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Abstract: Particle simulation has been widely used in
studying plasmas. The technique follows the motion of a
large assembly of charged particles in their self-consistent
electric and magnetic fields. Plasmons, collective oscilla-
tions of the free electrons in conducting media such as
metals, are connected to plasmas by very similar physics,
in particular, the notion of collective charge oscillations. In
many cases of interest, plasmons are theoretically char-
acterized by solving the classical Maxwell’s equations,
where the electromagnetic responses can be described by
bulk permittivity. That approach pays more attention to
fields rather than motion of electrons. In this work,

however, we apply the particle simulation method to
model the kinetics of plasmons, by updating both particle
position and momentum (Newton–Lorentz equation) and
electromagnetic fields (Ampere and Faraday laws) that are
connected by current. Particle simulation of plasmons can
offer insights and information that supplement those
gained by traditional experimental and theoretical ap-
proaches. Specifically, we present two case studies to show
its capabilities of modeling single-electron excitation of
plasmons, tracing instantaneous movements of electrons
to elucidate the physical dynamics of plasmons, and
revealing electron spill-out effects of ultrasmall nano-
particles approaching the quantum limit. These pre-
liminary demonstrations open the door to realistic particle
simulations of plasmons.

Keywords: particle-in-cell; particle simulation; plasmas;
plasmons; spill-out effects.

1 Introduction

Plasmons, collective oscillations of a free electron gas, are
usually theoretically investigated by electromagnetic field
simulations through solving Maxwell’s equations. The
motions of electrons are indirectly represented by the bulk
permittivity of metal. Such treatment overlooks real-time
motions of free electrons, especially those electrons in the
vicinity of the metal surface. For example, as the size of
metal nanostructures shrinks below 10 nm, the motions of
the surface electrons start to play an essential role, leading
to electron spill-out and quantum tunnelling effects [1, 2].
Electromagnetic field simulations often introduce a ficti-
tious layer with modified permittivity to represent these
surface electrons for various effects, such as non-local re-
sponses [3, 4] and charge transfer plasmons [5, 6].
Although computationally efficient, these treatments
might oversimplify the underlying physics and sometimes
rely on fitting parameters to describe certain effects. Elec-
tromagnetic field simulations also encounter difficulties in
modelling the dynamic interaction between a single-elec-
tron source and the sample in a typical electron energy loss
spectroscopy (EELS) experiment [7]. For example, the

Wen Jun Ding, Jeremy Zhen Jie Lim, Hue Thi Bich Do: These authors are
equally contributed.

*Corresponding authors: Michel Bosman, Department of Materials
Science and Engineering, National University of Singapore, 9
Engineering Drive 1, Singapore, 117575, Singapore; and Institute of
Materials Research and Engineering, Agency for Science, Technology
and Research (A*STAR), 2 Fusionopolis Way, Singapore, 138634,
Singapore, E-mail: msemb@nus.edu.sg; Lay Kee Ang, SUTD-MIT
International Design Center and Science and Math Cluster, Singapore
University of Technology and Design (SUTD), 8 Somapah Road,
Singapore, 487372, Singapore, E-mail: ricky_ang@sutd.edu.sg; and
Lin Wu, Agency for Science, Technology, and Research (A*STAR),
Institute of High Performance Computing, 1 Fusionopolis Way, 16-16
Connexis, Singapore, 138632, Singapore, E-mail: wul@ihpc.a-
star.edu.sg
Wen Jun Ding, Xiao Xiong and Ching Eng Png: Agency for Science,
Technology, and Research (A*STAR), Institute of High Performance
Computing, 1 Fusionopolis Way, 16-16 Connexis, Singapore, 138632,
Singapore. https://orcid.org/0000-0002-7153-8081 (X. Xiong)
Jeremy Zhen Jie Lim: SUTD-MIT International Design Center and
Science and Math Cluster, Singapore University of Technology and
Design (SUTD), 8 Somapah Road, Singapore, 487372, Singapore
Hue Thi Bich Do: NUS Graduate School for Integrative Sciences and
Engineering, National University of Singapore, 21 Lower Kent Ridge,
Singapore, 119077, Singapore; Department of Materials Science and
Engineering, National University of Singapore, 9 Engineering Drive 1,
Singapore, 117575, Singapore
Zackaria Mahfoud: Institute of Materials Research and Engineering,
Agency for Science, Technology and Research (A*STAR),
2 Fusionopolis Way, Singapore, 138634, Singapore

Nanophotonics 2020; 20200067

Open Access. © 2020 Wen Jun Ding et al., published by De Gruyter This work is licensed under the Creative Commons Attribution 4.0 Public
License.

https://doi.org/10.1515/nanoph-2020-0067
mailto:msemb@nus.edu.sg
mailto:ricky_ang@sutd.edu.sg
mailto:wul@ihpc.a-star.edu.sg
mailto:wul@ihpc.a-star.edu.sg
https://orcid.org/0000-0002-7153-8081


electron source is usually modeled as an infinitely long
line-like electron beam with zero radius using the
boundary element method (BEM) [8], or an infinitely long
broadband current density with a radius of 1 nm using the
finite element method (FEM) [9], which are both in the
frequency domain and do not capture the dynamicswhen
a single electron is passing by the sample. Even if the
finite-difference time-domain (FDTD) method is applied,
the electron source is approximated by a series of optical
dipoles [7], whichmight not encapsulate all the physics of
the electrons in motion at half the speed of light. A
microscopic computational tool that traces the freely
moving electrons with relatively low computational cost
is thus desired.

In fact, plasmons share similar physics and equations
ofmotion as plasmas, one of the four fundamental states of
matter. A plasma consists of a gas of charged ions and free
electrons withmotion–dynamics that are easily affected by
the external electromagnetic fields. Among many model-
ling methods, particle simulation, or the particle-in-cell
(PIC) method [10, 11], has become the most powerful
simulation tool in plasma community since its develop-
ment more than half a century ago [12, 13]. The PIC method
is a kinetic simulationmethod, which tracks themotion of a
large assembly of charged particles in their self-consistent
electric and magnetic fields, and therefore works particu-
larly well for ultrafast (fs-scale) and ultrasmall (nm-scale)
problems. It introduces the concept of a macroparticle [10]
(also referred to as superparticle, or finite-size particle), a
computational particle that represents many real electrons
or ions. This key featuremakes particle simulation efficient
and successful in plasma studies, especially for practical
plasma systems with many degrees of freedom, for
example, experimental astrophysics [14], plasma-based
accelerators [15–17], inertial confinement fusion [18],
attosecond pulse generation [19], and THz radiation sour-
ces [20–23].

Inspired by plasma modelling that properly tracks the
motions of free electrons, we start our journey with the
application of particle simulation tomodel plasmons. After
carefully examining the essential differences between field
and particle simulations, we identify two classic plasmon
problems to demonstrate the applicability of particle
simulation. In the first example, we simulate single-elec-
tron excitation of plasmons on a gold (Au) nanoribbon in a
typical EELS experimental setup [9]; and in particular, we
analyze the electron dynamics. In the second example, we
investigate the electron spill-out effects in sodium (Na)
nanowires [24] by making use of the soft boundary condi-
tion of particle simulation. Finally, we list the limitations
and possible extensions of our current model. Going
further, we are interested in applying particle simulation to
solve problems such as: how many free electrons indeed
participate in the plasmon oscillation, whether surface
electrons escape from the metal surface during a plasmon
oscillation, i. e., how plasmonic hot-electrons are gener-
ated, nonlinear behavior, as well as stochastic and trans-
port phenomena in plasmonics.

2 Particle-in-cell (PIC) simulation

Particle simulation of plasmons is substantially different
from classical electromagnetic field simulation methods,
as illustrated in Figure 1. The link between them can be
established by the free electron model (or plasma model)
[25] that was developed in 1927 by Arnold Sommerfeld,
where a gas of free electrons of number density n moves
against a background of positive ion cores. The details of
the lattice potential and electron interactions are not taken
into account. Instead, one simply assumes that some as-
pects of the band structure are incorporated into the
effective optical mass m of each electron. The electrons
oscillate in response to the applied electromagnetic field,

Figure 1: Schematics of field and particle
simulation methods. (A) In field simulation
of plasmons, the metal is described by
dielectric function ε. (B) In particle
simulation of plasmons, the metal is
represented by number density n of free
electrons.
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and their motion is damped via collisions occurring with a
characteristic collision frequency γ. The dielectric function
of the free electron gas is therefore described by [25]:

ε(ω) � 1 −
ω2

p

ω2 + iγω
, (1)

where ω2
p � ne2

ε0m
is the plasma frequency of the free electron

gas. In contrast to field simulations (Figure 1A), particle
simulation does not rely on a dielectric function ε(ω) to
describe metals. Instead, the number density n is used to
randomly distribute free electrons (represented by the
yellow spheres) within the metal region as shown in
Figure 1B. This implementation could provide an intuitive
physical picture of plasmons.

Particle simulation (or the PICmethod) simultaneously
solves both the Maxwell’s equations:
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and the Newton–Lorentz equation:

γαmαvα � qα(Eα + vα × Bα). (3)

Here, γα, mα, qα, and vα are the relativistic factor, mass,
charge, and velocity of the particle α (e. g., free electrons,
valence electrons, or ions). Similar to the conventional
FDTD field simulation method, the electromagnetic fields
E,B, and current density J in the PICmethod are defined on
discretized mesh nodes in space, as shown in Figure 1. On
the other hand, Eα andBα refer to the local electromagnetic
fields at the particle position, which are interpolated from
neighboring mesh nodes in Figure 1B.

Every particle moves and constitutes a local current
density Jα � nαqαvα (note: nα is relevant to the concept of
macroparticle in the PIC method and refers to the number
of elementary particles each macroparticle represents),
which is interpolated and summed up at the neighboring
mesh nodes [26, 27]:

J i � ∑
α
JαW(xi − xα). (4)

Here, W (x) represents a shape function of the macro-
particles [28], which are similarly used in the calculation of
Eα and Bα by interpolating E and B from neighbouring
mesh nodes to each particle. This Ji will be taken into the
electromagnetic field solver in Eq. (2) to update the electric
field Ei and magnetic field Bi at each mesh node. Then the
updated fields are used to re-calculate the position and
momentum of each particle. The iterative process con-
tinues, and we can record particles and fields at every

instant. In this way, the dynamics of plasmon oscillations
can be modelled. In this work, we employ EPOCH [29] and
SMILEI [30] particle-in-cell codes.

Compared to field simulation, the extra component
accessible with particle simulation is the ability to trace the
particles, which leads to the second key feature, i. e., soft
boundary conditions and auto-inclusion of non-local ef-
fects. As shown in Figure 1B, the electromagnetic fields are
defined at fixed mesh nodes in PIC, similar to the conven-
tional FDTD method, leading to a hard-wall boundary for
the solutions of the fields (represented by the cloud shape
around the medium). However, the positions of the parti-
cles are not necessarily at themeshnodes, and the particles
are allowed tomove anywhere including escaping from the
boundary around the medium as shown in Figure 1B. In
other words, particle simulation has an intrinsic soft
boundary condition for particle motion, which allows us to
explore the electron spill-out in quantumplasmonics [2, 24]
or other optical charge transport problems [31–33]. On the
other hand, the motion of the electrons is related not only
to the field applied at a local position, but also depends on
the fields at other positions. This defines the non-local ef-
fect [34, 35]. By self-consistently solving the fields and
tracing the particles, our PIC method automatically takes
into consideration the non-local effects.

3 Results and discussions

In this section, we will elaborate two case studies by par-
ticle simulations. The first example, single-electron exci-
tation of plasmons in EELS, will evidently illustrate free
electron tracing in particle simulation. It enables us not
only to numerically excite plasmons by a single fast elec-
tron, but also to efficiently capture the dynamics starting
from the very first oscillating event to the steady-state
plasmon oscillation. In the second example, leveraging on
the implementation of the soft boundary condition, we
revisit the famous problem of studying electron spill-out
effects of quantum-sized nanoparticles. The results will be
benchmarked to hydrodynamic models.

3.1 Single-electron excitation in EELS

In this first case study, we focus on the excitation of plas-
mons in EELS experiments, where a sample is exposed to a
beam of electrons with a known, narrow range of kinetic
energies. To model the excitation process, the beam of
electrons is often assumed as a current source term in
conventional electromagnetic field simulations [8, 9].
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Microscopically, this ignores the kinetic nature of the
focused electron beam. In scanning transmission electron
microscopy (STEM), only < 1% of the electrons emitted by
the electron gun are eventually focused onto the sample,
with most of them being filtered out to form a mono-
chromatic and focused electron beam. We could optimis-
tically assume that the electron beamgenerates a current of
0.1 nA on the sample (note: more realistic values could be
only a tenth of this number), which is equivalent to 1.5 × 108

electrons per second. Considering a typical lifetime of
100 fs for a surface plasmon resonance [36], only 1.5 × 10−5

electrons on average will fly past the sample before the
plasmons dampen-out entirely. We will need an unattain-
able electron flux 105 times higher to get more than one
electron on average to arrive at the sample within the
plasmon decay time. Therefore, in an EELS experiment, we
almost exclusively generate independent single-electron
excitation events that occur sequentially. Here, with the
PIC method, we are able to realistically simulate single-
electron excitation of plasmons.

We study both bright and dark plasmon modes in an
Au nanoribbon with dimensions of 4 × 840 × 20 nm by

using single-electron excitation in a setup similar to our
previous EELS experiment [9]. As schematically depicted in
Figure 2A, dark and bright plasmon modes have zero and
nonzero net dipole moments, respectively. Owing to their
vanishing dipole moment, dark modes have longer life-
times and also suffer from suppressed radiative losses [37,
38],making themmore efficient for storing electromagnetic
energy than bright modes. These attractive properties have
made them ideal for applications such as nano-scale
sensing [39], and lossless nano-scale waveguides [40].
While bright modes can directly be excited by illuminating
the nanoribbon with linearly polarized plane waves (as we
later will show), dark plasmonic modes require more
intricate excitation schemes [37] such as spatially
nonuniform fields [41], evanescent excitation [42], oblique
illumination [43], or spatial phase shaping [44].

In our PIC simulation of the EELS setup, the electrons
within the Au nanoribbon were initialized with a Maxwell-
Boltzmann energy distribution, with mean energy of
3
2kBT � 0.0375 eV (i. e., corresponding to room temperature

T = 300 K with Boltzmann constant kB), and a density of
n = 5.9 × 1028 m−3. As the Au ions are much more massive

Figure 2: Particle simulation of plasmons in an Au nanoribbon. (A) Schematic illustrations of dark and bright plasmon modes excited on a
nanoribbon. Dark and bright plasmon modes have zero and nonzero net dipole moment respectively across the nanoribbon. (B) Calculated
spectral intensity of magnetic fields Bx around the nanoribbon for two different excitation scenarios (schematically shown in inset): edge
(indicatedby a, red) and center (indicated by d, blue). (C) Various plasmonmodes (electricfields Ex in y–z plane) extracted at different resonant
energies from spectra in (B), where the region inside the metal has been blacked out for clarity of the surface plasmon modes. In this particle
simulation, the Au nanoribbon is modelled using free electron density n = 5.9 × 1028 m−3 with Maxwell-Boltzmann statistics of initial mean
electron energy of 0.0375 eV. The nanoribbon is excited by a single macroparticle of charge −500e travelling at a constant velocity of vx = c/2,
where c is the speed of light in free space, 1 nm away from the edge of the nanoribbon.
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than the electrons, they do not contribute significantly to
the electron dynamics on femtosecond time scales. This
allows us to assume that they are fixed in space only as an
ionic background to keep the charge neutrality throughout
our PIC simulation. We used a single macroparticle of total
charge −500e (e is the elementary charge) to excite the Au
nanoribbon in order to obtain clearer spectra than an
actual single-electron excitation. The macroparticle has a
velocity of vx = c/2, where c is the speed of light in free
space, and passes 1 nm away from the edge of the nano-
ribbon.

Figure 2B shows the computed spectra of the plasmon
magnetic field Bx, calculated by taking the Fourier trans-
form of the time-domain intensity profile over the entire
simulation duration of 100 fs with a time interval of 0.15 fs
for excitation locations a (red) and d (blue) using our PIC
simulation. The excitation locations and geometry of the
nanoribbon are depicted in the inset panel. As expected,
we observe that excitation at the edge (location a) results in
the formation of both bright and dark modes (indicated by
yellow and gray strips respectively) due to the asymmetry
of the excitation location with respect to the nanoribbon.

Conversely, the excitation at the center (location d) only
results in dark modes being formed due to the inherently
symmetrical excitation geometry. By plotting the spatial
intensity of the plasmon modes, we are able to identify
whether each peak corresponds to a dark or brightmode by
checking whether the number of high-intensity regions
across the Au nanoribbon is odd (dark) or even (bright).
The color maps in Figure 2C show the intensity as a func-
tion of space for the dark (left panels, location d) and bright
(right panels, location a) plasmonmodes corresponding to
several of the spectral peaks shown in Figure 2B. The cyan
arrows in Figure 2C indicate the location of excitation.

To further analyze the electron dynamicswithin the Au
nanoribbon during the plasmonic oscillations, we irradiate
the Au nanoribbon with a continuous electromagnetic
planewave centered at 0.78 eV excitation energy (shown in
Figure 3A), which corresponds to one of the bright plasmon
modes (see Figure 2C). The resulting plasmon field Ex, as in
Figure 3B, shows the gradual build up of themode in about
15 fs (i. e., from 73 to 88 fs), until a steady-state oscillation is
reached. Here, the time to establish the mode is about 3
times the plasmon mode cycle.

Figure 3: Diagnostics of electron dynamics in an Au nanoribbon. Time evolution of (A) driving field Ey with 0.78 eV central laser energy and
5× 108 V/mpeak amplitude, and (B) the resulting plasmonfield Ex. We plot (C) the spatial distribution and (D) the normalized vertical velocities
vy/c of free electrons in the Au nanoribbon at five time points (i)–(v) within a single plasmon cycle of 5.3 fs once steady-state has been attained.
The red (blue) dots represent electrons moving upwards (downwards). Unless otherwise stated, the electrons within the Au nanoribbon were
initialized with the same parameters as in Figure 2. The nanoribbon is excited by a continuous plane wave linearly polarized along y and
propagating in the x direction.
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One benefit of PIC simulations of plasmons is the
ability to track individual particles; this readily enables the
study of electron dynamics of plasmons. We show this in
Figure 3C (scatter-plot) and 3D (phase-plot), which depict
the steady-state dynamics of the electrons in the Au
nanoribbon at five typical times within a single plasmon
cycle (cyan dashes in Figure 3A;white dashes in Figure 3B).
The temporary local electron densities (moving upwards
and downwards) vividly exhibit that electron bunching
occurs to establish the plasmon mode, at a frequency of
every half cycle. This bunching is strongest while the
plasmon field is weakest, as seen at two instances (ii) and
(iv) in the figure, suggesting a quarter-cycle time-delay
between electron bunching and the plasmon field. It
should be noted that the plasmon field data plotted in
Figure 3B was collected 5 nm away from the edge of the
nanoribbon (at the side of x < 0). For visibility, only elec-
trons with kinetic energy greater than four times the mean
value were plotted in Figure 3C, D. The electrons in the Au
nanoribbonwere initializedwith the same parameters as in
Figure 2.

The results presented in this section indicate that with
regards to plasmon simulation, the PIC method enables us
to not only to reproduce results of conventional field sim-
ulations, but also allows us a direct view of the actual
electron oscillations which underlie the formation of
plasmons. In addition to modelling single-electron exci-
tations in EELS experiments, particle simulation could be
potentially used to model other electronic excitations, for
example, tunneling-electrons excitation of plasmons [45].

3.2 Revealing electron spill-out effects

In the second case study, we leverage on the soft boundary
conditions of particle simulation to study the spill-out ef-
fect of surface electrons in mesoscopic-scale metal nano-
particles. The term “mesoscopic” refers to deep nanoscale,
which lies between the granular microscopic (electronic-
scale) and continuous macroscopic (wavelength-scale)
regimes [46]. Solving mesoscopic electromagnetic prob-
lems has long relied on the well-developed theoretical
approaches in either macroscopic or microscopic regimes.
However, electromagnetic field-simulation based macro-
scopic approaches often deal with individual aspects of the
omissions, such as nonlocality [34] and free-electron spill-
out [24]. Microscopic first-principles approaches, e. g.,
time-dependent density functional theory [47], are severely
constrained by computational demands, thus impractical
for multiscale problems. Recently, a general and unified
theoretical framework has been developed by introducing

a set of mesoscopic boundary conditions to the conven-
tionalmacroscopicMaxwell’s equations [46]. Motivated by
the same objective, our PIC method is an alternative
approach starting from a microscopic viewpoint, but is
much more computationally efficient than other first-
principles approaches by emphasizing only the motions of
free electrons.

In an attempt to use a plasma model to simulate
plasmons in a solid-state material, there are a few things to
note. In plasma simulations, the electrons are separated
from the ions and totally free in space, and they are
considered all equivalent following classical Maxwell-
Boltzmann statistics. But in solid-state physics, the elec-
trons follow Fermi–Dirac statistics, inwhich each quantum
state can only be occupied by a single electron. More
importantly, these Fermi electrons are only free to move
within the material, as they are still loosely bound to
nuclei, therefore energy is required for them to escape from
the material. In PIC simulation, an external potential-wall
can be set up at thematerial boundary to represent such an
energy barrier. Depending on the height of this potential-
wall, the electrons can be partially or totally confined
within the material. With the freedom to set the potential-
wall or leave it open, we designate such boundary as a soft
boundary.

As an example, we apply the PIC method to study the
electron spill-out in a sodium (Na) nanowire, which is
commonly used to differentiate the standard hydrody-
namic model with a hard-wall boundary condition (HW-
HDM) [48] and the self-consistent hydrodynamic method
(SC-HDM) [24]. The major difference between these two
models is that the electrons in HW-HDM are strictly
confined in the metallic structure, while SC-HDM general-
izes standard hydrodynamic theory to include free-electron
spill-out atmetal–dielectric interfaces. As a result, SC-HDM
predicts red-shifted resonances of infinitely long Na
nanowires with 1/R scaling (R: nanowire radius), whereas
HW-HDM incorrectly predicts a blue-shift [24]. To elucidate
the effect of electron spill-out, we implement either a po-
tential-wall or an open boundary condition in the same PIC
framework, corresponding to HW-HDM and SC-HDM,
respectively. The potential wall is created by applying an
external static electric-field of 117 V/nm over a 2 nm shell
surrounding the nanowire. This number is chosen merely
to represent a very large potential wall, which is equivalent
to 100 times the work function of Na over 2 nm thickness.

As evidently indicated in Figure 4A, on the same basis
of Fermi–Dirac statistics, the open boundary PIC simula-
tions predict a red-shift on the 1/R scaling (red line),
whereas the potential-wall PIC simulations have an
opposite blue-shift prediction (black line). Clearly, it is the

6 W.J. Ding et al.: Particle simulation of plasmons



spill-out of electrons that has caused the red-shift, but only
for Na nanowires of radius R smaller than a critical value
Rc≈ 5 nm. Beyond this critical point (i. e., R > Rc), a sub-
stantial deviation from the 1/R dependence is observed,
which can be attributed to retardation [24]. The results
agreed reasonably well with the SC-HDM model (dashed
line) [24]. Unlike these results from Fermi–Dirac statistics,
Maxwell-Boltzmann statistics, however, results in no sig-
nificant spectral shift below the retardation limit (gray
line). This is probably due to the underestimated kinetic
energy of electrons from Maxwell-Boltzmann statistics.

Besides predicting the resonant surface plasmon en-
ergies, we are also able to compute directly from the PIC
model the space distribution of free electron densities,
similar to other microscopic theoretical approaches. Tak-
ing a particular Na nanowire with R = 2 nm as an example,
in Figure 4B, we plot the steady-state free electron density
around the edge of the nanowire, with open and potential-
wall boundary conditions, after 10 fs from the start of the
simulation (note: this steady state is self-evolved and
developed from an initialized uniform distribution of
electrons). From Figure 4B, the spill-out of the free

Figure 4: Revealing electron spill-out effects. (A) Simulated surface plasmon resonant energies of infinitely long Na nanowires as a function of
the inverse of their radius (1/R), employing either open or potential-wall boundary conditions in the PIC method, benchmarked to the self-
consistent hydrodynamic method (SC-HDM) [24]. (Inset) The Na nanowires are assumed infinitely long in z-direction and 2D PIC simulations
were performed. (B) For Na nanowire with radius R = 2 nm excited at its plasmon resonance, the steady-state space distributions of the free
electrons density and induced charge density (inset) near the edge of the nanowire, for open (red) and potential-wall (black) boundary
conditions. (C) Snapshots of the free electron movements near the upper edge of the Na nanowire with radius R = 2 nm to show the soft
boundary in PIC, which can be set as potential-wall (upper panel) or open (lower panel) to restrict or allow surface electrons to spill out. The red
(blue) dots represent electronsmoving upwards (downwards). In this 2D particle simulation, the Na nanowire is initialized using free electron
density n= 2.5 × 1028 m−3 with eitherMaxwell–Boltzmann of initial mean electron energy of 0.0375 eV or Fermi-dirac statistics with EF = 3.24 eV
at T = 300 K. The nanowire is excited by a single negatively charged macroparticle travelling at a constant velocity of vx = c/2, where c is the
speedof light in free space, and0.1 nmaway from the edge of the nanowire in (A). To illustrate electrondynamics at plasmon resonance, theNa
nanowire is excited by a continuous planewavewith central laser frequency equal to the plasmon resonant frequency, linearly polarized along
y and propagating in the x direction in (B) and (C).

W.J. Ding et al.: Particle simulation of plasmons 7



electrons is more prominently present in the simulation
with open boundary. Nevertheless, it is questionable that
quite a significant number of electrons are still observable
outside the material boundary for the potential-wall
boundary condition. This is due to the interpolation algo-
rithm in PIC simulation. To better distinguish the electron
spill-out for the two boundary conditions, we also plot the
induced charge density (i. e., the difference between ion
and electrondensity) [46] in the inset of Figure 4B. For open
boundary (red curve), “+” (or “−”) charge accumulation
appears just inside (or outside) the edge of the Na nano-
wire, indicating the electron spill-out. In contrast, “−”
charge accumulation occurs only within the nanowire for
the potential-wall boundary (black curve), representing
electron spill-in.

More vividly, for the samenanowire,we show the real-time
electronmovements in the x–yplanenear theupper edgeof the
nanowire at four typical timeswithin a single plasmon cycle T0
inFigure4C.With red (blue)dots representingelectronsmoving
upwards (downwards), it is pictorially evident that electron
bunching occurs periodically, forming the plasmon dipole
mode (see t=0withmost red dots and t=0.5T0withmost blue
dots), for both potential-wall and open boundary conditions.
However, the potential-wall boundary restricts the spill-out of
the electrons in the vicinity of theNa surface, whereas the open
boundary indeed allows some electrons to get out, because
their movements are purely determined by the local electro-
magnetic fields.

The results presented in this section give a demonstra-
tion of an important feature of particle simulation, i. e., the
soft boundary condition, where we have the flexibility to set
the boundary to be open or a potential-wall. This allows us
to capture the microscopic dynamics of electrons at the
material interface (in this example, the electrons are spilling
out of Na into the vacuum) so as to study the effects of such
dynamics. We could further modify the settings of our po-
tential-wall boundary condition to include more physics or
even some quantum effects. By doing so, the potential of
particle simulation is unlimited, e. g., an extension to Ag
nanowires by including inter-band transitions (see below),
bimetallic nanoplasmonic structures, electron spill-out and
charge transport between nearly touching nanoparticles.

4 Limitations and extensions

4.1 Inter-band transitions

Over a wide frequency range, the optical properties of
metals can be explained by the free electron model [25]. To

be more precise, the free-electron description adequately
describes the optical response of metals only for photon
energies below the threshold of transitions between elec-
tron bands. It breaks down when inter-band transitions
occur. For alkali metals, this range extends up to the ul-
traviolet, while for noble metals inter-band transitions
occur at visible and near-infrared frequencies, limiting the
validity of this approach. Above their respective band edge
thresholds, photons are very efficient in inducing inter-
band transitions, where electrons from the filled band
below the Fermi surface are excited to higher bands. The
main consequence of these processes concerning plas-
mons is an increased damping and competition between
the two excitations at visible frequencies. At the moment,
the contribution from valence electrons is neglected in PIC
simulations, while the ions (composed of the nucleus, core
and valence electrons) only keep the charge neutrality in
the metal. To take into account the screening effect of the
valence electrons governed by the inter-band transitions,
another species of particles with larger effective mass can
be introduced into our PIC simulation to represent valence
electrons. To simplify, as these heavier valence electrons
are moving closely around the nucleus, they effectively
cause a highly polarized environment, which can be
modelled by a background ε∞ [25] in future PIC simula-
tions.

4.2 Damping via collisions

The electrons oscillate in response to the applied electro-
magnetic field, and their motion is damped via collisions
occurring with a characteristic collision frequency γ � 1/τ.
Here, τ is known as the relaxation time of the free electron
gas, which is typically on the order of 10−14 s at room tem-
perature, corresponding to γ = 100 THz [25]. The results
shown in Section 3.1 are based on the assumption that
there are no collisions among the electrons. When the
collision effect is included (about 4× longer computation
time), plasmon resonance frequencies barely change, but a
decrease in the amplitudes of the spectral peaks would be
observed. The collisions between electrons should there-
fore be included in PIC simulations for studies concerning
damping in plasmons.

4.3 Fermi-electrons in metals

To model solid metals using plasma-physics based PIC,
that is normally used to model quantum plasmas [49], the
quantum effects become important when the temperature
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T is lower than the Fermi temperature TF, hence the rele-
vant statistical distribution changes from Maxwell–Boltz-
mann to Fermi–Dirac. Besides, energy (i. e., work function)
is required to free the Fermi-electrons from the metal. It is
possible to implement such an energy barrier by setting up
a potential-wall at the surface of the metal, as illustrated in
our electron spill-out study. So far, we have only tried a
very basic implementation of a sharp potential-wall by
adding an external static electric-field over an extremely
short distance. This electric field will simply push away
those electrons approaching the wall. To further improve
the potential-wall implementation, we could consider a
more accurate profile of the potential barrier and the
quantum tunneling probability for each electron [6, 31].
Depending on their kinetic energies, some electrons will be
reflected back to the metal, while some will be allowed to
transmit through the wall. This idea of a quantum poten-
tial-wall could be implemented in future.

4.4 Shape function

Non-locality in plasmonic structures is the result of elec-
tron-electron repulsion and consequently a wave-vector
dependent response of the system. In PIC simulation, both
factors are implicitly taken into account by charge depo-
sition and field interpolation at mesh nodes through the
shape function defined in Eq. (4) [10]. This opens up an
opportunity to use shape function as a fitting parameter for
PIC simulation of non-local effects in plasmons. For
example, different orders of shape function could be
implemented to account for the range of electron-electron
repulsion, which could affect the slope of the size-depen-
dent curve in Figure 4A in a similar manner as the β factor
of the hydrodynamic model [34]. The shape function used
in our current work is based on second order interpolation,
where the function extends over a distance equal to three
times the PIC cell size [30], which is set to be 0.1 nm. Higher
orders will be more accurate but computationally more
expensive [28]. This topic can be further explored in future
work to thoroughly interpret the PIC results, together with
benchmarked data such as experiments or SC-HDM results.

5 Conclusions and outlook

We have demonstrated a new theoretical framework to
model plasmons – particle simulation, which not only
solves for electromagnetic fields, but also traces the mo-
tions of electrons. In doing so, our numerical experiment
by particle simulation is able to provide a microscopic

(electronic-scale) view of plasmons. In the first example of
studying plasmons inside an Au nanoribbon, we have
employed a single-electron source, mimicking realistic
EELS experiments, to efficiently excite various plasmon
modes in one go. Different excitation scenarios can be
handled straightforwardly by our particle simulations. To
analyze the electron dynamics for a particular plasmon
mode, we have the flexibility to switch to plane-wave exci-
tation at a central frequency and extract information of in-
terest. For example, we have vividly illustrated the spatial
bunching of free electrons with their corresponding veloc-
ities during a cycle of a plasmonoscillation, noticing that the
plasmon field is a quarter-cycle delayed with respect to the
electron bunching. Other diagnosis techniques could be
applied to reveal different aspects of plasmons.

The other uniqueness of particle simulation lies in the
soft boundary conditions. We have made use of this
property to demonstrate the possibility of modelling elec-
tron spill-out effects in Na nanowires, benchmarked to the
well-developed hydrodynamic models. It should be
emphasized that particle simulation is able to differentiate
between free and valence electrons, and can turn on and
off an external potential-wall at the material boundary.
This operational flexibility allows us to differentiate alkali
and noble metals, and to identify regimes where electron
spill-out or retardation effects dominate. Moving forward,
our PIC model could be further developed by taking into
consideration the inter-band transitions, the electron-
electron collisions, and a more comprehensive description
of Fermi-electrons in metals and beyond. This is still a
largely unexplored field, and is thus likely to become an
active area of future research.
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