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Efficient generation of extreme terahertz harmonics in three-dimensional Dirac semimetals
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We show that three-dimensional (3D) Dirac semimetals (DSMs) can achieve highly efficient terahertz high-
order harmonic generation (HHG) up to the 31st harmonic with input intensities ≈10 MW/cm2—over 105 times
lower than required in conventional terahertz HHG systems. Our theory reveals that this extreme nonlinearity
is made possible by the existence of an operation regime that differs from previous demonstrations of lower
order harmonic generation. We also reveal an unexpected regime in which emitted harmonics abruptly become
negligible beyond the third order. This unprecedented vanishing of higher order nonlinearity has a geometrical
origin related to the combination of conical dispersion and extra dimensionality in 3D DSMs, breaking the
common notion that 3D DSMs share the essential physics of two-dimensional DSMs. Our findings pave the way
to unlocking the full potential of 3D DSMs as efficient platforms for terahertz light sources and optoelectronics
at moderate intensities.
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I. INTRODUCTION

The ability to tailor nonlinear optical processes through the
use of, for example, conventional nonlinear bulk media [1,2],
photonic crystals [3–5], metamaterials [6–8], and quantum
materials [9–12] is crucial to the development of photonic
technologies and the study of natural phenomena. High-order
harmonic generation (HHG) is a nonlinear process involv-
ing light emission at integer multiples of the driving laser
frequency [9–30]. However, HHG typically requires strong
driving fields exceeding 1 GV/m (≈TW/cm2 intensities)
[17–26]. With rapidly growing interest in the terahertz (THz)
regime as the answer to next-generation computation, imag-
ing, and communications technologies, efficient solid-state
THz HHG using modest input intensities is a highly sought-
after goal.

Here, we show that three-dimensional (3D) Dirac semimet-
als (DSMs) are promising solid-state platforms for highly
efficient generation of extreme, intraband-dominated THz
harmonics up to the 31st order and beyond using input
field intensities ≈10 MW/cm2—an intensity reduction of
>105 times compared to previous THz HHG demonstrations.
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In particular, by driving a Cd3As2 thin film of 250 nm thick-
ness with peak input fields �10 MV/m, we show that the
31st harmonic can be brought within five orders of magnitude
of the driving harmonic with energy conversion efficiencies
exceeding 10−5. In contrast, conventional solid-state THz
HHG requires driving fields approaching 10 GV/m—in both
theoretical prediction and experimental demonstration—just
to bring the 22nd harmonic within eight orders of magnitude
of the driving harmonic [18]. Crucially, our closed-form an-
alytical expressions for the nonperturbative optical response
of 3D DSMs reveal that the combination of experimentally
feasible parameters that we have chosen is within a unique
operation regime in which highly efficient THz HHG up to
the 31st order and beyond is possible. We also show that
this distinct and unexplored regime of extreme nonlinearity
is highly complementary to recent demonstrations showing
efficient generation of up to the third [31] and seventh [32]
harmonics in 3D DSMs.

Our work also reveals a regime where higher order optical
nonlinearities in 3D DSMs completely vanish. In this second
regime, the efficiency of HHG beyond the third harmonic is
greatly suppressed. We show that the existence of this regime
in 3D DSMs has a geometric origin related to their extra
dimensionality compared to two-dimensional (2D) DSMs,
which have no equivalent regime of suppression. This breaks
the common notion that 3D DSMs share the same essential
physics as 2D DSMs, which are known for their strong non-
linearity [9–12,33–44]. To quantify this effect, we identify a
new physical quantity, the critical potential, that divides the
regime of vanishing higher order nonlinearity from the regime
where higher order nonlinearities emerge. This quantity also
determines the degree of optical nonlinearity exhibited in the
latter regime.
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FIG. 1. Highly efficient generation of extreme harmonics (up to 31st order) in the 3D DSM material Cd3As2 at modest driving field
strengths. (a) HHG in a 3D DSM occurs when a driving laser pulse (incoming red wave) induces carrier oscillations (current density depicted
at one instant in time on the Dirac cone) and transitions that lead to the emission of high-harmonic light (outgoing multicolored waves). Driving
a Cd3As2 thin film with a linearly polarized pulse of central frequency 1 THz and peak field strength of 10 MV/m [(b) inset] produces the
emitted spectrum shown in panel (b), where we see that harmonics up to the 31st order and beyond can be generated at energy conversion
efficiencies well beyond 10−5. Panels [(c)–(g)] show the change in the output energy spectrum and conversion efficiency as a function of field
strength of the external driving laser (markers, with connecting lines as visual guides). We see that extreme harmonic generation continues to
remain relatively efficient even at much lower field strengths. We consider a 250-nm-thick Cd3As2 thin film of radius 1 mm and Fermi energy
EF = 60 meV, uniformly illuminated by a 2-ps long pulse of 1-THz peak frequency.

II. MODELING NONPERTURBATIVE ELECTRON
DYNAMICS IN DSMs

HHG in DSMs occurs when an impinging laser pulse
induces carrier oscillations within (intraband current) and
carrier transitions between (interband current) the upper and
lower bands of the Dirac cone band structure, resulting in
light emission at multiples of the driving laser frequency
[Fig. 1(a); overall setup shown in Fig. 1(b) inset]. We model
the interaction of the driving laser pulse with the DSM us-
ing nonpertubative time-domain quantum simulations for the
optical response of the DSM, which then determines the elec-
trodynamics via Maxwell’s equations. The key points of our
theoretical treatment are summarized as follows (full details
in Appendix A).

To model the carrier dynamics in DSMs, we use the time-
dependent Dirac equation (TDDE) ih̄∂t = ∑

j v jσ j p j , where
t is time, h̄ is the reduced Planck constant, v j are the Fermi
velocities along Cartesian directions j, σ j are the Pauli matri-
ces, and p j are the initial electron momenta, with j ∈ {x, y, z}
and j ∈ {x, y} for 3D and 2D DSMs, respectively. We include
the driving laser via a modified minimal coupling substitution
p → π (t ) = p + ea(t ), where e is the elementary charge and
a(t ) is the modified vector potential inside the DSM, which
is related to the electric field E(t ) by the expression a(t ) =
−e−t/τ

∫ t
−∞ E(t ′)et ′/τ dt ′ [44], with τ being the inelastic

intraband scattering time. In the absence of intraband scatter-
ing (i.e., τ → ∞), a(t ) is exactly the vector potential A(t ).
From the TDDE, we obtain the total induced current Ji(t )
in terms of the population inversion Np(t ) and the interband
coherence Γp(t ) (see definitions in Appendix A 1) as

Ji = gevi

(2π h̄)n

∫ {
(Np + 1)

viπi

E − 2ΛiRe(Γp)

+ 2ΔiIm(Γp)

}
dnp, (1)

where g = 4 is the combined valley and spin degeneracy, and
the integral extends over all momentum space. For 3D DSMs,
n = 3 and i ∈ {x, y, z}; for 2D DSMs, n = 2 and i ∈ {x, y}. We
also define the instantaneous energy E (t ) =

√∑
i v

2
i π

2
i (t ),

(Λx,Λy,Λz ) = (cos θ cos φ, cos θ sin φ,− sin θ ), and (Δx,

Δy,Δz ) = (− sin φ, cos φ, 0), where θ (t ) = arccos[vzπz(t )/
E (t )] and φ(t ) = arctan[vyπy(t )/vxπx(t )]. For 2D DSMs, we
set θ = π/2 and Jz = vz = 0. When we further set vx = vy =
vF, we obtain an expression that reduces to the special case
of isotropic 2D DSMs in Refs. [10,41–44]. In Eq. (1), the
first term of the integrand represents the contribution of the
intraband current. The other terms represent the contribu-
tion of the interband current. The effect of finite temperature
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and interband carrier scattering is taken into account through
Np(t ) and Γp(t ).

We identify a physical quantity, the critical potential
�crit ≡ EF/e, which separates the regime of extreme nonlin-
earity from the regime of vanishing higher order nonlinearity
in 3D DSMs. Physically, �crit represents the minimum mo-
mentum space displacement needed by the driving vector
potential in order to drive an electron from the Fermi surface
to the Dirac point. To proceed, we define the potential �(t ) ≡√∑

i v
2
i A2

i (t ). When �(t ) < �crit , we obtain the current in the
Cartesian direction i from Eq. (1) as

J3D,sub
i (t ) = − ge2vi

6π2h̄3v jvk
Ai(t )

[
E2

F − e2

5

∑
l

v2
l A2

l (t )

]
, (2)

where j, k are such that i 	= j 	= k, and l ∈ {x, y, z}. When
�(t ) > �crit , the current becomes

J3D,sup
i (t ) = − geE3

F

6π2h̄3v jvk

× viAi(t )√∑
l v2

l A2
l (t )

[
1 − E2

F

5e2
∑

l v2
l A2

l (t )

]
. (3)

Equations (2) and (3) are obtained in the low-temperature
limit (T → 0 K), assuming that the driving frequencies ω

satisfy the relation h̄ω 
 2EF (intraband current dominates).
Details of the derivation are presented in Appendix B 1.
Throughout this work, we term �max < �crit the subcritical
regime and �max > �crit the supercritical regime, where �max

is the maximum amplitude of �(t ). Importantly, in the sub-
critical regime, only some electrons can be driven to the Dirac
point; in the supercritical regime, all electrons can be driven
past the Dirac point. As our theory is fully nonperturbative,
Eqs. (2) and (3) contain every order of the conductivity. It
is interesting to note that the first- and third-order conductiv-
ities extracted from Eq. (2) agree with existing expressions
[45,46] derived perturbatively from the Boltzmann equation.
We note that we present the full, nonperturbative response
of 3D DSMs, given by Eqs. (2) and (3), which is valid for
arbitrarily strong driving fields, in closed form.

III. SUPERCRITICAL REGIME OF NONLINEAR OPTICS

The HHG energy spectrum shown in Fig. 1(b) indicates
that extremely efficient intraband HHG up to the 31st order
and beyond can be generated at modest driving laser powers.
We consider a 250-nm-thick Cd3As2 thin film (readily grown
using molecular beam epitaxy [31,32,47–51]) of Fermi level
EF = 60 meV, driven by a normally incident, 2-ps-long pulse
of peak frequency 1 THz and peak field amplitude E0,x = 10
MV/m [Fig. 1(b) inset]—routinely achievable using existing
table-top THz sources [52–56]. We use experimentally veri-
fied values of the Fermi velocities for Cd3As2: (vx, vy, vz ) =
(1.28, 1.3, 0.33) × 106 m/s [57]. We find that the 31st har-
monic of the output energy spectral density lies within five
orders of magnitude of the fundamental harmonic. This
compares favorably with the performance of conventional
solid-state THz HHG, where the 22nd harmonic lies within

eight orders of magnitude of the fundamental harmonic, when
using input intensities 105 times stronger than what we con-
sider here [18]. When we operate deep in the supercritical
regime �max � �crit , Eq. (3) shows that the intraband cur-
rent approaches J3D,sup

x (t ) → −sgn[Ax(t )]geE3
F/(6π2h̄3vyvz ),

which describes a square-wave temporal profile containing
only odd-ordered frequency components.

Figures 1(c)–1(g) show that efficient HHG performance at
extreme harmonics can still be accessed even at more modest
field strengths. In Fig. 1, we consider T = 0 K and no carrier
scattering. As shown in Appendix C, the HHG efficiency
persists for larger temperatures and finite scattering, so long as
the time taken to accelerate electrons from the Fermi surface
past the Dirac point is shorter than the scattering time [31].

Although circularly and elliptically polarized driving
pulses can be used to generate high-order harmonics, we
find that linearly polarized driving light, as we consider here,
yields the highest number of efficiently excited harmonics
(Appendix D). Incidentally, we define the energy conversion
efficiency in this work as UN/Uin, where Uin is the incident
laser energy (considering only the part of the pulse that inter-
acts with the sample) and UN is the output energy of the N th
harmonic.

IV. SUBCRITICAL REGIME OF NONLINEAR OPTICS

In addition to the above regime of extreme nonlinearity, we
also uncover a regime in 3D DSMs where higher order light
emission beyond the third harmonic vanishes. As we see from
Eq. (2), the emission due to the intraband current—which we
term intraband emission—in the subcritical regime (�max <

�crit) exactly contains only the first and third harmonics with
no higher orders [Fig. 2(a)]. This is a noteworthy feature
of 3D DSMs, especially because 2D DSMs exhibit no such
vanishing of HHG under any condition [Fig. 2(b)]. To further
illustrate this, the emission spectra of 3D and 2D DSMs in the
subcritical regime is shown in Figs. 2(c), 2(e) and Figs. 2(d),
2(f), respectively. This difference in 3D and 2D DSM behavior
can also be seen by comparing the intraband current for 2D
DSMs, given by Eq. (B22) in Appendix B 2—which contains
every order of nonlinearity—with the intraband current for 3D
DSMs in Eq. (2).

The reason why higher-order intraband nonlinearities in
3D DSM vanish is geometrical. Because of the extra dimen-
sion that 3D DSMs possess over 2D DSMs, the integral in
Eq. (1) takes place over a spherical region in momentum space
for 3D DSMs [Fig. 2(g)], in contrast to a circular region for
2D DSMs [Fig. 2(h)]. As the intraband contribution to the
integrand for 3D DSMs can be recast as a sum of Legendre
polynomials, and noting that higher order Legendre polyno-
mials (associated with higher powers in the vector potential)
vanish upon integration over the spherical domain, it fol-
lows that the higher order intraband nonlinearities also vanish
(Appendix E).

In Fig. 2, we consider a temperature T = 0 K and no carrier
scattering. However, we find that even when finite temper-
atures and carrier scattering effects are non-negligible, the
suppression of higher order light emission remains significant
(Appendix F). Furthermore, we note that this suppression of
HHG in the subcritical regime of 3D DSMs is a phenomenon

043252-3



JEREMY LIM et al. PHYSICAL REVIEW RESEARCH 2, 043252 (2020)

Laser-induced 
shift

vxpxvzpz

vypy

Laser-induced 
shift vxpx

vypy

In
te

ns
ity

 (a
rb

. u
ni

ts
)

2D
 D

ir
ac

3D
 D

ir
ac pz

px

Current density

Energy

11

33

(a)

py

px

Current density

Energy

77

...

11
33
55

99

Driving 
laser

11

(b)

(g)

(h)

Peak field in material (MV/m)
0.4 1.20 0.8 1.6

11

33

55
77
99

(d)
(f)

Driving 
laser

11

Intraband 
emission

11

33

Analytical

Numerical

(c)
(e)

Peak field in material (MV/m)
0.4 1.20 0.8 1.6

10-5

100

Zero
intraband
emission

(c)

1 3 5 7 9

1 3 5 7 9

10-5

100 (d)

In
te

ns
ity

 (a
rb

. u
ni

ts
)Intraband 

emission

FIG. 2. Vanishing of the high-order intraband emission from 3D DSMs in the subcritical regime (�max < �crit). An incident laser field
induces oscillating carriers in 3D Dirac cones (a) and 2D Dirac cones (b). However, the emission profile resulting from these oscillations
differs drastically between the 3D case and the 2D case, breaking the notion that 3D DSMs are merely bulk versions of 2D DSMs. While
optical nonlinearities abruptly disappear beyond the third order in 3D DSMs (c), they persist at every order in 2D DSMs (d). This phenomenon
holds across a broad range of field strengths, as shown in panels (e) and (f). The contribution of the interband current is very weak and has been
verified to fall below the intensity range displayed. In panels (e) and (f), we also see that the results of our fully closed-form, nonperturbative
expressions (curves) are in excellent agreement with rigorous numerical simulations (solid circles). The reason why higher order nonlinearities
vanish in 3D DSMs and not in 2D DSMs lies in the extra dimension that 3D DSMs possess compared to 2D DSMs. Despite sharing the same
expression for the current [Eq. (1)], the required integration over 3D momentum space (g) for 3D DSMs, in contrast to integration over 2D
momentum space (h) for 2D DSMs, leads to very different behavior in these materials. In panels (g) and (h), the colored solid areas represent
the regions of integration, which are shifted by the applied laser field. In this comparison, we consider Fermi velocities vx = vy = vz = 106

m/s, Fermi energy EF = 250 meV at temperature T = 0 K, and no carrier scattering.

that is robust against variations in driving field polarization,
driving field phase, and Fermi velocity anisotropy (Appendix
D).

V. COMPARING VARIOUS 3D AND 2D DSMs

In Fig. 3, we explore HHG in both subcritical and supercrit-
ical regimes for the experimentally realized 3D DSMs Cd3As2

[57] and Na3Bi [58]. We use experimentally obtained Fermi
velocities for Na3Bi: (vx, vy, vz ) = (4.17, 3.63, 0.95) ×
105 m/s [58], and, unless otherwise specified, the same
parameters as in Fig. 2. Once again, we observe excellent
agreement between our numerical spectra (markers) and
closed-form expressions given by Eqs. (2) and (3) (curves).
In the supercritical regime, we observe that 3D DSMs behave
in a qualitatively similar manner as graphene [41,44,59],
although we stress that Cd3As2 can surpass graphene by
more than 100 times in output intensity under similar input
conditions (Appendix G). Additionally, we note that Fermi
velocity anisotropy plays a role in determining the nonlinear
optical response in 3D DSMs, as we show through an example
in Appendix H.

VI. DISCUSSION

Crucially, our theory reveals the existence of a unique
regime in which highly efficient THz HHG (�29th harmonic)
is possible (Fig. 4, upper right quadrant). This regime is

distinct and complementary to recent experiments that have
demonstrated efficient generation up to the third [31] and
seventh [32] harmonics. While Ref. [31] explores a regime
corresponding to slower scattering times ω0τ and weakly
supercritical potential amplitudes �max/�crit (Fig. 4, upper
left quadrant) and Ref. [32] investigates another regime corre-
sponding to fast ω0τ and very supercritical �max/�crit (Fig. 4,
lower right quadrant), we find that a combination of slow
ω0τ and very supercritical �max/�crit grants access to the
novel—and only—regime in which it is possible to efficiently
generate extreme THz harmonics up to the 31st order and
beyond. From �max/�crit = evxE0,x/(ω0EF) for x-polarized
driving light, we see that in addition to increasing E0,x, mov-
ing to longer driving wavelengths can also increase the degree
of supercriticality. The discovery of this regime of extreme
nonlinearity takes us beyond previous works that demonstrate
the generation of lower order harmonics and paves the way
to realizing the full potential of 3D DSMs as efficient on-chip
radiation sources for optoelectronics (see Appendix I for pa-
rameters used to plot Fig. 4 and a discussion on the number of
harmonics predicted for the individual cases marked in Fig. 4).

VII. SUMMARY

In summary, we show that 3D DSMs can efficiently
generate extreme THz harmonics up to the 31st order
and beyond using modest laser intensities ≈10 MW/cm2,
105 times weaker than in conventional solid-state HHG

043252-4



EFFICIENT GENERATION OF EXTREME TERAHERTZ … PHYSICAL REVIEW RESEARCH 2, 043252 (2020)

FIG. 3. High-order harmonic generation in the 3D DSM materi-
als Cd3As2 (a) and Na3Bi (b), and in 2D DSM graphene (c). In the
subcritical regime (field corresponding to critical potential marked
by vertical black dashes), emitted harmonics beyond the third order
are greatly suppressed in 3D DSMs. No such suppression occurs
in 2D DSMs. In the supercritical regime, however, the intensity of
the emitted harmonics in 3D DSMs rapidly increase with increasing
field strength. In each panel, markers and lines denote numerical
(intraband and interband emission) and analytical (intraband emis-
sion only) results, respectively. The good agreement between them
indicates the dominance of intraband emission in our regime of
interest. For the sake of clarity, we plot only up to the ninth harmonic.

[17–22,24–26]. Our fully closed-form, analytical expressions
for the nonperturbative optical response of 3D DSMs, in-
troduced through Eqs. (2) and (3), reveal that such highly
efficient generation of extreme THz harmonics is only pos-
sible within a regime of extreme nonlinearity. This distinct
regime is complementary to recent experiments demonstrat-
ing the efficient generation of lower order THz harmonics
[31,32] from 3D DSMs. Additionally, we unveil a subcritical
regime in which intraband nonlinearities beyond the third or-
der completely vanish, resulting in greatly suppressed higher
harmonic output. We further show that this vanishing of
intraband emission arises geometrically from the extra dimen-
sionality of 3D DSMs compared to 2D DSMs, breaking the
common notion that 3D DSMs share the essential physics of
2D DSMs. Our work fills a vital gap in the understanding of
nonlinear optics in 3D DSMs, paving the way to unlocking the
full potential of 3D DSMs as highly efficient, chip-integrable
THz light sources for optoelectronics.
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APPENDIX A: METHODS

1. Nonperturbative massless electron dynamics

Here, we derive the ordinary differential equations (ODE)
governing the coupled behavior of the interband and intra-
band electron dynamics in a 3D DSM. Our derivation follows
from the time-dependent Dirac equation (TDDE) in the main
text. Using the minimal coupling substitution, the low-energy
Hamiltonian reads

ih̄
∂

∂t
= Ĥp =

∑
j

v jσ jπ j (t ), (A1)

where j ∈ {x, y, z} runs over Cartesian directions, h̄ is the
reduced Planck constant, v j are the Fermi velocities associ-
ated with directions j, σ j are the Pauli matrices, π j (t ) = p j +
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ea j (t ) are the components of the modified minimal coupling
momentum, p j is the unperturbed electron momentum, e is
the elementary change, and a j (t ) is defined as [44]

a j (t ) = −e−t/τ
∫ t

−∞
Ej (t

′)et ′/τ dt ′ (A2)

with τ being a phenomenological inelastic intraband scatter-
ing time and Ej (t ) being the time-varying, spatially uniform
electric field. In the absence of intraband scattering (i.e., τ →
∞), a j (t ) is exactly equivalent to the unmodified vector po-
tential Aj (t ) = − ∫ t

−∞ Ej (t ′)dt ′. The fields should include the
self-consistent response of the material, but for simplicity we
approximate it as the external field, neglecting induced-field
effects. Following previous studies on graphene [41,42,44],
we write the normalized, instantaneous eigenstates as

ψp,c(t ) =
{

cos[θ (t )/2]e−iφ(t )/2

sin[θ (t )/2]e+iφ(t )/2

}
e−i�(t ),

ψp,v(t ) =
{

sin[θ (t )/2]e−iφ(t )/2

− cos[θ (t )/2]e+iφ(t )/2

}
e+i�(t ). (A3)

The “c” and “v” subscripts denote conduction and va-
lence band states respectively. We further define θ (t ) =
arccos[vzπz(t )/E (t )] and φ(t ) = arctan[vyπy(t )/vxπx(t )]. The
dynamical phase is �(t ) = h̄−1

∫ t
t0
E (t ′) dt ′, where E (t ) =√

v2
x π

2
x + v2

y π
2
y + v2

z π
2
z represents the instantaneous energy.

The most general wave function that satisfies Eq. (A1) can be
constructed by superposing the above eigenstates:

�p(t ) = Cp,c(t )ψp,c(t ) + Cp,v(t )ψp,v(t ). (A4)

The complex coefficients Cp,c(t ) and Cp,v(t ) describe how
the probability amplitude for finding the electron in either
state evolves with time. By using Eq. (A4) as an ansatz
to the Schödinger equation [i.e., ih̄∂t�p(t ) = Ĥp�p(t )] and
defining the population inversion (difference of electron pop-
ulation between the valence and conduction bands), Np(t ) =
|Cp,c(t )|2 − |Cp,v(t )|2, and the interband coherence, Γp(t ) =
[Cp,v(t )]∗Cp,c(t )e−2i�(t ), where ∗ denotes the complex conju-
gate, we can derive a set of ODEs, which describe how these
quantities vary in time:

Ṅp(t ) = − 1

τ
[Np(t ) − Np(t0)] − 2θ̇ (t )Re[Γp(t )]

+2φ̇(t ) sin θ (t )Im[Γp(t )], (A5a)

Γ̇p(t ) =
[

iφ̇(t ) cos θ (t ) − 1

τ
− 2iE (t )

h̄

]
Γp(t )

+ [θ̇ (t ) − iφ̇(t ) sin θ (t )]
Np(t )

2
. (A5b)

Here, inelastic interband damping has been introduced phe-
nomenologically through the scattering time τ . While τ in
Eqs. (A5a) and (A5b) can be in principle different from τ in
Eq. (A2), we use the same value for both scattering times. At
some initial time t0, long before the laser pulse interacts with
the electrons, we have Np(t0) = fD[E (t0)] − fD[−E (t0)] and
Γp(t0) = 0, where fD(E ) = (1 + exp{[E − μ(T )]/kBT })−1 is
the Fermi-Dirac distribution for a chemical potential μ(T ) at
temperature T and kB is the Boltzmann constant. Equations
(A5a) and (A5b) describe how a massless electron moves

within (intraband) and transitions between (interband) energy
bands under the influence of driving fields, unlike the semi-
classical Boltzmann equation, which only describes intraband
motion. In deriving these ODEs, we have made no approxi-
mations beyond a constant scattering time and the massless
electron limit, as well as incorporating Hartree interactions
within a linear response through the procedure explained be-
low. The equivalent equations for the 2D case, which have
been successful in describing infinitely extended graphene
interacting with a laser [41,42,44], are obtained by neglecting
the z components and setting θ = π/2, effectively limiting
interactions to within the px-py plane.

The induced current due to a single momentum value p is
computed as

jp(t ) = −e�†
p (t )∇πĤp�p(t ), (A6)

where ∇πĤp = (vxσx, vyσy, vzσz ) is the group velocity oper-
ator and the † supercript denotes Hermitian conjugation. The
individual current components are

jp,x = −evx{Np sin θ cos φ − 2 cos θ cos φRe(Γp)

−2 sin φIm(Γp)}, (A7a)

jp,y = −evy{Np sin θ sin φ − 2 cos θ sin φRe(Γp)

+2 cos φIm(Γp)}, (A7b)

jp,z = −evz{Np cos θ + 2 sin θRe(Γp)}. (A7c)

The total induced current is obtained by integrating over all
momentum space:

J(t ) = g

(2π h̄)3

∫∫∫
jp(t ) d3p, (A8)

where g is the electron state degeneracy (i.e., number of
Dirac cones in the first Brillouin zone times spin degeneracy)
and the integral extends over the entire momentum space.
When performing the integral in Eq. (A8), the Np terms in
Eqs. (A7a)–(A7c) must replaced by Np + 1, as part of a regu-
larization procedure to prevent divergences at large momenta
due to the assumption of an infinitely extended Dirac cone
[41,42,44,60]. Equation (A8), with the integrand represented
by Eqs. (A7a)–(A7c), is equivalent to Eq. (1) in the main text.

2. Nonperturbative time-domain quantum simulations

Equations (A5a) and (A5b) are discretized on a scaled
momentum space grid (qi = vi pi, where i ∈ {x, y, z}). We then
numerically integrate them over time using the Dormand-
Prince adaptive step solver (Boost C++ library) [61]. The
single-electron currents are integrated over all momentum
space using the trapezoidal rule.

While simulations of graphene and other 2D DSMs are
manageable on a discretized momentum grid, the simulations
quickly become intractible due to the additional dimension
in 3D Dirac semimetals. When the incident laser is linearly
polarized, we can exploit cylindrical symmetry by aligning the
polarization axis parallel to qz = vz pz, effectively reducing the
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problem to 2D. Equations (A5a) to (A5b) then become

Ṅp(t ) = −2θ̇ (t )Re[Γp(t )] − 1

τ
[Np(t ) − Np(t0)], (A9a)

Γ̇p(t ) = 1

2
θ̇ (t )Np(t ) −

[
1

τ
+ 2iE (t )

h̄

]
Γp(t ). (A9b)

The time derivatives of the angular terms then become φ̇ = 0
and θ̇ (t ) = evzEz(t )qρ/E (t )2, where Ez(t ) is the electric field
component along z and qρ is the radial coordinate in the scaled
momentum space. Note that the above equations and the initial
conditions have no angular dependence, which is also the case
for the single-electron current:

jp,z(t ) = −evz

{
[Np(t ) + 1](qz + evzAz ) + 2qρRe[Γp(t )]√

(qz + evzAz )2 + q2
ρ

}
.

(A10)

Since both the single-electron current and Eqs. (A9a) and
(A9b) are rotationally invariant around the axis of polariza-
tion, we have effectively reduced the 3D problem to 2D. Thus,
for linearly polarized illumination, we compute the macro-
scopic current along z, integrated over all momentum-resolved
contributions as

Jz(t ) ∝ 2π

∫ +∞

0

∫ +∞

−∞
jp,z(t )qρdqzdqρ. (A11)

3. Modeling ultrafast THz pulses

High-intensity THz pulses from compact sources are fre-
quently realized in the few-to-single cycle regime. To simulate
a pulsed plane wave that does not contain spurious nonzero
DC components, we choose a Poisson power spectrum, which
accurately describes ultrafast pulses with durations down to
single laser period [62]:

F (ω) = 2πeiφ0

(
s

ω0

)s+1
ωs exp(−sω/ω0)

�(s + 1)
�(ω). (A12)

Here, ω is angular frequency, φ0 is a phase constant, s is a
real, positive parameter that determines the pulse duration, ω0

is the peak angular frequency of the pulse, � is the gamma
function, and � is the Heaviside step function. In the nar-
row bandwidth limit (i.e., the many-cycle limit), Eq. (A12)
approaches a Gaussian spectrum of central angular frequency
ω0. The time-dependent electric field whose spectrum is given
by Eq. (A12) reads

E(t ) = Re

{
E0eiφ0

[
1 + iω0(t − tpk )

s

]−s−1
}

, (A13)

where E0 = (Ex,0, Ey,0, Ez,0) is the peak amplitude and tpk is
the time at which the pulse reaches its peak. The intensity full
width at half maximum (FWHM) τFWHM is related to param-
eter s via τFWHM = 2s

√
2ln(2)/(2s − 1)/ω0. Throughout this

work, all pulse durations refer to the intensity FWHM. For
τFWHM = 2 ps, the corresponding shape factor is s ≈ 56.4.
We also use the vector potential A(t ) = [Ax(t ), Ay(t ), Az(t )]
at time t , which is given by

A(t ) = −
∫ t

−∞
E(t ′) dt ′. (A14)

4. THz interaction with 3D DSM thin film

To model the interaction of a linearly polarized driving
THz pulse with a finite 3D DSM thin film at normal in-
cidence, we employ a 1 + 1D finite-difference time-domain
(FDTD) routine that fully incorporates all intraband nonlin-
earities induced by the incident field. At the starting location
z = zin, we have the input fields Ein = (Ein,x, 0, 0) and Hin =
(0, Ein,x/η0, 0), where η0 is the free space impedance and Ein,x

is given by

Ein,x(zin, t ) = Re

{
Ex,0eiφ0

[
1 − i(k0z′ − ω0t )

s

]−s−1
}

,

(A15)

where k0 = ω0/c is the free-space light wave number. We de-
fine z′ = zin − zpk, where zpk is the initial pulse peak location.
We write Maxwell’s equations in the form

∂t Hy = − 1

μ
∂zEx, (A16a)

ε0∂t Ex = −∂zHy − Jx. (A16b)

The total current is the sum Jx = J fr
x + Jpol

x , where J fr
x is the

free current and Jpol
x = ∂t Px is the current arising from the

dielectric polarization Px. To evaluate Jx, we use our analytical
solutions for the intraband current, given by Eqs. (2) and (3)
in the main text.

We discretize these equations on a Yee grid, which is
staggered in both time and space, for the evaluation of both
the electric and magnetic fields. Defining normalized time and
spatial steps �(ω0t ) and �(k0z) respectively, we obtain

cBy

∣∣n+1/2

j+1/2 = cBy

∣∣n−1/2

j+1/2 − �(ω0t )

�(k0z)

(
Ex

∣∣n

j+1 − Ex

∣∣n

j

)
, (A17a)

Ex

∣∣n+1

j = Ex

∣∣n

j − 1

μr

�(ω0t )

�(k0z)

(
cBy

∣∣n+1/2

j+1/2 − cBy

∣∣n+1/2

j−1/2

)
−�(ω0t )

ω0ε0
Jx

∣∣n+1

j . (A17b)

We have assumed that the material is linear and homogeneous
in magnetic field response: By = μ0μrHy (μr = 1 throughout
this work). The upper index n denotes the time step. The lower
index refers to the spatial grid position. We also implement
Mur absorbing boundary conditions [63] at both ends of our
FDTD grid.

We note that Jx|n+1
j makes this scheme implicit because

the current depends on the field Ex|n+1
j at the current time

step. To obtain the correct Jx|n+1
j and Ex|n+1

j , we employ a

fixed-point iteration method in which Jx|n+1
j = 0 is used as an

initial guess to compute Ex|n+1
j . We use this first-pass solution

to obtain a refined approximation of Jx|n+1
j . This procedure

is iterated until the error between two consecutively refined
values of Ex|n+1

j are within a specified tolerance. We var-
ied this tolerance, the values of �(k0z), the Courant number
�(ω0t )/�(k0z), zpk, and simulation box width until conver-
gence was achieved for the overall simulation. We assume
free space on either side of the 3D DSM film, although this
algorithm can be readily adapted to account for the presence
of adjoining complex dispersive media (by incorporating the
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FIG. 5. Representation of the discretization method used in the
SBC FDTD scheme for graphene. At spatial grid point j + 1/2,
where the graphene sheet is located, Hy is evaluated on either side
of the sheet.

implementation in Ref. [64]), or adjoining nonlinear media
of other kinds whose behavior can be captured through the
current Jx as a function of Ex like in Eqs. (2) and (3) in the
main text.

We note that the use of a plane-wave input pulse and a
1+1D FDTD—as opposed to a focused laser pulse and a
3+1D FDTD—ignores effects arising from beam diffraction
and wave-front curvature. However, it should be noted that for
a weakly focused laser pulse (even one of high field strengths),
a plane-wave pulse is a reasonable approximation.

5. THz interaction with 2D DSM graphene

Graphene has been modeled extensively within the FDTD
framework as thin films. However, extremely fine discretiza-
tion of the spatial grid (<1 nm) is required for convergence.
As we are using incident wavelengths of the order of 100 μm,
even a 1+1D FDTD routine quickly becomes computationally
impractical. To appropriately capture the true 2D nature of
graphene without resorting to the thin-film approximation,
we adopt a 1D surface boundary condition (SBC) FDTD
approach [65] that considers a surface current density instead
of a volume current density. In this Appendix, we present
our modification to this scheme, which incorporates the full
nonlinear intraband response of the induced surface current.

We consider the same field configuration as laid out for the
3D DSM case above. Let Ex be evaluated at all integer spatial
grid points . . . , j − 1, j, j + 1, . . . , and Hy be evaluated at
all half-integer spatial grid points . . . , j − 1/2, j + 1/2, j +
3/2, . . . (see Fig. 5). Let the graphene interface be located
at spatial grid point j + 1/2. Let 1Hy|n+1/2

j+1/2 and 2Hy|n+1/2
j+1/2 be

the tangential fields on the left and right sides of the graphene
sheet, respectively (evaluated at time point n + 1/2). The in-
terface conditions for the tangential H fields yield

ẑ ×
(

H2
∣∣n+1/2

j+1/2 − H1
∣∣n+1/2

j+1/2

)
= Ks

∣∣n+1/2

j+1/2

⇒ 2Hy

∣∣n+1/2

j+1/2 − 1Hy

∣∣n+1/2

j+1/2 = −Ks

∣∣n+1/2

j+1/2, (A18)

where Ks = Ksx̂ is the surface current induced within the
graphene sheet. We discretize Faraday’s law at j + 1/2 us-
ing central differences in time. For media 1 and 2, we use

backward and forward finite difference for ∂z, leading to

μ1∂t
1Hy| j+1/2 = −∂zEx| j+1/2 ⇒ 1Hy

∣∣n+1/2

j+1/2

= 1Hy

∣∣n−1/2

j+1/2 − 2�t

μ1�z

[
Ex

∣∣n

j+1/2 − Ex

∣∣n

j

]
(A19)

and

μ2∂t
2Hy| j+1/2 = −∂zEx| j+1/2 ⇒ 2Hy

∣∣n+1/2

j+1/2

= 2Hy

∣∣n−1/2

j+1/2 − 2�t

μ2�z

[
Ex

∣∣n

j+1 − Ex

∣∣n

j+1/2

]
.

(A20)

Notice that we need Ex|nj+1/2 but Ex is not defined at grid
point j + 1/2. We have to use Eq. (A18), where Ks|nj+1/2 also
depends on Ex|nj+1/2. From the interface condition given by
Eq. (A18), we find

2Hy

∣∣n

j+1/2 − 1Hy

∣∣n

j+1/2 = −Ks

∣∣n

j+1/2. (A21)

However, Hy is evaluated at time steps n − 1/2 and n + 1/2
instead of n. To estimate its value at time step n, we take the
average of Hy|n−1/2

j+1/2 and Hy|n+1/2
j+1/2:

(2Hy

∣∣n+1/2

j+1/2 + 2Hy

∣∣n−1/2

j+1/2

)
− (

1Hy

∣∣n+1/2

j+1/2 + 1Hy

∣∣n−1/2

j+1/2

) = −2Ks|nj+1/2. (A22)

Using Eqs. (A19) and (A20), this relation in Ks|nj+1/2 can be
restated as

Ex|nj+1/2 = C1Ex

∣∣n

j+1 + C2Ex

∣∣n

j

+ C3
[1Hy

∣∣n−1/2

j+1/2 − 2Hy

∣∣n−1/2

j+1/2 − Kx

∣∣n

j+1/2

]
,

(A23)

where the constants are defined to be

C1 =
(

μ1

μ1 + μ2

)
,

C2 =
(

μ2

μ1 + μ2

)
,

C3 = �z

�t

(
μ1μ2

μ1 + μ2

)
.

(A24)

Now, we have an implicit equation for Ex|nj+1/2 and Ks|nj+1/2,
which we iteratively solve using the same method we em-
ployed for the 3D DSM case until convergence is reached.
To compute the intraband-only surface current Ks without
resorting to series expansions, we numerically evaluate the
integral in Eq. (B18) using the h-adaptive integration routine
in the Cubature C++ library [66]. Upon obtaining converged
values of Ex|nj+1/2, we update 1Hy|n+1/2

j+1/2 and 2Hy|n+1/2
j+1/2 via

Eqs. (A19) and (A20). Then, 1Hy|n+1/2
j+1/2 and 2Hy|n+1/2

j+1/2 are used
to update Ex| j+1 and Ex| j−1. For all other points away from
the interface, Ex and Hy are updated using the conventional
Yee grid scheme. Incidentally, we consider μ1 = μ2 = μ0 for
the entire simulation domain.
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6. Computing the far-field HHG spectra from DSMs

Here, we derive the expression used to compute the far-
field high-order harmonic spectra. We consider the expansion
of the induced volume current density in the material:

J(r, t ) = Re

{
1

2π

∫
J̃(r, ω)eiωt dω

}
. (A25)

The complex vector potential Ã(r, ω) that satisfies the
Helmholtz equation

(∇2 + μ0ε0ω
2)Ã(r, ω) = −μ0J̃(r, ω) (A26)

is

Ã(r, ω) = μ0

4π

∫
J̃(r, ω)e−ikr′′

r′′ d3r′, (A27)

where r′′ = |r − r′| is the separation between observer po-
sition r and source position r′, and k = ω/c is the wave
number. We consider the far-field region and expand r′′ and
1/r′′, retaining only terms which fall as 1/r. In this limit, the
far-field vector potential is

Ã(r, ω) ≈ μ0e−ikr

4πr
N, (A28)

where

N =
∫

J̃(r, ω)eikr′ ·r̂d3r′. (A29)

We use cylindrical source coordinates r′ = (r′
⊥, z′), spherical

observer coordinates, and assume that J̃(z′, ω) only depends
on z′, which gives us

N =
∫ D

0
J̃(z′, ω)eikz′ cos θdz′

×
∫ R

0

∫ 2π

0
eikr′

⊥ sin θ cos φ′
r′
⊥dφ′dr′

⊥

=2AJ1(kR sin θ )

kR sin θ

∫ D

0
J̃(z′, ω)eikz′ cos θdz′, (A30)

where D is the thickness of the DSM, A = πR2 is the area
of the circular radiating region (we choose D = 250 nm and
R = 1 mm throughout our work), and J1 is the Bessel function
of the first order. Substituting Ã(r, ω) into the Lorenz gauge
field expression

Ẽ(r, ω) = −iωÃ(r, ω) − iω

k2
∇[∇ · Ã(r, ω)] (A31)

and retaining the terms that fall no faster than 1/r, we find the
angular field components:{

Ẽθ (r, ω)
Ẽφ (r, ω)

}
=

{
η0H̃φ (r, ω)

−η0H̃θ (r, ω)

}

= − ikη0e−ikr

4πr

{
Nθ

Nφ

}
, (A32)

where η0 = μ0c is the vacuum impedance. Considering the
time-domain fields

Eφ,θ (r, t ) = 1

2π

∫
Ẽφ,θ (r, ω)eiωt dω (A33)

and setting J ‖ x̂, the radial component of the Poynting vector
reads

d2U

dtdA
= 1

2η0
{|Eθ (r, t )|2 + |Eφ (r, t )|2}

= A2

8π2r2ε0c

∣∣F (θ, t )
∣∣2(

cos2 φ cos2 θ + sin2 φ
)
,

(A34)

where

F (θ, t ) = 1

2π

∫ [
ike−ikr+iωt J1(kR sin θ )

kR sin θ

×
∫ D

0
J̃x(z′, ω)eikz′ cos θdz′

]
dω. (A35)

Using Parseval’s theorem, we find that the energy radiated per
unit solid angle � and unit angular frequency in the far field
is given by

d2U

dωd�
= A2

8π3ε0c
( cos2 φ cos2 θ + sin2 φ)|F̃ (θ, ω)|2,

(A36)

where F̃ (θ, ω) is the Fourier transform of F (θ, t ). For the
2D DSMs, we consider a volume current density given by
J = Ksδ(z), where Ks is the surface current induced in the
2D DSM sheet centered at z = 0.

For Fig. 1 in the main text, we numerically evaluate the
integral over z′ in Eq. (A35) based on our FDTD results,
followed by numerically integrating the intensity spectrum,
given by Eq. (A36), over all solid angles in the forward emis-
sion direction to obtain the energy spectral density dU/dω. To
produce the spectrum in units of photons per 1% bandwidth
(BW), we divide dU/dω by a factor 100h̄. For Figs. 2 and
3, we present our results using Eq. (A36) evaluated at θ = 0
(forward emission) and assume that the current is spatially
uniform throughout the entire sample volume.

7. Computing the energy conversion efficiency of HHG

The energy conversion efficiency is defined as the ratio of
the energy of the N th harmonic, UN , to the incident pulse
energy, Uin. The incident pulse energy is computed as

Uin = A

2μ0c

∫ ∣∣Ein,x(t )
∣∣2

dt, (A37)

where Ein,x(t ) is the temporal profile of the incident driv-
ing electric field and A is the area of the sample as defined
in Eq. (A36). To obtain the energy conversion efficiency of
the N th harmonic, we integrate the energy spectral density
dU/dω over the frequency domain from (N − 1)ω0 to (N +
1)ω0.

APPENDIX B: DERIVATION OF CLOSED FORM,
ANALYTICAL EXPRESSIONS FOR INTRABAND

CURRENT

Here, we derive nonperturbative expressions for the intra-
band current induced in 3D and 2D Dirac semimetals (DSMs).
Unless otherwise stated, all notation used is as defined in the
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main text. We begin by considering Eq. (1) in the main text.
When the driving frequencies ω satisfy the relation h̄ω 

2EF, the intraband contribution dominates. Under these condi-
tions, we are justified in setting Γp(t ) = 0 and Np(t ) = Np(t0)
at all times, effectively neglecting interband transitions. Here,
Np(t0) = fD[E (t0)] − fD[−E (t0)] is the initial population in-
version, where fD(E ) = {1 + exp[(E − μ(T ))/kBT ]}−1 is the
Fermi-Dirac distribution, E (t0) =

√∑
i v

2
i p2

i is the initial en-
ergy in the absence of any fields, vi are the Fermi velocities, pi

are the initial electron momenta, i ∈ {x, y, z} (i ∈ {x, y}) is the
Cartesian coordinate for a 3D DSM (2D DSM), μ(T ) is the
chemical potential at temperature T , and kB is the Boltzmann
constant. In the limit T → 0 K and in the absence of scattering
(τ → ∞), Eq. (1) in the main text becomes

Ji = gevi

(2π h̄)n

∫
[1 − �(|p| − pF)]

viπi(t )

E (t )
dnp, (B1)

where � is the Heaviside step function, pF is the Fermi
momentum, πi = pi + eAi is the minimal-coupling momen-
tum component along direction i, and E (t ) =

√∑
j v

2
j π

2
j (t )

is the instantaneous energy. We set n = 3 (n = 2) for 3D (2D)
DSMs. For convenience, we perform a change of variables

q = (vx px, vy py, vz pz ), which allows us to recast the above
integral as

Ji ∝
∫

[1 − �(|q| − EF)]
qi + eviAi(t )

E (t )
dnq. (B2)

Using this equation as a starting point, we derive separately
the intraband current for the 3D case followed by the 2D case.

1. 3D Dirac semimetals

Here, we derive a nonperturbative expression for the x
component of the intraband current. The procedure used here
can be applied to obtain nonperturbative expressions for any
component of the intraband current. Setting i = x, Eq. (B2)
becomes

Jx(t ) = − ge

(2π h̄)3vyvz

∫∫∫
qx + Ax

E (t )
d3q, (B3)

where we have introduced the scaled vector potential Ai =
eviAi, with i ∈ {x, y, z}. The integration region is a sphere in q
space with radius EF. Integrating over qx, we obtain

Jx = − ge

8π3h̄3vyvz

∫ +EF

−EF

dqz

∫ +
√

E2
F−q2

z

−
√

E2
F−q2

z

dqy

{√
E2

F + |A|2 + 2qyAy + 2qzAz + 2Ax

√
E2

F − q2
y − q2

z

−
√
E2

F + |A|2 + 2qyAy + 2qzAz − 2Ax

√
E2

F − q2
y − q2

z

}
, (B4)

where |A| =
√
A2

x + A2
y + A2

z . We use polar coordinates in the qy-qz plane: qy = q⊥ cos ϕ, qz = q⊥ sin ϕ, q2
⊥ = q2

y + q2
z . The

integral then becomes

Jx ∝
∫ 2π

0
dϕ

∫ EF

0
dq⊥q⊥

{√
E2

F + |A|2 + 2q⊥(Ay cos ϕ + Az sin ϕ) + 2Ax

√
E2

F − q2
⊥

−
√
E2

F + |A|2 + 2q⊥(Ay cos ϕ + Az sin ϕ) − 2Ax

√
E2

F − q2
⊥

}
. (B5)

We now define q⊥ = EF sin �, where � goes from 0 to π/2:

Jx ∝ E2
F

2

∫ 2π

0
dϕ

∫ π/2

0
d� sin 2�

{√
E2

F + |A|2 + 2EF sin �(Ay cos ϕ + Az sin ϕ) + 2AxEF cos �

−
√
E2

F + |A|2 + 2EF sin �(Ay cos ϕ + Az sin ϕ) − 2AxEF cos �

}
. (B6)

We can express each of the square root terms as a series, and the integrand becomes

sin 2�

√
E2

F + |A|2
∞∑

n=0

�(3/2)

�(n + 1)�
(

3
2 − n

)
(

2EF

E2
F + |A|2

)n

{[ sin �(Ay cos ϕ + Az sin ϕ) + Ax cos �]n

− [ sin �(Ay cos ϕ + Az sin ϕ) − Ax cos �]n}. (B7)

From the binomial theorem, we have

(a + b)n − (a − b)n =
n∑

l=0

�(n + 1)

�(l + 1)�(n − l + 1)
[an−l bl − an−l (−b)l ] =

n∑
l∈Z+,odd

�(n + 1)

�(l + 1)�(n − l + 1)
2an−l bl . (B8)
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We can use this identity by making the substitutions a = sin �(Ay cos ϕ + Az sin ϕ) and b = Ax cos �. So, Eq. (B7) can be
written as

sin 2�

√
E2

F + |A|2
{ ∞∑

n=0

�(3/2)

�(n + 1)�
(

3
2 − n

)
(

2EF

E2
F + |A|2

)n[ n∑
l∈Z+,odd

�(n + 1)

�(l + 1)�(n − l + 1)
2 sinn−l �

× (Ay cos ϕ + Az sin ϕ)n−lAl
x cosl �

]}

= 2
√
E2

F + |A|2
{ ∞∑

n=0

�(3/2)

�(n + 1)�
(

3
2 − n

)
(

2EF

E2
F + |A|2

)n[ n∑
l∈Z+,odd

�(n + 1)

�(l + 1)�(n − l + 1)
2 sinn−l+1 �

× cosl+1 �(Ay cos ϕ + Az sin ϕ)n−lAl
x

]}
. (B9)

Now that we have untangled the terms that depend on � and ϕ, we can bring the integrals into the innermost summation. For
the integral over �, we find ∫ π/2

0
sinn−l+1 � cosl+1 � d� = �

(
l+2

2

)
�

(
n−l+2

2

)
2�

(
2 + n

2

) . (B10)

For the integral over ϕ, we have∫ 2π

0
(Ay cos ϕ + Az sin ϕ)n−l dϕ =

√
π �

(
1+n−l

2

)
�

(
2+n−l

2

) [
1 + (−1)n−l

](
A2

y + A2
z

) n−l
2 . (B11)

Note that if Ay = Az = 0, only the l = n term in the inner summation exists; the l = 1, 3, 5, ..., n − 2 terms all vanish. This can
be even further simplified: 1 + (−1)n−l will vanish if n − l ∈ odd. Since l ∈ odd ⇒ if n ∈ even, then n − l ∈ odd. So the only
nonvanishing contributions will occur when n ∈ odd, which means 1 + (−1)n−l = 2 ∀n, l ∈ odd. Therefore, the full result of the
integral is

Jx = − ge

8π2h̄3vyvz

{ ∞∑
n∈Z+,odd

1

�
(

3
2 − n

) 2nEn+2
F(

E2
F + |A|2)n−1/2

[
n∑

l∈Z+,odd

�
(

l+2
2

)
�

(
1+n−l

2

)
�(l + 1)�(n − l + 1)�

(
2 + n

2

) |A⊥|n−lAl
x

]}
, (B12)

where |A⊥| =
√
A2

y + A2
z . For the most general case of a current in any i ∈ {x, y, z} direction, the expression is

Ji = −ge

8π2h̄3v jvk

{ ∞∑
n∈Z+,odd

1

�
(

3
2 − n

) 2nEn+2
F(

E2
F + |A|2)n−1/2

[
n∑

l∈Z+,odd

�
(

l+2
2

)
�

(
1+n−l

2

)
�(l + 1)�(n − l + 1)�

(
2 + n

2

) |A⊥|n−lAl
i

]}
, (B13)

where j, k ∈ {x, y, z} such that i 	= j 	= k, and |A⊥| =
√
A2

j + A2
k . We define the potential �(t ) ≡ |A|/e =

√∑
i v

2
i A2

i , where
i ∈ {x, y, z}. When the combination of driving fields obeys �(t ) < �crit , where �crit ≡ EF/e is defined to be the critical potential,
we can evaluate terms of arbitrary order in A(t ) to show that this complicated series expression only has contributions from terms
with cumulative powers of 1 and 3 with respect to the vector potential (we have done this up to n = 31, involving lengthy and
tedious calculations):

J3D,sub
i (t ) = − ge2vi

6π2h̄3v jvk
Ai(t )

[
E2

F − e2

5

∑
l

v2
l A2

l (t )

]
, (B14)

where l ∈ {x, y, z}. Equation (B14) is exactly the same as Eq. (2) in the main text. The complete absence of higher order intraband
components is further verified through rigorous numerical simulations of Eq. (1), which yield results in excellent agreement with
Eq. (B14). Similarly, when �(t ) > �crit , we obtain the expression

J3D,sup
i (t ) = − geE3

F

6π2h̄3v jvk

viAi(t )√∑
l v2

l A2
l (t )

[
1 − E2

F

5e2
∑

l v2
l A2

l (t )

]
, (B15)

which is exactly Eq. (3) in the main text. It should also be noted that depending on the instantaneous value of �(t ), the current
expression is piecewise. For a large enough �max, which is the maximum amplitude of �(t ), the expression that describes the
current switches between Eqs. (B14) and (B15), with both expressions being continuous at �(t ) = �crit . Here, we have adopted
a brute-force, series approach in deriving Eqs. (B14) and (B15), thereby showing that all intraband nonlinearities beyond the
third order vanish in the subcritical regime (�max < �crit) through Eq. (B14). In Appendix E, we consider a simplified case
in which the 3D DSM is driven by A(t ) = (Ax(t ), 0, 0), which reveals that the higher orders are suppressed due to both the
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presence of Legendre polynomials in the single-electron current and the spherical integration geometry in a scaled momentum
space.

2. The 2D Dirac semimetals

We now consider the induced intraband current in a 2D DSM. Once again, we consider Jx, but the derivations are also
applicable to the y component of the current J. We start from

Jx(t ) = − ge

(2π h̄)2vy

∫∫
d2q[1 − �(|q| − EF)]

qx + Ax

E (t )
, (B16)

where E (t ) = √
(qx + Ax )2 + (qy + Ay)2, and integrate over qx:

Jx = − ge

4π2 h̄2vy

∫ +EF

−EF

dqy

{√
E2

F + |A|2 + 2qyAy + 2Ax

√
E2

F − q2
y −

√
E2

F + |A|2 + 2qyAy − 2Ax

√
E2

F − q2
y

}
, (B17)

where |A| =
√
A2

x + A2
y . Performing the change of variables qy = EF sin ϕ, where ϕ ∈ [−π/2,+π/2], we find

Jx = − geEF

4π2h̄2vy

∫ π/2

−π/2
dϕ cos ϕ

{√
E2

F + |A|2 + 2EFAy sin ϕ + 2AxEF cos ϕ −
√
E2

F + |A|2 + 2EFAy sin ϕ − 2AxEF cos ϕ

}
.

(B18)

Once again expressing the square-root terms as a series expression, we obtain

Jx = − geEF

4π2 h̄2vy

√
E2

F + |A|2
∞∑

n∈Z+,odd

�(3/2)

�
(

3
2 − n

)
(

2EF

E2
F + |A|2

)n

×
{

n∑
l∈Z+,odd

2An−l
y Al

x

�(l + 1)�(n − l + 1)

∫ π/2

−π/2
sinn−l ϕ cosl+1 ϕ dϕ

}
. (B19)

Noting that

∫ π/2

−π/2
sinn−l ϕ cosl+1 ϕ dϕ = �

(
1 + l

2

)
�

(
1−l+n

2

)
�

(
3+n

2

) (B20)

when n, l ∈ Z+,odd, the entire integral becomes

Jx = − geEF

4π2h̄2vy

√
E2

F + |A|2
∞∑

n∈Z+,odd

√
π

�
(

3
2 − n

)
�

(
3+n

2

)
(

2EF

E2
F + |A|2

)n{ n∑
l∈Zodd

�
(
1 + l

2

)
�

(
1−l+n

2

)
�(l + 1)�(n − l + 1)

An−l
y Al

x

}
. (B21)

When the potential �(t ) ≡ |A|/e =
√∑

i v
2
i A2

i (t ) satisfies �(t ) < �crit , where i ∈ {x, y} and �crit ≡ EF/e, the closed-form
intraband current along the direction i becomes

J2D,sub
i (t ) = − ge2EF

4π h̄2v j
viAi(t ) + ge4

32π h̄2v jEF
viAi(t )

∑
k

v2
k A2

k (t ) + ge6

256π h̄2v jE3
F

viAi(t )

[∑
k

v2
k A2

k (t )

]2

+ 5ge8

4096π h̄2v jE5
F

viAi(t )

[ ∑
k

v2
k A2

k (t )

]3

+ · · · ,

(B22)

where j ∈ {x, y} is such that i 	= j, k ∈ {x, y}, and the ellipses refer to higher order terms. When �(t ) > �crit , we find

J2D,sup
i (t ) = − geE2

F

4π h̄2v j

viAi(t )√∑
k v2

k A2
k (t )

+ gE4
F

32π h̄2ev j

viAi(t )√∑
k v2

k A2
k (t )

3 + gE6
F

256π h̄2e3v j

viAi(t )√∑
k v2

k A2
k (t )

5 + · · · . (B23)

In the limit in which A(t ) = [Ax(t ), 0], Eq. (B22) reduces to

Jx(t ) = −ge2vxEF

4π h̄2vy
Ax(t ) + ge4v3

x

32π h̄2vyEF
Ax(t )3 + ge6v5

x

256π h̄2vyE3
F

Ax(t )5 + 5ge8v7
x

4096π h̄2vyE5
F

Ax(t )7 + · · · , (B24)
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FIG. 6. HHG intensity spectrum in the supercritical regime at
different temperatures. While the harmonic intensity peaks decrease
as the temperature increases from T = 0 K to T = 300 K, the
changes are not substantial in the supercritical regime. We consider
a Cd3As2 thin film doped to EF = 250 meV (at T = 0 K) driven by
a 2-ps-long, 1-THz-centered pulse of peak field strength Ex,0 = 10
MV/m inside the material. We assume that the induced current is
spatially uniform throughout the 250-nm-thick thin film of radius
1 mm. We neglect the effects of scattering.

which reproduces the result derived in Ref. [44] when vx =
vy = vF. Under the same conditions, but when Ax → ∞,
Eq. (B23) converges toward a square wave profile:

lim
|Ax |→∞

Jx(t ) = −sgn[Ax(t )]
geE2

F

4π h̄2vy
. (B25)

When the dispersion is isotropic and g = 4 (spin and valley
degeneracies), Eq. (B25) reduces to the intraband saturation
current expression derived in Ref. [44]: −sgn[Ax(t )]ekFvF/π .

APPENDIX C: EFFECT OF TEMPERATURE AND
CARRIER SCATTERING ON THE SUPERCRITICAL

REGIME OF 3D DSMs

In this section, we show the dependence of the HHG spec-
tra of Cd3As2 in the supercritical regime when the effects of
finite temperature and scattering times are included. As we
see in Fig. 6, which include both intraband and interband
contributions, the harmonic intensity peaks do not change
significantly as a function of temperature. Figure 7 shows the
dependence of HHG on scattering time, where we study a
wide range of scattering times that includes measured values
of ≈150 fs [31]. Although the HHG response tends to deterio-
rate at shorter scattering times, it is interesting to note that this
can be ameliorated by adjusting the Fermi level accordingly.
Furthermore, the highly nonmonotonic dependence of HHG
intensity on scattering time suggests that the scattering time,
if it can be engineered, is a potential means of optimizing and
controlling the relative intensities of different HHG peaks, and
hence the spectral content of the output.

Figure 7 shows that the intraband harmonic intensity sat-
urates as the scattering time increases. While a previous
study [31] numerically predicted the same saturation trend
for third-order harmonic generation in Cd3As2, we show that
this same trend holds for harmonics of arbitrarily high orders,
and present fully closed-form, analytical expressions [namely,
Eqs. (2) and (3)] that capture this trend. Additionally, we
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FIG. 7. Dependence of the HHG peak intensity on scattering
time and Fermi level EF. For all harmonics (frequency labeled in
the bottom right corner of each panel), we observe that the peak
intensities saturate as the scattering time increases. We find that in
the supercritical regime, saturation occurs at a smaller scattering
time for lower doping levels. As temperature has little effect on the
HHG performance of Cd3As2 in the supercritical regime, we work
in the T → 0 K limit. The values presented here are computed using
Eqs. (B14) and (B15), with the vector potential modified to include
intraband scattering. Unless otherwise stated, we consider the same
parameters as in Fig. 6.

find that saturation occurs at faster scattering times when the
doping level is lower. For instance, the 21st harmonic inten-
sity [Fig. 7(d)] saturates at a scattering time of about 100 fs
for the samples doped to EF = 100 meV and EF = 60 meV,
but even at a scattering time of 1 ps, the sample doped to
EF = 250 meV has yet to achieve saturation. The fact that
saturation occurs at faster scattering times for DSMs doped
to lower Fermi levels can be explained as follows: For a lower
value of EF, the Fermi surface lies closer to the Dirac point;
hence, for a fixed driving field amplitude, a shorter time is
required to accelerate the electron from the Fermi surface past
the Dirac point; when the time taken to accelerate the electron
past the Dirac point is significantly shorter than the scattering
time, saturation occurs [31]. Thus, operating deeper in the
supercritical regime (either by lowering EF or increasing the
peak field amplitude, or both) is beneficial in limiting losses
from scattering, allowing the HHG performance to approach
the no-scattering limit.

Figure 8 shows that even when realistic scattering values
are considered, HHG conversion efficiencies similar to the no-
scattering limit [Fig. 1(b)] can still be achieved. We see that
for a scattering time of 150 fs (black curves and filled circles),
which is similar to experimentally determined values [31];
both the energy spectral density (left vertical axis) and energy
conversion efficiencies (right vertical axis) of all harmonics
up to the 31st order remain within one order of magnitude of
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FIG. 8. High-order harmonic spectrum of Cd3As2 for various
scattering times. The red curves and squares represent the situation
in which scattering is neglected, which we plot in Fig. 1(b) in the
main text. For a scattering time of 150 fs (black curves and filled
circles), which is similar to the experimentally determined value of
145 fs obtained in Ref. [31], we see that the energy spectral density
(left vertical axis) remains within the same order of magnitude as
in the absence of scattering. The energy conversion efficiency (right
vertical axis) of the 31st harmonic is about 8.7 × 10−6—within one
order of magnitude of the case with no scattering. The decrease in
both the energy spectral density and energy conversion efficiency
is more dramatic for scattering times of the order of tens of fs,
but the generation of harmonics up to the 31st order and beyond
remains possible. Unless otherwise stated, the same parameters as
in Fig. 1(b) are considered.

the no-scattering case (red curves and filled squares). While
faster scattering times of 100 fs (blue curves and filled circles)
and 50 fs (cyan curves and filled circles) result in a greater
drop in HHG peak energy spectral densities and conversion
efficiencies, we find that generating harmonics beyond the
31st order is still possible.

APPENDIX D: POLARIZATION DEPENDENCE OF
INTRABAND EMISSION IN 2D AND 3D DSMs

In this Appendix, we illustrate how the polarization of
the driving fields coupled with the degree of Fermi veloc-
ity anisotropy affect the HHG efficiency of Dirac materials
(both 2D and 3D). Figures 9(a)–9(c), which are obtained for
A(t ) = [Ax(t ), Ay(t ), 0], show that no intraband harmonics
above third order can be generated in the subcritical regime,
regardless of laser polarization and phase, and also indepen-
dently of the anisotropy of the Fermi velocities (described
by the ratio vy/vx). This suppression is in contrast to the
behavior of 2D DSMs [Fig. 9(d)], where higher harmonics
above third order can be generated. Figures 9(e)–9(h), which
depict the intraband harmonics in 2D and 3D DSMs within the
supercritical regime, emphasize the strong impact of driving-
field polarization on the increase in relative HHG intensity
of higher harmonics. We find that linearly polarized (LP)
driving pulses are favorable for efficient harmonic generation
in contrast to circularly polarized (CP) pulses. Additionally,
our results show that for 3D DSMs, a larger Fermi velocity
anisotropy leads to more efficient HHG when driven by CP
pulses.

On the other extreme, when a 3D DSM with isotropic
Fermi velocities is driven by a CP pulse of arbitrarily large
field amplitude, no high-order harmonics are produced. This
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FIG. 9. Impact of polarization and Fermi velocity anisotropy on HHG in DSMs. The laser polarization is controlled by varying the relative
phase between a superposed x-polarized and y-polarized laser pulse of the same amplitude E0/

√
2 (labeled on the left). We choose the driving

field amplitudes E0 = 1.41 and E0 = 4.24 MV/m, which correspond to the subcritical and supercritical regimes, respectively. In the subcritical
regime of 3D DSMs, the strong suppression of HHG beyond the third harmonic persists for all polarizations (a)–(c), in contrast to 2D DSMs,
where the fifth and ninth harmonics are relatively strong (d). In the supercritical regime (e)–(h), both 2D and 3D DSMs produce relatively high
intensities of higher harmonics. Efficient HHG is most favored by linearly polarized (as opposed to circularly polarized) driving pulses in both
2D and 3D DSMs, a result that agrees with a previous study for graphene [67]. For 3D DSMs, we further observe that a larger Fermi velocity
anisotropy generally leads to more effective HHG when driven by circularly polarized pulses.
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complete lack of intraband HHG can be explained by consid-
ering the case in which a DSM is driven by CP fields confined
to the x-y plane:

A(t ) = A0 cos(ω0t ) x̂ + A0 sin(ω0t ) ŷ, (D1)

where A0 = E0/ω0 is the amplitude of the vector potential
and E0 is the peak electric field strength. Then, the term∑

i v
2
i A2

i (t ), where i ∈ {x, y, z}, becomes∑
i

v2
i A2

i (t ) = A2
0

[
v2

x cos2(ω0t ) + v2
y sin2(ω0t )

]

= A2
0

2

[(
v2

x + v2
y

) + (
v2

x − v2
y

)
cos(2ω0t )

]
. (D2)

This expression applies to both the 2D and 3D scenarios. We
see that the suppression of the second term in the right-hand
side scales as (v2

x − v2
y ). In the subcritical regime [Eqs. (B14)

and (B22)], this term is responsible for the generation of
higher harmonics, which is why 2D and 3D DSMs with vx =
vy emit only the fundamental harmonic when they are driven
by a CP pulse. It should be noted that while frequency multi-
plication is nonexistent, subcritical nonlinearities, which only
serve to enhance the amplitude of the intraband current, still
arise under these conditions due to the first term in Eq. (D2).

In the supercritical regime [Eqs. ((B15) and (B23)], we find
that when vx = vy, a similar suppression of HHG occurs when
driven by CP pulses, leaving only the fundamental frequency.
This holds true even in the limit of large A0: Instead of the
square-wave time-domain current profile we expect deep in
the supercritical regime (�max � �crit), the current profile
remains purely harmonic instead since Eq. (D2) remains con-
stant in time. Hence, only the fundamental harmonic survives.
For 2D DSMs like graphene, the increasing suppression of
HHG with increasing ellipticity of the driving fields has been
previously studied [67]. However, the analysis that we present
here is the first to show that this trend also holds for 3D DSMs.

In Fig. 9, we tailor the field polarization by varying the
relative phase between a wave linearly polarized (LP) along
x and another along y. Each wave is a 1-THz pulse of 2-ps
duration [intensity full width half maximum (FWHM)]. Both
waves have equal amplitudes E0/

√
2 (labelled on the left).

The 2D and 3D DSMs are taken to have a Fermi energy
EF = 250 meV at temperature T = 0 K. For all cases, we fix
vx = vz = 106 m/s. The spectral color maps are computed
using only our closed-form analytical intraband expression
given by Eqs. (B14) and (B15) for the 3D DSM case and
Eqs. (B22) and (B23) for the 2D DSM case.

APPENDIX E: ILLUSTRATING THE VANISHING OF
HIGH-ORDER HARMONICS IN THE SUBCRITICAL

REGIME WITH A LEGENDRE POLYNOMIAL EXPANSION

In this Appendix, we show that the vanishing of all
intraband nonlinearities beyond the third order arises ge-
ometrically from the additional dimension that 3D DSMs
possess relative to 2D DSMs. In particular, we use a Leg-
endre polynomial expansion to mathematically illustrate how
the harmonics beyond the third order vanish in the sub-
critical regime (�max < �crit) of 3D DSMs. We do this by
considering the simplified case in which the driving vector

potential is linearly polarized: A(t ) = [Ax(t ), 0, 0]. Starting
from Eq. (B3), we obtain

Jx(t ) = − ge

(2π h̄)3vyvz

∫∫∫
qx + Ax(t )√

[qx + Ax(t )]2 + q2
y + q2

z

d3q.

(E1)

The integration region is a sphere of radius EF about the origin
in scaled momentum space. We align the polar axis along the
polarization direction qx and convert to spherical coordinates,
allowing us to recast the integral as

Jx(t ) = − ge

(2π )2h̄3vyvz

×
∫∫

qr cos θ + Ax√
q2

r + A2
x + 2Axqr cos θ

q2
r sin θdθdqr,

(E2)

where we have integrated out a factor of 2π over the azimuthal
angle φ. We first consider the case where Ax < 0 ⇒ Ax =
−|Ax|. Then, denoting ax = |Ax| > 0 for compactness, our
integral becomes

Jx = − ge

4π2h̄3vyvz

×
∫ EF

0

∫ π

0

qr cos θ − ax√
q2

r + a2
x − 2axqr cos θ

q2
r sin θ dθdqr .

(E3)

When ax(t ) satisfies �(t ) < �crit , we split the integral into
two domains in qr : ax < qr and ax > qr . We define these as
regions 1 and 2 respectively. The integrals for these regions
are

I1 =
∫ EF

ax

∫ π

0

qr cos θ − ax√
q2

r + a2
x − 2axqr cos θ

q2
r sin θ dθdqr,

(E4a)

I2 =
∫ ax

0

∫ π

0

qr cos θ − ax√
q2

r + a2
x − 2axqr cos θ

q2
r sin θ dθdqr .

(E4b)

These integrals contain the generating function for the Leg-
endre polynomials Pn(ξ ), where ξ = cos θ , and we express
them in terms of that function as

I1 =
+∞∑
n=0

∫ EF

ax

∫ +1

−1

[
q2

r ξ − axqr
]an

x

qn
r

Pn(ξ ) dξdqr,

(E5a)

I2 = 1

ax

+∞∑
n=0

∫ ax

0

∫ +1

−1

[
q3

r ξ − axq2
r

]qn
r

an
x

Pn(ξ ) dξdqr . (E5b)

In evaluating the above integrals, it is helpful to note that
higher order Legendre polynomials vanish when integrated
over all ξ : ∫ +1

−1
Pn(ξ ) dξ = 0, ∀n � 1. (E6)
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Using P0(ξ ) = 1 and P1(ξ ) = ξ , coupled with Bonnet’s recur-
sion formula

(n + 1)Pn+1(ξ ) = (2n + 1)ξPn(ξ ) − nPn−1(ξ ), (E7)

we obtain a useful identity for n � 2:∫ +1

−1
ξPn(ξ ) dξ

=
∫ +1

−1

(n + 1)Pn+1(ξ ) + nPn−1(ξ )

2n + 1
dξ = 0. (E8)

In going to the last equality, we have used Eq. (E6). This im-
plies that, for both regions, only n = 0 and n = 1 contribute:

I1 =
1∑

n=0

∫ EF

ax

∫ +1

−1

an
x

qn−2
r

ξPn(ξ ) − an+1
x

qn−1
r

Pn(ξ ) dξdqr,

(E9a)

I2 = 1

ax

1∑
n=0

∫ ax

0

∫ +1

−1

qn+3
r

an
x

ξPn(ξ ) − qn+2
r

an−1
x

Pn(ξ ) dξdqr .

(E9b)

Notice that ξ is odd; this implies that, for both regions, only
the n = 1 and n = 0 terms will not vanish upon integrating
over ξ for the first and second terms in the integrand, respec-
tively. After integrating, we find

I1 = −2E2
F

3
ax + 2

3
a3

x, (E10a)

I2 = − 8

15
a3

x . (E10b)

Summing both terms and restoring ax = |Ax| = evx|Ax|, we
obtain

Jx = − ge

4π2h̄3vyvz

(
− 2evxE2

F

3
|Ax| + 2e3v3

x

15
|Ax|3

)
. (E11)

For Ax > 0 ⇒ Ax = |Ax|, we define qx = −q′
x. Solving the

integral in the same way as above but defining q′
x = qr cos θ

instead, we can write

Jx = − ge

4π2h̄3vyvz

(
2evxE2

F

3
|Ax| − 2e3v3

x

15
|Ax|3

)
. (E12)

Combining Eqs. (E11) and (E12), we obtain

Jx(t ) = −σ0

[
2gvxE2

F

3π2h̄2vyvz
Ax(t ) − 2ge2v3

x

15π2h̄2vyvz
Ax(t )3

]
,

(E13)

where σ0 = e2/4h̄. For a general direction i ∈ {x, y, z}, and
when �(t ) < �crit , the expression for the current becomes

J3D,sub
i (t ) = −σ0

[
2gviE2

F

3π2h̄2v jvk
Ai(t ) − 2ge2v3

i

15π2h̄2v jvk
Ai(t )3

]
,

(E14)

such that i 	= j 	= k. This shows that higher order terms vanish
because (i) the single-electron intraband current at a specific
momentum value can be expressed in terms of Pn(ξ ) and (ii)

the integration geometry in q space is a sphere, which allows
the integral to be recast into a form that cancels Pn(ξ ) for all
n 	= 0 upon integration.

For completeness, we consider the case where ax(t ) satis-
fies �(t ) > �crit , corresponding to the supercritical regime.
Then, it suffices for us to solve for the region ax > EF since
our integral terminates at radial magnitude EF:

1

ax

+∞∑
n=0

∫ EF

0

∫ +1

−1

[
q3

r ξ − axq2
r

]qn
r

an
x

Pn(ξ ) dξdqr . (E15)

Applying the same steps as the case where �(t ) < �crit , the
intraband current expression for �(t ) > �crit is

J3D,sup
i (t ) = − sgn[Ai(t )]

×
[

geE3
F

6π2h̄3v jvk
− geE5

F

30π2h̄3e2v2
i v jvk

1

Ai(t )2

]
.

(E16)

While Eq. (E16) also has only two terms instead of an infinite
sum, the nonlinear response bears a greater resemblance to
that of 2D DSMs. Deep in the supercritical regime (�max �
�crit), which in turn implies that |Ax| → ∞, the intraband
current converges toward a square-wave profile:

lim
|Ax |→∞

Jx(t ) = −sgn[Ax(t )]
geE3

F

6π2h̄3vyvz
. (E17)

This is reminiscent of the nonlinear response of a 2D DSM in
the same limit [Eq. (B25)]. It should be noted that Eqs. (E14)
and (E16) can be derived in a more straightforward manner
via integration by substitution.

APPENDIX F: EFFECT OF TEMPERATURE AND
CARRIER SCATTERING ON THE SUBCRITICAL

REGIME OF 3D DSMs

As we have shown in Fig. 2 in the main text, in the limit
where T = 0 K and in the absence of scattering, i.e., τ → ∞,
3D DSMs exhibit an anomalous suppression of HHG in the
subcritical regime. In this section, we show that even when fi-
nite temperatures and scattering are included, the suppression
of harmonics beyond the third order in 3D DSM Cd3As2 still
persists.

Figures 10(a) and 10(b) show that for low but finite temper-
atures (T = 4 K and T = 77 K respectively), the suppression
of HHG is very strong, with the fifth-order harmonic and
above at least 107 times weaker compared to the third in all
cases of Figs. 10(a) and 10(b). In fact, the spectra at both these
temperatures are practically identical, indicating that this sup-
pression can be observed without cryogenic temperatures. At
T = 300 K (room temperature), Fig. 10(c) shows that the
intensity of harmonics beyond the third order increases signif-
icantly due to the interband contribution: As the temperature
increases, the Fermi-Dirac distribution gradually becomes
smeared out about the Fermi level instead of a step func-
tion at low temperatures. As a result, at higher temperatures,
more states in the conduction band are available for electrons
to transition to, which implies an increase in interband cur-
rent contribution to the higher harmonics. Nonetheless, the
suppression of HHG in 3D DSMs still remains significant
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FIG. 10. Strong suppression of harmonics beyond third order
from Cd3As2 in the subcritical regime at T = 4 K (a), T = 77 K
(b), and T = 300 K (c) for various scattering times (different curves
within each panel). While the suppression of HHG above third order
is most obvious at T = 4 K and T = 77 K, we see that this sup-
pression still persists even up to room temperature (T = 300 K). We
also see that, at all temperatures, the inclusion of finite scattering
only emphasizes the suppression. The spectra presented here are
computed using Eq. (1), which accounts for both interband and
intraband contributions. The driving field is a 2-ps-long laser pulse
linearly polarized along x with 1-THz central frequency and peak
amplitude Ex,0 = 1.1 MV/m. The Fermi level is EF = 250 meV. The
temperature dependence of the chemical potential μ(T ) is modeled
using the Sommerfeld expansion, which is valid for highly doped
samples [68].

even up to room temperature, with the fifth-order harmonic
and above at least 105 times weaker compared to the third in
all cases of Fig. 10(c). Additionally, we note that inclusion
of scattering only results in the suppression of HHG being
more significant. Faster scattering times correlate with greater
damping effects. We see that τ = 500 fs produces a spectrum
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FIG. 11. Comparison of high-order harmonic generation in
Cd3As2 (maroon curves, squares) and graphene (blue curves, cir-
cles). By virtue of a finite interaction volume, the intensity (left
vertical axes) of the HHG in Cd3As2 can be more than two orders of
magnitude greater than the HHG intensity output of a single atomic
layer of graphene under the same conditions. For both materials,
we assume a Fermi energy EF = 60 meV at T = 0. We consider
a cylindrical sample of radius R = 1 mm and thickness D = 250
nm uniformly illuminated by a 1-THz-centered, 2-ps-long (intensity
FWHM) linearly polarized (along x) laser pulse of peak amplitude
Ex,0 = 10 MV/m. These parameters and methodology are the same
as those used in Fig. 1, with the FDTD algorithm used for graphene
being replaced by a modified version detailed in Appendix A 5.

similar to the τ = ∞ (no scattering) case, whereas realistic
scattering times in the range of τ = 50 to τ = 150 fs [31]
result in significant damping.

APPENDIX G: COMPARISON OF Cd3As2 AND GRAPHENE
IN THE SUPERCRITICAL REGIME

In this section, we compare the HHG performance of a
250-nm-thick Cd3As2 thin film with a single graphene layer
under similar driving conditions and doping. Figure 11 shows
that despite the ability of monolayer graphene in producing
prominent harmonics beyond the 31st order, both the energy
spectral density (left vertical axis) and the energy conversion
efficiency (right vertical axis) of the HHG from graphene is
as much as 100 times smaller than that of HHG from the
250-nm-thick Cd3As2 thin film considered in this work. The
results shown here indeed demonstrate that in the supercritical
regime, the HHG spectra 3D DSM Cd3As2 is qualitatively
similar to the HHG spectra of monolayer graphene with the
added advantage of having a bulk interaction volume in con-
trast to a single atomic layer.

To further emphasize the advantage of HHG in 3D DSMs,
we consider a hypothetical structure consisting of N graphene
layers sufficiently distant from each other such that the linear
band structure still persists for each monolayer. Choosing this
interlayer distance to be of the order of 10 nm and given that
the driving wavelength is of the order of 100 μm, we assume
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FIG. 12. 3D DSM HHG intensity in the supercritical regime as a function of the Fermi velocities in each direction, as computed using
Eqs. (2) and (3). We assume vx = vy for simplicity. We consider a Fermi energy EF = 250 meV, a temperature T = 0 K, and no carrier
scattering. The incident field is a 2-ps-long, 1-THz-centered pulse linearly polarized along x with a peak field strength Ex,0 = 10 MV/m. The
color maps indicate that the performance of HHG varies greatly depending on Fermi velocity values and anisotropy.

that all layers within the stack experience the same driving
laser fields. Further making the assumption that the output
HHG radiation does not interact with the rest of the stack and
that the radiation emerging from each layer is superposed in
a perfectly coherent manner, we find that the HHG intensity

scales as N2. Even under these idealistic hypothetical con-
ditions, we find that a stack of at least N = 9 layers of the
graphene-spacer heterostructure is required to match the HHG
intensities and energy conversion efficiencies produced by the
250-nm-thick Cd3As2 thin film.
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FIG. 13. Harmonic spectra for different combinations of parameters. For all panels, the spectrum represented by the thin red curve
corresponds to the following parameters: EF = 118 meV, f0 = ω0/2π = 0.3 THz, and vx = vy = vz = 0.78 × 106 m/s. The spectrum denoted
by the thick blue line corresponds to the following parameters: EF = 60 meV, f0 = ω0/2π = 1 THz, and (vx, vy, vz ) = (1.28, 1.3, 0.327) × 106

m/s. For both cases, a two-cycle-long (intensity FWHM) driving pulse is considered. In each panel, the scattering times τ and potential
amplitudes �max are chosen such that the quanitites ω0τ and �max/�crit are the same for both sets of parameters. We see that the normalized
harmonic spectra for both sets of parameters overlap exactly in all panels. All results shown here are computed at T = 0 K using our
closed-form analytical expressions given by Eqs. (2) and (3).
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FIG. 14. Demonstration that the deviation of the predicted num-
ber of harmonics in Fig. 4 from experimentally reported results in
Ref. [32] is due to temperature difference. No intraband harmonics
above the third order are predicted in the low-temperature limit
T = 0 K (solid blue curve). At the reported experimental tempera-
ture T = 300 K, intraband-only simulations using the same set of
parameters indicate that higher order intraband harmonics are gen-
erated (red dash-dotted curve)—consistent with the result reported
in Ref. [32]. We consider the following parameters: f0 = ω0/2π =
0.3 THz, EF = 118 meV, vx = vy = vz = 0.78 × 106 m/s, E0,x = 6
MV/m, and τ = 10 fs. We use a 14.7-ps-long (intensity FWHM)
driving THz pulse.

APPENDIX H: EFFECT OF FERMI VELOCITY
ANISOTROPY ON HHG INTENSITY

Figure 12 shows that anisotropic Fermi velocities have a
large effect on the efficiency of HHG for a fixed driving field
strength. As the potential has the form �(t ) ≡

√∑
i v

2
i A2

i , a
higher vx in this case (where the field is polarized along x)
implies that a lower field strength is required to access the
supercritical regime. Hence, a DSM with higher vx will oper-
ate deeper in the supercritical regime for an x-polarized field,
which translates into more intense HHG and more prominent
higher order harmonics in general. This also explains why
higher order harmonics rapidly emerge at a low field strength
for Cd3As2 as compared to Na3Bi and graphene, as our results
in Figs. 3(a)–3(c) indicate (since Cd3As2 has the higher Fermi
velocity among these materials in the direction of the driving
laser polarization). Deep in the supercritical regime, we have
shown that the induced current tends toward a square wave
profile saturating at a finite amplitude geE3

F/(6π2h̄3vyvz ). We
note that this saturation amplitude is larger for smaller values
of vz. This explains why higher intensity harmonics appear
for larger vx, vy values and small vz values in Fig. 12. The
substantial influence on the Fermi velocity v over the nonlin-
ear optical properties of 3D DSMs motivates the development
of band-structure engineering methods as a means to enhance
the HHG intensity and to alleviate the conditions necessary to
operate deep within the supercritical regime.

APPENDIX I: PARAMETERS USED TO PLOT FIG. 4

The color map in Fig. 4 was plotted using our closed-
form analytical expressions given by Eqs. (2) and (3),

corresponding to the low-temperature limit T → 0 K and
when the intraband contribution to the current dominates,
that is, h̄ω0 
 2EF. We fixed the central frequency of the
driving field at f0 = ω0/2π = 1 THz, and considered a dop-
ing level EF = 60 meV and Fermi velocities (vx, vy, vz ) =
(1.28, 1.3, 0.33) × 106 m/s, which correspond to the same
parameters used in Fig. 1. The driving field is linearly polar-
ized along x, and the pulse duration is 2 ps (intensity FWHM).

The data point that represents Fig. 1(b) in Fig. 4 is plot-
ted using E0,x = 10 MV/m and a realistic scattering time
τ = 150 fs [31] [note that Fig. 1(b) assumed no scattering],
which gives �max/�crit ≈ 33.95 and ω0τ = 0.3 π rad. We
used the following parameters to plot the data point that
represents Ref. [31]: central frequency of the driving pulse
f0 = ω0/2π = 0.8 THz, doping level EF = 50 meV, isotropic
Fermi velocities vx = vy = vz = 0.93 × 106 m/s, a peak driv-
ing field amplitude E0,x = 0.6 MV/m inside the material, and
a scattering time τ = 145 fs. These values yield �max/�crit ≈
2.22 and ω0τ ≈ 0.232 π rad. We used the following param-
eters to plot the data point that represents Ref. [32]: central
frequency of the driving pulse f0 = ω0/2π = 0.3 THz, dop-
ing level EF = 118 meV, isotropic Fermi velocities vx =
vy = vz = 0.78 × 106 m/s, a peak driving field amplitude
E0,x = 6 MV/m inside the material, and a scattering time
τ = 10 fs. These values yield �max/�crit ≈ 21.04 and ω0τ =
0.006 π rad.

It should be noted that as long as two different combina-
tions of parameters share the same values of �max/�crit , ω0τ ,
and are driven by the same number of laser field cycles, their
normalized HHG spectra will be practically identical, as we
show in Fig. 13. This justifies plotting markers representing
Fig. 1(b) and Refs. [31] and [32] in Fig. 4, despite having
different parameter combinations with respect to each other,
as well as the parameters used to plot the color map.

In Fig. 4, only harmonics up to third order are predicted
when the parameters from Ref. [32] were considered. How-
ever, up to the seventh-order harmonic was demonstrated
experimentally. This deviation in the number of predicted
harmonics from the reported result is due to our evaluation of
Fig. 4 using the expressions given by Eqs. (2) and (3), which
are only valid at T = 0 K. However, the temperature in the
experiment was T = 300 K, and we show in Fig. 14 that this
difference in temperature accounts for the observed deviation.
While the HHG spectrum computed at T = 0 K (solid blue
curves) indicates that no intraband harmonics above third
order are generated for the parameters reported in Ref. [32],
our intraband-only numerical simulations at T = 300 K (red
dash-dotted curves), using Eqs. (A9a) and (A9b) with Γp(t ) =
0 at all times (i.e., interband polarization switched off), show
that higher order harmonics beyond the third order are indeed
generated. This temperature difference should also explain
the deviation of the number of predicted harmonics from the
results reported in Ref. [31]. Additionally, we note that further
deviations of our predictions from the experimental results
reported in Ref. [31] could also arise due to the presence of
substrates accompanying the Cd3As2 thin film.
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