better performance with higher field enhancement
β and low turn-on field Fon. Within the red shaded region,
Bi2Se3 field emitters (red triangle) have relatively lower Fon

and larger β than SmB6 (red circles), which suggests that
Bi2Se3 may be better field emitters over SmB6. This advantage
may be attributed to the fabricated morphologies of Bi2Se3 not
seen for SmB6. The family of topological insulators such as
Bi2Se3 can achieve a topologically insulating phase at room

Fig. 4. Performance merit of topological material-based field emitters with
the field enhancement factor β at various turn-on fields Fon for various types
of Bi2Se3 (triangles) and SmB6 (circles) across the reported turn-one current
Jon. The shaded region depicts the Jon = 10 μA/cm2 region, while the red
triangle at the bottom-right corner has a value of Jon = 1 μA/cm2.

temperature [175]. In contrast, Kondo insulators such as SmB6

have a narrow bandgap (typically about 10 meV), which is
far below room temperature [176]. Furthermore, the presence
of a topological insulator phase in SmB6 is controversial
[177]. Hence, SmB6 might not be a suitable candidate to be
a topological material-based field emitter. The absence of any
experimental field emission measurement of other subsets of
topological materials might be due to the stringent conditions
to fabricate and retain under a strong electric field [153], [154].

IV. OUTLOOK AND CONCLUSION

Before concluding this perspective, we shall be discussing
some potential future works pertaining to some open questions
faced in the formation of new field emission models for
2-D and topological materials. First, due to the ill-defined
energy dispersions for 2-D materials, an injection rate constant
[75] is required to determine the field emission phase-space
integrations. However, this constant can only be empirically
obtained, which is not ideal for a theoretical model. This issue
is also faced by topological insulators emitting from its TSS
near the Fermi level. Conveniently, due to the geometrical
restriction imposed to retain its TSS under a strong electric
field, the findings for 2-D materials [70], [72], [74]–[77] are
applicable to TSS. When the electron from a TSS tunnels
through an arbitrary barrier into the vacuum, the underlying
equation governing the electron dynamics changes from the
Dirac/Weyl equation to the Schrodinger equation [79]. This
can be understood as a change in its effective mass and veloc-
ities as it emits from a massless linear dispersion band into
the vacuum. This remains open in the realm of field emission
physics and is a major obstacle for consistent formulation to
capture such transition. In particular, how do we model the
emission of electrons between two fundamentally different
physical regimes.

To overcome this, we propose to model the emitted elec-
trons into vacuum by generalizing the semiclassical Gamow
factor [44] for Dirac/Weyl fermions from the TSS by using
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some consistent models to determine the tunneling probability.
This may provide some insights in comparison to classi-
cal models. The results of this approach will be published
elsewhere.

The fragility of the TSS under a strong electric field [79],
[154] will be a hindrance to field emission measurements.
There are also constraints to achieve a topological phase. One
method to get a topologically nontrivial phase under an electric
field is by reducing the thickness of an emitter. This suggests
that bulk-based field emitters are unlikely candidates for a
compact field emitter as discussed by Chan et al. [79]. Apart
from the emitter’s thickness, the optimal parameters to achieve
for a topological field emitter remain an open question.

It is our view that DFT should be used in comparison to
semiclassical methods. As an example, DFT has been utilized
on graphitic ribbons by Tada and Watanabe [83], which
uncovers the differing emission current density contributions
from various emission sites. Hence, DFT studies for 2-D
materials and even more so for topological materials can
provide useful insights into the future development of field
emission models for topological materials. Finally, with these
new field and thermal emission models developed for 2-D and
topological materials, one can use them in the multiple-physics
simulation, which couples molecular dynamics, finite element,
and particle-in-cell techniques to have a full understanding
of emission physics from 2-D and topological for various
applications [178]–[180].

In summary, we have briefly presented a short perspective of
some recent developments to understand field emission (both
theoretical models and experimental measurements) from 2-D
and topological materials. We believe that a revision (beyond
the traditional FN model) is required and careful experiments
should be constructed to verify new models. The development
will provide basic understanding in the future development of
compact field emitters based on such quantum materials for
various applications.
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