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Abstract: We study the nonlinear optical response generated by themassless Dirac quasiparticles
residing around the topologically-protected Dirac/Weyl nodal points in three-dimensional (3D)
topological semimetals. Analytical expressions of third-order interband nonlinear optical
conductivities are obtained based on a quantum mechanical formalism which couples 3D Dirac
fermions with multiple photons. Our results reveal that the massless Dirac fermions in three
dimensions retains strong optical nonlinearity in terahertz frequency regime similar to the case
of the two-dimensional Dirac fermions in graphene. At room temperature, the Kerr nonlinear
refractive index and the harmonic generation susceptibility are found to be n2 = 10−11 ∼ 10−8

m2W−1 and χ(3) = 10−14 ∼ 10−8 m2V−2, respectively, in the few terahertz frequency regimes,
which is comparable to graphene and orders of magnitudes stronger than many nonlinear crystals.
Importantly, because 3D topological Dirac/Weyl semimetals possess bulk structural advantage
not found in the strictly two-dimensional graphene, greater design flexibility and improved
ease-of-fabrication in terms of photonic and optoelectronic device applications can be achieved.
Our finding reveals the potential of 3D topological semimetals as a viable alternative to graphene
for nonlinear optics applications.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The discovery of topologically-protected emergentDirac/Weyl nodal fermions in three-dimensional
(3D) crystalline solids represents a major milestone of 21st century condensed matter physics
and material science. Unlike graphene in which the (2 + 1) massless Dirac fermions is strictly
confined in the atomically-thin two-dimensional (2D) plane of the hexagonal carbon lattice, the
(3 + 1) massless Dirac fermions resides in the bulk of the 3D crystals and has a linear electronic
band structure dispersing in all three dimensions at the vicinity of the Dirac/Weyl nodal point
[1], [2]. The existence of such topologically-protected nodal point in the 3D crystal has been
experimentally confirmed in Na3Bi [3], Cd2As3 [4,5] and many other crystals. Immediately
after the first experimental confirmation of 3D topological nodal point semimetals, many exotic
physics phenomena such as chiral anomaly [6], transversal shift at a superconducting interface
[7], large intrinsic anomalous Hall effect [8] and exceptionally strong magnetoresistance [9] have
been subsequently identified. The extraordinarily rich physics contained in topological systems
have fueled an extensive search of exotic topological emergent fermions in 3D solids, and the zoo
of topological semimetals, such as Weyl fermions, nodal line, nodal surface, Hopf link, double
helix, hourglass, and so on, continue to expand.
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One of the hallmarks of the (2 + 1)-dimensional massless Dirac quasiparticles in graphene
is their exceptionally strong optical nonlinearity that covers a rather broad frequency regime
of far infrared, terahertz and near infrared [10–13]. The optical nonlinearity of graphene been
extensively studied theoretically and experimentally in recent years. Graphene’s nonlinear
optical coefficient has been determined at around n2 = 10−11-10−15m2/W around the visible and
telecommunication spectrum by various experimental approaches, such as the four-wave-mixing
(FWM) [14], self-phase modulation (SPM) [15], and Z-scan measurements [16–20]. Together
with many unusual electronic and optical properties of graphene that arises from its unusual linear
Dirac conic band structure, such as the tunable optical conductivity, strong light confinement,
and the exceptionally high electrical mobility, graphene has been hailed as a promising holy
grail for plasmonic applications [21,22]. More recently, the electrostatic-gate-tunable terahertz
plasmon and third-order optical response have been demonstrated [23,24], thus opening up a
new route of dynamically tunable nonlinear optical applications not achievable in conventional
nonlinear media.
For the case of (3 + 1)-dimensional emergent Dirac fermions in topological Dirac/Weyl

semimetals, the presence of linear Dirac conic band structure is expected to produce optical
properties similar to that of graphene. The linear optical response of Dirac and Weyl semimetals
has been studied in [25] based on the wave-vector- and frequency-dependent current-current
response function approach. Using Kubo linear response theory, it is found that 3D Dirac/Weyl
semimetals not only host Dirac surface plasmon polariton at their surface, their 3D bulk nature
further allows the propagation of unusual electromagnetic modes in a waveguide geometry
[25,26]. Multiple designs of 3D-Dirac-semimetal-based photonic devices, such as metasurfaces,
photonic crystals, and broadband absorber, have been recently proposed. In the nonlinear regime,
the semiclassical third-order nonlinear intraband optical conductivity of 3D massless Dirac
fermions, formulated using perturbative Boltzmann transport theory, has been reported in a recent
pilot study [27], and it is found that topological Dirac semimetal significantly outperforms in the
Kerr nonlinearity and nonlinear switching performance. This finding immediately suggests an
exciting opportunity of replicating the nonlinear plasmonics of graphene in 3D topological solids
without being restricted by the two-dimensionality of graphene. The computational model used
in [27], however, is incomplete by laking in account with the quantum mechanical interband
optical transition, which is expected to play an important role especially when the photon energy
is significantly larger than the Fermi level. In this work, we formulate the nonlinear optical
conductivities of 3D massless Dirac fermions in the quantum mechanical interband regime. By
coupling the 3D Dirac equation with an external electromagnetic field, analytical expressions
of the high-order optical conductivities are perturbatively and recursively constructed through
Floquet expansion [28–33]. We focus on the technologically important nonlinear phenomena,
namely the third-order optical Kerr and high-harmonic generation effects, and calculate their
corresponding nonlinear coefficients. Using Cd3As2 as an illustrative example, we show that
the optical nonlinearity of (3 + 1)-dimensional massless Dirac fermion is comparable with the
2D counterpart in graphene, and is orders of magnitude stronger than many nonlinear crystals.
Our finding suggests that 3D topological Dirac/Weyl semimetal simultaneously retains the 3D
structural advantage of conventional bulk metals and the strong optical nonlinearity of Dirac
quasiparticles, thus serving as a strong alternative material to graphene for the design and
development of novel nonlinear photonic and optoelectronic devices operating in the terahertz
frequency regime.

2. Theoretical formalism

The minimal effective model describing the (3 + 1)-dimensional massless Dirac fermions around
a single Dirac/Weyl nodal point can be written as Hk =

∑
i ~σiviki, where i = x, y, z denotes

the three orthogonal spatial coordinates, k = (kx, ky, kz) is the quasi particle wave vector, and vi
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is the directional-dependent Fermi velocity. While this simplistic effective model captures the
essential physics of 3D gapless Dirac cone in Dirac and Weyl semimetals, the unusual properties
of Weyl quasiparticles, such as the presence of a topological axion term in the electrodynamics
in a Weyl node and the contrasting optical properties between Type I and Type II Weyl nodes as
well as the Weyl node separations [34,35], are not captured by this model, and shall form the
subject of future works. The eigenstate and the energy dispersion of Hk can be solved from the
time-independent Schrödinger equation, Hkξk = εkξk, which yields,

εk = ~
√

v2xk2x + v2yk2y + v2z k2z , (1)

and

ξk =
©«

cos (θ/2)

eiφ sin (θ/2) ,
ª®¬ (2)

where φ ≡ tan−1
(
vxkx/vyky

)
, and θ ≡ cos−1 (~vzkz/εk)

In the presence of an external electromagnetic field, the photon can be coupled to Hk by the
minimal coupling scheme [32,36], k→ k + eA, where A = eE(t)/iω and E(t) = E0eiωt. Here
we consider only the case when the Dirac/Weyl semimetals is under a continuous wavefront
illumination. Without loss of generality, we assume that the external electric field is pointing in
the x-direction The photon-dressed Hamiltonian of a Dirac/Weyl nodal point is expressed as

Hk(t) = ~ ©«
Pz P−+Aeiωt

P++Aeiωt −Pz

ª®¬ , (3)

where Pz ≡ vzkz, P− ≡ vxkx − ivyky, P+ = vxkx + ivyky, A ≡ vxAx = vxEx/iω, ω = 2πf is the
angular frequency.

The time-dependent two-spinor eigenstates of Eq. (3) can be expressed as an expansion in the
basis set,

ψk(t) =
∞∑

n=−∞

©«
αn

βn

ª®¬ einωte−i εk
~ t, (4)

where (αn, βn) are n-th order spinor components that contains all information related to the
strength of n-photon/electron coupling process. The spinor components in Eq. (4) can be
obtained from solving the time-dependent Schrodinger equation, i~∂ψk(t)/∂t = Hψk(t). Due to
the orthonormal relation of einωt, we obtain the recursion relations that couples the n-th order
with (n − 1)-th order spinor components,

(εk − Pz − nω̃)αn = P−βn + Aβn−1

(εk + Pz − nω̃)βn = P+αn + Aαn−1.
(5)

where ω̃ = ~ω. The n-th order dynamical current density can be calculated by,

J(t) = ge
(2π~)3

∫
Nµ
β (εk)〈v̂〉d3k

=
ge
(2π~)3

1
vxvyvz

∫
N(P)〈v̂〉d3P,

(6)

where g is the degeneracy factor (g = 4 for Cd3As2), v̂ = ~−1∂Hk(t)/∂k, 〈v̂〉 = ψ†k(t)v̂ψk(t),
v̂i = viσi, Nµ

β (ε) = nF(ε , µ, T)−nF(−ε , µ, T) = sinh(ε/kBT)/[cosh(ε/kBT) + cosh(µ/kBT)] is the
interband thermal factor, µ is the fermi level and T is the temperature. Here P = (vxkx, yyky, vzkz)
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and εk = ε = |P| = |(vxkx, yykyvzkz)|. Taking into account the anisotropic fermi velocity, the
i-directional current density is

Ji(t) =
ge
(2π~)3

vi

vjvk

∑
Λ

∫
dεNµ

β (ε)jΛ(ε)ε
2, (7)

where vi, j, k denotes the three fermi velocity for the 3D material, and vi is the velocity along the
direction of electromagnetic field.

jΛ(ε) =
∫

sin(θ)dθdφ
n+m=Λ∑

n, m
(α∗nβm + β

∗
nαm)ei(n−m)ωt, (8)

the notation ∗ denotes complex conjugation.
We now briefly describe the procedures for deriving the nonlinear optical conductivity from

Eqs. (5) and (7) [32,36,37]. Firstly, the substitution of ω̃→ ω̃ + iδ is made, where δ is a small
smearing term added to (7) to ensure convergence. In the limit of δ→ 0, the Sokhotski-Plemelj
formula is used to obtain Jx(t). The optical conductivity can then be calculated asσ(t) = J(t)/E(t).
For n = 0, there is no incident photons, the recursive formula in Eq. (5) can be solved to give the
zeroth order spinor components, i.e. α0 = cos (θ/2), β0 = sin (θ/2) eiφ, which is in agreement
with the bare electron eigenstate obtained from the time-independent Schrodinger equation [see
Eq. (2)]. For n ≥ 1, the recursive relation in Eq. (5) can be decoupled as

αn = Cn

{
εke−iφαn−1 +

[
εk cos

(
θ

2

)
− (n − 1)ω̃

]
βn−1

}
βn = Cn

{
εkeiφβn−1 −

[
εk cos

(
θ

2

)
+ (n − 1)ω̃

]
αn−1

}
,

(9)

where Cn = A/nω̃(nω̃ − 2P). Finally, the higher-order spinor components can be recursively
constructed using Eq. (9), and the optical current densities can be calculated using the methods
described above. In this work, we focus on the single-photon linear response, the third-order
single-frequency nonlinear response which corresponds the simultaneous absorption of two
photons and the emission of one photon, and the third-order triple-frequency nonlinear response
which corresponds to the simultaneous absorption of three photons. The schematic drawing of
the linear and third-order nonlinear optical processes are shown in Fig. 1.
For linear optical response, the electrical current density can be calculated by combining the

n = 0 and n = 1 spinor components, i.e.

σ
(1)
inter =

ge2

24π~
vi

vjvk
ωNµ

β (ω̃/2), (10)

which is in agreement with the real part optical conductivity calculated using Kubo linear
response theory [26]. As σ(1)inter ∝ ω, the diverging nature of σ(1)inter when ω→∞ does not satisfy
the Titchmarsch Theorem [38]. Thus, the imaginary part cannot be directly computed using
Kramers-Kronig relations. Instead, to calculate the linear refractive index n1 and k1, we evaluate
the imaginary part of the linear conductivity directly based on the Kubo formula [26]

σI(ω) = σ0
vi

vjvk

∫ εC

0

Nµ
β (ε) − Nµ

β (ω̃/2)

ω̃2 − 4ε2
εdε (11)

where σ0 =
e2gω
3π2~ and εC is the cutoff energy beyond which the Dirac spectrum is no longer linear.
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Fig. 1. Schematic illustration of linear and nonlinear optical processes in (3 + 1) massless
Dirac fermions. For simplicity, we choose kx = ky = 0 plane. The first-order current is
denoted by J1(ω). The third-order terms are J3(ω) and J3(3ω). J3(ω) corresponds to the
Kerr process where two incoming photons are absorbed, followed by the immediate emission
of a third photon. J3(3ω) term corresponds to the simultaneous absorption of three photons
that leads to high-harmonic generation.

The real part of the third-order optical conductivity is composed of two terms: (i) the single-
frequency Kerr term; and (ii) the triple-frequency high-harmonic generation (HHG) term, which
are found, respectively, as

σ
(3)
inter(ω) =

ge4v3i
8π~3ω3

16
15

Nµ
β (ω̃)

σ
(3)
inter(3ω) =

ge4v3i
8π~3ω3

[
16
45

Nµ
β (ω̃) −

4
45

Nµ
β

(
ω̃

2

)
−
3
5

Nµ
β

(
3ω̃
2

)]
,

(12)

We note that the nonlinear optical conductivity diverges as ω → 0. In this case, the carrier
scattering effect becomes strongly dominant and a more comprehensive model that takes into
account various carrier scattering mechanisms should be used. Thus, we have limited the
minimum frequency to 0.1 THz so to avoid dwelling into the scattering-dominated regime.
The imaginary part for the third-order nonlinear optical conductivity can be derived using the
generalized Kramers-Kronig relations [38],

ωNσ
(n)
I (ω) = −

1
π

∫ ∞

−∞

ω′Nσ
(n)
R (ω

′)

ω′ − ω
dω′ (13)

where n = 1, 3 for Kerr and HHG process, respectively. N is a correction factor that reduces the
order of ω in the denominator of σ(3)inter so to ensure the convergence of Eq. (13). For the case of
Eq. (12), N = 3. And for conventional Kramers-Kronig relations Eq. (13), N = 0.
For completeness, we further include the semiclassical intraband optical conductivities,

which has been previously developed in [27]. The intraband optical conductivities can be
straightforwardly generalized to the case of anisotropic 3D Dirac cone, which is inevitably present
in realistic topological Dirac semimetals such as Cd3As2. We obtain the following anisotropic
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intraband optical conductivities,

σ
(1)
intra(ω) =

ge2vi

6π2~3vjvk

τ

1 − iωτ

[
µ2 +

π2

3
(kBT)2

]
,

σ
(3)
intra(ω) =

ge4v3i
5π2~3vjvk

τ

(1 + ω2τ2)(1 − 2iωτ)
n̄F,

σ
(3)
intra(3ω) =

3ge4v3i
5π2~3vjvk

τ

(1 − iωτ)(1 − 2iωτ)(1 − 3iωτ)
n̄F,

(14)

where the n̄F = [1 + exp(−µ/kBT)]−1 is the intraband thermal factor and we have assumed τ = 5
ps as the carrier scattering time [39]. Finally, the total optical conductivity is evaluated as σ =
σinter +σintra. In order to show its optical response, optical susceptibilities χ(n)(ω) = iσ(n)/nε0ω,
as the factor to the polarization P(t) = ε0[χ(1)E + χ(2)E2 + χ(3)E3 . . . ], is evaluated.

3. Results and discussions

TheCd3As2, as an illustrative example, has an anisotropic fermi velocity (vx, vy, vz) = (1.28, 1.30, 0.327)×
106 m/s. It’s almost same along the x and y directions and significantly smaller along the z-
direction. Because of this strong band structure anisotropy effect, the optical response is expected
to be highly anisotropic. During calculation, we set the bandwidth of the linear energy dispersion
to be εC ≈ 0.1eV .

In Fig. 2, the directional-dependent linear optical susceptibility is numerically evaluated in the
frequency window between 0.1 THz and 10 THz. The vertical axis on the left and right-hand
side denote the x ≈ y and z direction susceptibility, respectively. For the real part of the linear
susceptibility, χ(1)R (ω), the intraband component always dominates over the interband component.
In contrast, for the imaginary part of the linear susceptibility, χ(1)I (ω), the intraband component
dominates over the interband only at low-frequency regime, while becomes significantly weaker
than the interband component at a higher frequency. The difference between x ≈ y and z direction
proportional to the velocity ratio v3i /vjvk, which leads to a significant deviation of approximately
an order of magnitude between χ(3)x≈y and χ

(3)
z in both real and imaginary parts. Due to inversion

symmetry, the even-order nonlinear optical response is strictly forbidden.

Fig. 2. Comparison between linear interband and intraband optical conductivity at T = 300K
and µ = 0.05eV . Both the real and the imaginary parts of χ(1)(ω) along the x-and z-directions
have the same frequency dependence but with different magnitude. The χ(1)(ω) along the
x-direction is about 15 times large than that along the z-direction. (a) and (b) show the real
and imaginary part of σ(1)(ω), respectively.

The third-order nonlinear optical response is composed of two frequency modes, namely the
single-frequency Kerr effect, χ(3)(ω), and the triple-frequency HHG process, χ(3)(3ω). The
nonlinear susceptibilities are related to the nonlinear optical conductivities, σ(3)(ω) and σ(3)(3ω),
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as

χ(3)(ω) = i
σ(3)(ω)

ε0ω
, χ(3)(3ω) = i

σ(3)(3ω)
3ε0ω

. (15)

The Kerr and HHG susceptibilities are shown in Fig. 3. In general, the susceptibilities decay
rapidly at a higher frequency due to the 1/ω4 dependence. For the Kerr effect, a zero-value
frequency exists, beyond which χ(3)R (ω) changes from negative to a positive value. Such critical
frequency signals a peculiar behavior at which the THz radiation propagating in a topological
semimetal cross over from the self-focusing to the self-defocusing effect. In contrast, the HHG
process, χ(3)(3ω), maintains a positive value throughout the THz regime. For the imaginary
part, the HHG χ(3)(3ω) lies entirely in the negative regime, while the Kerr susceptibility exhibits
a similar transition from positive to a negative value at low frequency. For higher fermi level,
i.e. µ = 0eV, 0.01eV, 0.05eV, the critical frequency, fc, at which χ(3) crosses over between the
negative-valued and positive-valued regimes gradually shifts towards higher frequency. We
further note that, at the typical values of µ = 0.01 eV, the onset frequency of the interband
optical response is estimated as ω = 2µ/3~ ≈ 10 THz, which is beyond our frequency window of
interests. Sharp optical transition due to interband process is thus not visible in our case.

Fig. 3. Third-order nonlinear susceptibility at T = 300 K. (a) and (c) show the real part
value of χ(3)(ω) for Kerr and HHG process, respectively. (b) and (d) shows the imaginary
part corresponding to (a) and (c), respectively.

We further investigate the µ-dependence of the zero-value frequency in Fig. 4. It is seen
that fc increases monotonously with µ and almost linearly. This phenomena suggests that the
self-focusing and self-defocusing effect can be flexibly tuned by using chemical or electrostatic
doping, thus revealing potential applications of topological Dirac/Weyl semimetal in THz wave
modulation.
Next we calculate the complex nonlinear refractive index, n2 and k2 by using the relations,

n + ik =
√
1 + χ(1), (16)

n2 =
3

4ε0c(n2 + k2)
[χ
(3)
R +

k
n
χ
(3)
I ], (17)
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Fig. 4. The crossover effect from negative-valued to positive-valued χ(3)(ω). (a) The
red circles highlight the critical frequency at which the crossover occurs. (b) shows the
µ-dependence of the crossover frequency at T = 300 K.

k2 =
3

4ε0c(n2 + k2)
[χ
(3)
I −

k
n
χ
(3)
R ]. (18)

In Fig. 5, the n2 and k2 of the Kerr and HHG processes in the z-direction are shown. The
cross-over from negative-valued to positive-valued occurs for both Kerr and HHG process [see
Figs. 5(a) and 5(c)]. However, the k2 behaves rather differently between the Kerr [Fig. 5(d)]
and the HHG process [Fig. 5(b)]. For HHG, the k2 is negative in the entire few THz window
[Fig. 5(b)], while that of the Kerr process changes from positive value at low frequency to
negative value at high frequency. This contrasting behaviors of k2 shall provide a clear signature
to distinguish between the Kerr and the HHG effects in topological Dirac/semimetal.

Fig. 5. The nonlinear refractive index along the z-direction at 300K. The Three type lines
represent different chemical potentials condition. (a) and (b) shows the n2 and k2 of the HHG
effect, respectively. (c) and (d) shows the n2 and k2 of the optical Kerr effect, respectively.

Due to the presence of anisotropic velocity in realistic 3D topological Dirac semimetal, the
optical response becomes strongly anisotropic. In Fig. 6, the n2 and k2 of the Kerr and HHG
processes along x ≈ y direction are shown. The n2 [Figs. 6(a)] and k2 [Figs. 6(b)] of the HHG
process in x ≈ y direction remains qualitatively similar to that of the z direction. However, the n2
of the Kerr process distinguish to the x [Fig. 6(c)] and z direction [Fig. 5(c)]. The crossover from



Research Article Vol. 27, No. 26 / 23 December 2019 / Optics Express 38278

Kerr self-focusing to self-defocussing is no longer present in the few THz frequency windows
along the x, y directions. The k2 index of the Kerr process [Fig. 6(d)] remains qualitatively the
same in all directions.

Fig. 6. The nonlinear refractive index along the x-direction at 300K. The Three type lines
represent different chemical potentials condition. (a) and (b) shows the n2 and k2 of the HHG
effect, respectively. (c) and (d) shows the n2 and k2 of the optical Kerr effect, respectively.

Finally, we compare the Kerr coefficients of Cd3As2 computed in this work with other
nonlinear crystals. For f ≤ 5 THz, the Kerr coefficient can reach around |n2 | ≈ 10−8m2W−1,
which is appreciably stronger than graphene [27] with |n2 | ≈ 10−10m2W−1, Si7N3 with |n2 | ≈
28 × 10−18m2W−1 [40], topological insulator Bi2Se3 with |n2 | ≈ 10−14m2W−1 [41] and Bi2Se3-
Bi2Te3 heterostructures with |n2 | ≈ 10−9 10−10m2W−1 [42], chalcogenide glass As2S3 with
|n2 | ≈ 2.9 × 10−18m2W−1 [43], silicon with |n2 | ≈ 6 × 10−18m2W−1 [43] and silica with
|n2 | ≈ 0.022 × 10−18m2W−1 [43].

4. Conclusion

In summary, we study the third-order nonlinear Kerr and HHG optical response generated by
the 3D massless Dirac fermions in topological Dirac/Weyl semimetals. Using Cd3As2 as an
illustrative example, we show that the optical nonlinearity of 3D topological semimetal can be
comparable to graphene, and is significantly stronger than many other 3D crystals. The predicted
nonlinear optical coefficients can be experimentally verified by measuring the terahertz waves
high harmonic conversion efficiencies using intense terahertz pump pulse measurement [44]. Our
model predicts a sharp transition from Kerr self-focusing to self-defocusing effect in few THz
regimes, which shall form a clear smoking gun experimental signature of (3+1)-dimensional
massless Dirac fermions. Importantly, the 3D nature of the topological Dirac/Weyl semimetal is
more advantageous in terms of device fabrication and offers greater design flexibility compared
to 2D graphene. Our findings thus reveal the potential of topological Dirac/Weyl semimetal as a
promising candidate material for nonlinear Dirac photonic and optoelectronic applications.
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