
Shot noise of low energy electron field emission due to Klein tunneling
S. Sun and L. K. Ang 
 
Citation: J. Appl. Phys. 112, 016104 (2012); doi: 10.1063/1.4733349 
View online: http://dx.doi.org/10.1063/1.4733349 
View Table of Contents: http://jap.aip.org/resource/1/JAPIAU/v112/i1 
Published by the American Institute of Physics. 
 
Related Articles
Direct observation and mechanism of increased emission sites in Fe-coated microcrystalline diamond films 
J. Appl. Phys. 111, 124309 (2012) 
Low threshold field emission from high-quality cubic boron nitride films 
J. Appl. Phys. 111, 093728 (2012) 
Screened field enhancement factor for a tall closely spaced array of identical conducting posts and implications
for Fowler-Nordheim-type equations 
J. Appl. Phys. 111, 096102 (2012) 
Field dependence of the E1′ and M3′ electron traps in inductively coupled Ar plasma treated n-Gallium Arsenide 
J. Appl. Phys. 111, 093703 (2012) 
Breakdown voltage reliability improvement in gas-discharge tube surge protectors employing graphite field
emitters 
J. Appl. Phys. 111, 083301 (2012) 
 
Additional information on J. Appl. Phys.
Journal Homepage: http://jap.aip.org/ 
Journal Information: http://jap.aip.org/about/about_the_journal 
Top downloads: http://jap.aip.org/features/most_downloaded 
Information for Authors: http://jap.aip.org/authors 

Downloaded 12 Jul 2012 to 202.94.70.60. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions

http://jap.aip.org/?ver=pdfcov
http://aipadvances.aip.org/resource/1/aaidbi/v2/i1?&section=special-topic-physics-of-cancer&page=1
http://jap.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=S. Sun&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jap.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=L. K. Ang&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jap.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4733349?ver=pdfcov
http://jap.aip.org/resource/1/JAPIAU/v112/i1?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4729836?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4711093?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4711091?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4709390?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4704699?ver=pdfcov
http://jap.aip.org/?ver=pdfcov
http://jap.aip.org/about/about_the_journal?ver=pdfcov
http://jap.aip.org/features/most_downloaded?ver=pdfcov
http://jap.aip.org/authors?ver=pdfcov


Shot noise of low energy electron field emission due to Klein tunneling

S. Sun1 and L. K. Ang1,2,a)

1School of Electrical and Electronic Engineering, Nanyang Technological University, Singapore 639798
2Engineering Product Development, Singapore University of Technology and Design, Singapore 138682

(Received 13 March 2012; accepted 2 June 2012; published online 12 July 2012)

This paper investigates the property of shot noise for low energy electron field emission from a

single-layer vertically aligned graphene sheet assuming the emission process is due to Klein

tunneling. In our model, we use two different methods (relativistic WKB and transfer matrix) to

calculate the transmission coefficient and thus obtain the Fano factor (c or suppression of shot noise)

as a function of temperature T, Fermi energy Ef , and local electric field F. It is found that a universal

maximum value of about c¼ 1/3 can be reached at low temperature limit within a certain range of

local electric field. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4733349]

Graphene, first isolated in 2004,1 has attracted extraordi-

nary interests due to the unusual electronic properties and

applications.2 Recently, many experiments have confirmed

that graphene or graphene composite is promising to be an

efficient electron emission source, because of low turn on

voltage,3 high current density,3,4 good stability,4,5 long life-

time,6 and compactness in a nanogap.7 Compared to the con-

ventional bulk semiconductors, despite the reduction on the

dimensionality, the low energy charge carriers near the cor-

ner of the hexagonal Brillouin zone are described as mass-

less, chiral Dirac fermions, which exhibit angle dependent

Klein tunneling behavior.8,9 Our recent model10 has sug-

gested that once the Klein tunneling effect is taken into

account, the field emission characteristic of graphene is dif-

ferent from the traditional Fowler-Nordheim (FN) theory.11

Under the same geometrical field enhancement factor, our

model predicts a much higher emitted current as compared

to the FN law at low voltages.

Shot noise is the fluctuation in the electrical signal due to

the discreteness of electron charges, which is useful to obtain

information not available through the standard conductance

measurement. The general expression between the spectral

power density S and the mean value of current I is S ¼ 2cqI,
where q is the unit charge. Here, c is the Fano factor, which

represents the deviation from the uncorrelated (or full) shot

noise 2qI.12 Due to the correlation among the electrons such

as the Coulomb correlation, and the effects of quantum parti-

tioning due to the Pauli exclusion principle,13 suppression of

shot noise (with c < 1) can be realized.

For graphene, Tworzydlo14 first predicts that the Fano

factor of a single barrier structure has a maximum value of

c¼ 1/3 at the Dirac point for a short and wide graphene strip,

which is coincidently the same as that of diffusive metals.15

Recent shot noise measurements in single- and multi-layer

graphene samples16,17 have shown good agreement with this

theoretical predication, and the model has been extended to

different systems, such as double18 and multi-barrier struc-

tures.19 It is generally accepted that the sub-Poisson shot

noise of graphene is due to the unique band structure at the

low energy states near the Dirac point. In other words, the

charge carriers are governed by the Dirac equation instead of

the Schroedinger equation.

Compared to the charge transport inside the material, it

was first proposed that similar quantum partitioning effect that

induces shot noise suppression may also be found in the field

emission process.12 During the electron tunneling process from

the surface of the electrode, there is a quantum partitioning

effect due to which the shot noise is no longer uncorrelated, and

its corresponding quantum shot noise suppression (or Fano fac-

tor) has been calculated by using a simplified one-dimensional

(1D) model with an arbitrarily fixed field enhancement factor.

Subsequent models have been developed to include more realis-

tic potential profiles,20 space charge effects,21 and 2D model

including the consistent field enhancement calculation.22

Motivated by these studies, in this paper, we will investi-

gate the field emission shot noise behavior of a vertically

aligned single layer graphene sheet. We show later that the re-

sultant Fano factor is closely related to temperature T, Fermi

energy Ef , and local electrical field F. Furthermore, the uni-

versal maximum value of the Fano factor (c¼ 1/3) is recov-

ered at low temperature limit. Note that vertically well-aligned

graphene single layer considered here has been recently fabri-

cated in arrays with height H from 50 to 800 nm.23

Our graphene field emission model is exactly same to our

previous works illustrated in the Fig. 1(a) in the paper.10 In

this model, a single-layer graphene with height H is assumed

to be vertically aligned (along x-axis) inside a dc gap of spac-

ing D� H with an applied voltage of Vg, and it is infinitely

long along y-axis to neglect the boundary condition (zig-zag or

armchair) on the graphene edge. To calculate the Fano factor

c, the main difficulty is that unlike metals or semiconductors,

graphene is a 2D superlattice with linear energy-momentum

dispersion at the low energy level. Thus, the conventional for-

mulas12,21,22 used to calculate the mean emitted current I and

the power spectra density S for a 3D bulk material can no lon-

ger be applied directly. It is necessary for us to re-derive the

respected formulas starting from the original definition.

By consider the effects of linear energy dispersion E ¼
�hvFk as well as the Klein tunneling, our previous work has al-

ready established the equation to calculate the emission line

current density JL [see Eq. (1) in Ref. 10]. It is straightforward

to obtain the equation for the total emitted current I, which isa)Electronic address: ricky_ang@sutd.edu.sg.
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I ¼ L� JL

¼ L� q

2p2�h2vF

ðE0

0

ðp=2

�p=2

TcðE;/Þf ðEÞE cos /dEd/: (1)

The power spectra density S can be obtained from the scat-

tering and correlation theory,24,25 given by

S ¼ L� 2q2

2p2�h2vF

ðE0

0

ðp=2

�p=2

TcðE;/Þf ðEÞ

� ½1� TcðE;/Þf ðEÞ�E cos /dEd/; (2)

where L is the emission length on the graphene edge, q is the

electron charge, �h is the reduced plank constant, vF ¼
1� 106m=s is the Fermi-velocity of graphene, f ðEÞ is the

Fermi-Dirac distribution, and Tc is the Klein tunneling coef-

ficient, which is a function of electron energy E, and incident

angle / (in x-y plane). Note Eqs. (1) and (2) remain valid as

long as the electron energy E is small so that the linear

energy dispersion is maintained, and the Klein tunneling

effect is important. In our calculations shown below, we

have assumed Ef¼ 0.1 eV (unless it is specified), and the

upper limit of the integration E0 (¼0.5 eV) is set to 5 times

higher than Ef to avoid numerical errors.

Based on Eqs. (1) and (2), the Fano factor c can be cal-

culated by

c ¼ S

2qI
¼

ð ð
Tcf ð1� Tcf ÞE cos /dEd/
ð ð

Tcf E cos /dEd/
;

¼

ð ð
Tcf ð1� f ÞE cos /dEd/
ð ð

Tcf E cos /dEd/

þ

ð ð
Tcð1� TcÞf 2 E cos /dEd/
ð ð

Tcf E cos /dEd/
;¼ cT þ cp

(3)

which clearly indicates two sources of correlations.12 The

first term cT is mainly affected by the probabilistic occupa-

tion of states in the emitter (through the Fermi Dirac distri-

bution f ðEÞ). It is very sensitive to the intrinsic thermal

agitations of the emitter since f ð1� f Þ ¼ �kBTð@f=@EÞ and

it vanishes at zero temperature. The second term cp is closely

related to the quantum partitioning and the fact that charge is

carried by discrete portions. It only contributes at finite trans-

mission probability other than zero and perfect transmission

(Tc 6¼ 0; 1) and does not vanish at zero temperature. Note cp

term is exactly equal to the one used in previous works18,19

in their calculation of the Fano factor for double- and multi-

barrier structures at the low temperature condition.

To obtain the transmission coefficient Tc, we solve the

Dirac equation ĤW ¼ EW numerically, where Ĥ is the Ham-

iltonian of graphene expressed as Ĥ ¼ vF � ðdxpx

þ dypyÞ þ VðxÞ, dx and dy are Pauli’s matrices, px ¼ �i�h @
@x

and py ¼ �i�h @
@y are the momentum operators, and VðxÞ is the

potential barrier. For field emission, the potential barrier is in

a form of VðxÞ ¼ V0 � F� x� Q=x, where F ¼ bF0 is the

local electric field at the graphene edge (already contains the

geometrical effect), F0 is the applied field (¼Vg=D) and b is

the corresponding enhancement factor, V0¼ 4.66 eV is set to

be the work function of graphene, and Q=x is the image-

charge potential with Q ¼ q2=4pe0 is a constant. Note that

the assumption of using the same classical image charge

potential for graphite field emission will require further

investigation, which will not be discussed here.

In our previous results10 that angle-dependence Tc was

calculated by a relativistic WKB method.26,27 Here, we will

compare them (solid lines) with the transfer matrix method

(dashed line),28,29 which are plotted in Fig. 1 for various

local electric field F (V/nm)¼ 0.01, 0.1, 1, and 10 (left to

right) at Ef¼ 0.1 eV. The comparison shows that the differ-

ence between the two methods is small at small angle and

large transmission (Tc> 0.8). In general, the transfer matrix

method is suited better for the rectangular potential or trape-

zoid potential. For the smoothly varying potential VðxÞ used

here, it will require a large number of the elementary matri-

ces in order to get the accurate results. The relativistic WKB

method is, however, simple and fast to implement, and can

still generate a reasonable good accuracy. In the following

figures, we will compare the calculated Fano factor of both

methods. Note that different numerical methods will only

change slightly the quantitative value, and have little effect

on the overall behavior of the shot noise calculations due to

the fact that the transmission probability is small and the

temperature T appears, linear to leading order, in both the

numerator and denominator.

Figure 2 demonstrates the temperature dependence of

the Fano factor c as a function of the local electrical field F
at various temperatures T ¼ 5, 100, 300, 500, and 1000 K

(bottom to top, solid lines), and the Fermi energy Ef is fixed

at 0.1 eV. For comparison, we also calculate c using the

transfer matrix method at T¼ 5 K and Ef¼ 0.1 eV (dash

line). At low temperature condition (T¼ 5 K), c approaches

zero at very small electrical field (F < 10�8 V=nm) as well

as at very high electrical field (F > 0:1 V=nm). The

FIG. 1. Transmission coefficient Tc computed by using the relativistic

WKB method (solid line) and the transfer matrix method (dash line). From

left to right, F (V/nm)¼ 0.01, 0.1, 1, and 10 at Ef¼ 0.1 eV.
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maximum value of c is around 0:326 at F ¼ 3� 10�5 V/nm

which is indeed the expected universal limit value predicted

before. This finding can be explained by the following rea-

soning. At low temperature, we have the Fermi distribution

f ðEÞ � 1, cT � 0 and thus the shot noise is determined

mainly by the second term cp. At very small and high electri-

cal field, the transmission coefficient is, respectively, Tc � 0

and Tc � 1, for which the correlation due to the quantum

partition is minimum and thus cp � 0. At the intermediate vi-

cinity of F � 10�5 V/nm, such as F ¼ 3� 10�5 V/nm, the

correlation is maximum and we recover the universal maxi-

mum value of c¼ 1/3.

By increasing the temperature T, the first term (cT)

becomes more dominant due to the change in the Fermi dis-

tribution, and the overall Fano factor c ¼ cT þ cp will exceed

1/3. In the range of T¼ 300 to 1000 K, c tends to be uniform

regardless of the electrical field F, which clearly indicates

that the quantum partition effect (cp) is only significant at

low temperature condition.

Figure 3 demonstrates the Fermi energy dependence of

the Fano factor c as a function of the local electrical field F
at T¼ 5 K at different Fermi energies Ef¼ 0.1, 0.15, and

0.2 eV (left to right, solid lines). The comparison with the

transfer matrix method is also plotted (dashed line) at

T¼ 5 K and Ef¼ 0.1 eV. From the figure, we can easily

observe that the results shift to high F as the Fermi energy

increases, while the maximum value of c remains about the

same (�1=3) regardless of the Fermi energy level. As men-

tioned previously, at T¼ 5 K, cT � 0 and cp plays the major

role that the shot noise is mainly due to the quantum partition

(cp � 0 at both very low and high electric fields).

It is worth to mention that as long as the charge carrier

in graphene is described by the Klein tunneling coefficient

TcðE;/Þ and governed by the Dirac equation, the maximum

value of c shall never exceed 1=3 for a static scalar potential

barrier, such as VðxÞ studied here at low temperature regime.

Unless a vector potential is added (by applying a magnetic

field) and c shall possibly exceed this limit.30

In conclusion, this paper investigates the effects of the

Klein tunneling on the shot noise property of electron field

emission from a vertically aligned single layer graphene sheet.

The temperature and the Fermi energy dependence of the Fano

factor c are clearly illustrated. At low temperature condition

(T¼ 5 K), the universal maximum value of 1/3 is recovered.

This work could provide some interests and inspirations in the

graphene electron emission experiment and its noise analysis.
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FIG. 2. The Fano factor c as a function of the local electric field F at various

temperatures T (K)¼ 5, 100, 300, 500, and 1000 (bottom to top, solid lines)

at Ef¼ 0.1 eV. The dashed line is the result computed by using the transfer

matrix method at T¼ 5 K and Ef¼ 0.1 eV.

FIG. 3. The Fano factor c as a function of the local electric field F at various

Fermi energies Ef (eV)¼ 0.1, 0.15, and 0.2 (left to right, solid lines) at

T¼ 5 K. The dashed line is the result computed by using the transfer matrix

method at T¼ 5 K and Ef¼ 0.1 eV.
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